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Preface 


The present book is based on lectures given by the authors at the 
Physical Department of the Lomonosov State University of Moscow. 
In the presentation of the material much emphasis has been placed 
on the physical meaning of mathematical notions and their interrela- 
tion as well as on the applications and computational aspects. 
Chapters 1-6 and Supplement 2 (On Universal Digital Computers) 
have been written by S.V. Fomin and Chapters 7-11 and Supple- 
ment 1 (Asymptotic Expansions) by B.M. Budak. The authors have 
discussed together the general plan of the book and many details 
concerning the presentation of the material. 

In the preparation of the book the authors have received valuable 
advice from their colleagues V.A. IHlyin, E.G. Poznyak, 
A.G. Sveshnikov and others. The authors owe very much to 
AN. Tikhonov for his helpful comments and aid. Some important 
observations have been made by N.V. Yelimov and L.D. Kudryavtsev 
who have read the manuscript of the book. To all of them the 
authors express their warmest gratitude. 


BLM. Budak 


S.V. Fomin 
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| Double 
Integrals 


The definite integral 
b 
\ f(a) az 


is connected with the problems of determining the distance passed 
over for a given speed, compuling the area of a curvilinear trapezoid 
etc. There are many similar problems involving functions dependent. 
not on one but on many arguments. A typical problem of this kind 
is to find the volume of a curvilinear cylinder (which is a three- 
dimensional analogue of a curvilinear trapezoid). 

By a curvilinear cylinder (cylindroid), with base F lying in the 
zr, y-plane, we understand a solid 7 bounded by the base, a surface 
z = f (x, y) and the lateral cylindrical surface (Fig. 1.1). Jt seems 


Fig. 1.1 


natural to evaluate the volume of such a solid in the fotlowiug way. 
Divide the base F by a net of curves into elements, cells. £;. This 
results in breaking up the entire cylinder 7 into elementary eviin- 
ders 7’; whose bases are the cells /;. It is clear that the volume of the 
cylinder 7 should be understood to be equal to the sum of volumes 
of the elementary cylinders 7;,. 

To find the volume of an elementary cylinder 7,;, we choose a point 
(£;, 4;) in #; and replace the elementary cylinder 7; having a curvi- 


an 
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ed 


linear upper base hy a right cylinder with constant altitude f (&;, 1,) 
and the same lower base F;. In other words, we consider the volume 
of the elementary cylinder 7; to be approximately equa! to 


fi, Ni) AS; 


where 45S; is the area of the clement /°;. Now we take, as an appro- 
ximate value of the volume of the whole cylinder 7, the sum 


n 

Sf Gt 1a) AS; (1.1) 

i=1 
extended over all the cells the base F is divided into. It is intuitively 
Clear that suin (1.4) represents the volume of the cylinder 7 with 
deyvree of accuracy increasing as the sizes of the cells £; are dimi- 
uished. To oblain the precise value of the volume we must pass 
to the limit in expression (1.1) by making the sizes of the elements f, 
tend to zero. 

This passage to the limit leads to the notion of an integral of 
a function f (z, y) of two independent variables, i.e. to the double 
fulegral, 

There is an obvious analogy between the above (heuristic) conside- 
rations concerning the double integral and the construction of the 
definite integral of a function of one arguinent on an interval. The 
only distinction between them is that in the former we consider func- 
tions dependent not on one but on two arguments and that instead 
of the lengths of subintervals Ar; we take the areas of the cells F; 
into which the figure /, the base of the cylinder, is divided. 

Besides the problem of computing the volume of a curvilinear 
evlinder there are many other problems counected with the concept 
of the double integral. Some of them will be discussed in § 4 of this 
chapler, 

Some physical and geometrical problems lead to the concept of 
an integral of a function of three and more independent variables. 
The next chapter is devoted to these integrals. 

The problem of evaluating the volume of a curvilinear cylinder 
itudicates that the notion of a double integral is closely related to 
the concept of area of a curvilinear plane figure because expres- 
sion (1.1) involves the areas AS; of curvilinear plane elements #; 
into which the base of tha cylinder has been broken up. Therefore. 
although we suppose the reader to be familiar with the concept of 
area*, we begin this chapter with a brief discussion of the basic 


properties of area. 


* E.z. see [8], Chapter 11, § 2. 


CH. t. DOUBLE INTEGRALS yA 


¢ 1. AUXILIARY NOTIONS. AREA OF .. PLANE FIGURE 


{. Interior and Boundary Points. Domain. We arc going to remind 
the reader of some notions which we shall need in what follows. 
Let a@ be a point of the zx. y-plane. An epen circle of radius e€ with 
centre at the point a* is” referred to as an e-neighbourhood, or 
simply a neighbourhood, of the point. A point a of a given set A 
is said to be its interior point if a “sufficiently small” ¢-neighbour- 
hood of the point a entirely consists of points belonging to the set A. 
A\ set whose all points are interior is called an open set. An open 


hi 


Fig. 1.2 (a) 


set Gis said lo be (arewise) connected if each pair of its points can 
be joined by a continuous curve entirely Iving within G. An open 
connected set is briefly referred to as a domain. 

For instance, the collection of points whose coordinates satisfy 
the inequality 7% 4 y2< 1 is a domain (see Fig. 1.2a). The set 
consisting of the two circles 2? + y? <0 1 and (@ — 2)? + y? <1 
is not a domain because though it is open it is not cannected (see 
Fig. 1.26). 

A point a is called a boundary point of the set A if its every neigh- 
bourhood coutains both points belonging and not belonging to Al. 
A boundary point itself may or may not belong to A. In particular, 
au open set contains none of its boundary points. The collection 
of all the boundary points of a set is called its boundary. .\ set con- 
taining all ils boundary points is called closed. Every set ean be 
turned into a closed set (called its closure) by adding all the boun- 
dary points to it.** In particular, when adding to a domain G all 
its boundary points we arrive at a sel referred to as a closed domain. 

A point @ is called a limit point of a set A if in A there exists 
an infinite sequence of pairwise distinct points @;. @a. 2... Ons ee - 
convergent toa. A limit point of a set A may or may not be contained 
mul. Aset contains all its boundary points if and only if it is closed. 
(Prove it.) 


* That is the tolality of all points of the plane whose distances from a 
are less than e. 

** An arbitrary set may be, of course, neither open nor closed. The collec- 
lion of all interior points of «a set is referred to as its interior. —7'r. 


lo 
[= 
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We say that a set is bounded if it can be placed within a circle 
of sufficiently large radius. Let 1 be a bounded set. Denote by 
p (a,, @2) the distance between its two arbitrary points. Let now 
a, and @,independently run over the whole set A. The set of numbers 
0 (a;, @2) is then obviously bounded above (because p (a,, @2) cannot 
exceed the diameter of the circle in which is contained). The least 
upper bound of the set of numbers o (a,, a2) is called the diameter 
d (A) of the set .1 (Fig. 1.3). 


Fig. 1.3 


Ifa set A isa part of a set B or coincides with il (i.e. A isa subset 
of B) we shall designate this fact, as usual, by the symbolic rela- 
tion 4 — WB. If a point a belongs to a set A we write a@€ A. 

The union of two sets A and B, i.e. the collection of all points 
belonging at least to one of the sets, will be denoted as A 4- B, 
and the intersection (or product, or meet) of two sets A and B 
which is the collection of all points simultaneously belonging to A 
and 8 will be designated by AB. 


2. Distance Between Two Sets. Let us introduce another notion which 
will be applied to the proof of the theorem on the existence of a double 
integral. 

Let A and B be two arbitrary sets in the plane. We shall call the 
number 
po (4, B) = inf p (a, 0) (1.2) 


the distance between the seis A and B. In (1.2) the greatest lower 
bound is taken with respect to all the pairsa € A, 6b€ B&B. Weclearly 
have 9 (4, &) =Oif A and #& have at least one point in common. 
The converse does not hold in the general case; for instance, the 


distance between the hyperbola y = ~ and the z-axis equals zero 
although these two lines have no common points at all. At the same 
time the following theorem (which will be needed in § 2) holds: 


Theorem 1.4 (On Separability of Closed Sets). If P 
and © are two bounded closed sets with no points tn common then 
p (P, QO) > 0. 


Proof. Assume the contrary, i.e. let p (?, G) = O. Then, by the 
delinition of the distance between two sets, for each » = 1, 2, ... 
there are points p, € P and g, €Y@ such that 


0 (Pry Qn) <— (1.3) 
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But. {p,} being a bounded infinite sequence. we can choose, according 
to the well known Polzano-Weiersirass theorem (e.g. see [8], Chap- 
ter 14, § 2), a subsequence 


Pry Pn,» ose, Pnyr oes 
of {pn} convergent to a point po. ‘Then the corresponding points 


dn» Qn,s eeey ny oe 


of the sequence {g,} form a subsequence convergent, by (1.3), to the 
same point Po. 

The point pg is sure to belong to the set 7. In fact, there are two 
possibilities here. Either the subsequence {pn,} contains an infini- 


tude of distinct points, and then pg is a limit point of P and py € P 
because P is closed, or the subsequence {pn,} is stabilized in the 


sense that all its points from some number onwards coincide, and 
then thev apparently coincide with ny and again p, € P. By the 
same argument, Po € VY. But then P and ¢Y have a common point, 
Which contradicts the hypothesis. 


Fig. 1.4 


Exercise. Show that the theorem remains true when at least one 
of the two closed sets P and QV is bounded. 


3. Area of a Plane Figure. The concept of area of a polygonal 
figure is well known from elementary geometry. (By a polygonal 
figure we mean a set constituted by a finite number of bounded 
polygons. sce Fig. 4.4.) The area of a polygonal figure is a nonnega- 
five® number possessing the following properties: 

1 (monotonicity). lf P and Q are two polygonal figures and / en- 
tirely lies inside Q we have 


area of P < area of G 
2 (additivity). Vf 7); and P. are two polygonal figures without 
common interior points and P,; + #. is the union of the figures 


* Jt can be equal to zero only if the polygonal figure degenerates into a 
finite number of points or line segments. 
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we have 
area of (P; + P.) = area of P,; + area of P5* 


3 (invariance). If two polygonal figures P; and P. are congruent 


area of P,; = area of Pa 


Let us now extend the concept of area. preserving the three pro- 
perties. from polygonal figures to a wider class of plane figures. 
This problem is solved as follows. 

Let F hea plane figure**. We shall consider all the possible poly- 
goual ligures /? entirely lving inside # and the polygonal figures G 
entirely containing #. The former will be referred to as entbedded 
figures and the latter as enveloping ones. ‘The areas of embedded 
figures are bounded above (for instance, by the area of any enveloping 
figure) and the areas of enveloping figures are bounded below (e.g. by 
the number zero). Therefore the set of areas of all polygonal figures 
embedded in the figure / possesses the least upper bound *** 


S, = &, (F) = sup (area of P) 
PCF 


and the set of areas of all enveloping figures possesses the preatest 
lower bound 


S* := S* (F) = inf (area of Q) 
Qo 


The quantity S, is known as the interior (Jordan****) content 
of the figure F and S* as its exterior (Jordan) content. The area 
of any embedded ligure not exceeding the area of any enveloping 
igure, we have 


S.<s* 


if S, = S* = S their common value S is simply called the area 
(the Jordan content) of the figure F. In this case the figure Ff is said 
to be squarable. 


* We can easily verify that the requirements t and 2 are nol. independent 
because monotonicity of area is implied by ils nonnegativity and additivity. 
Indeed. if a polygonal figure ? lies Inside a polygonal figure @ we can represent 
Qasthe umon of P and a polygonal figure which can be notuvally called 
the difference between the sets G@ and # and designated as @ — P. Then. bv 
additivity, we have area of Q = area of P |: area of (QO — P).; But area of 
(0 — P) > and therefore area of @ & area of P. 

** To. a bounded set of points tn the plane. 
see [f it is impossible to place any polygonal figure within the figure 
Fe we put, by definition. S, - 0. 
***« Jordan, Camille (1838-1922), a French mathematician. 
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Thus, we have extended the concept of area from polygons to 
a Wider class of figures.* The retention of the basic properties 
of area (i.e. additivity, monotonicity and invariance) will be proved 
in Sec. 4. 

We now establish the following necessary and sufficient condi- 
tion for a hgure being squarable which will be of use for our further 
aims. 

Theorem 1.2. A figure F is squarable if and only if for every 
e >> OU there exist two polygonal figures 2 CF and OD F such that 


area of GQ — area of P<e (1.4) 
Proof. (In fact, if such figures exist it follows from 
area of P< S, <= S* < area of G 


that 
0 < Pe iad = Sy <e 


and therefore, since ¢ > 0 is chosen arbitrarily, we have S*r= Sy. 

Conversely, if S* = S, then, by definition. for any given e > OQ, 
there is an embedded polygonal figure P and an enveloping figure 
(/ such that 


S,—= <area of P<S,, S* <area of VU< S*+— 


*) 


which implies 
aurea of G — area of P< e 


The collection of the points helonging to Y and, simultaneously, 
not belonging to ? isa polygonal lgure of area (area of V — area of }) 


containing the boundary of the figure #. Consequently, the condition 
of Theorem 1.2 implies that F is squarable if and only if its boundary 
can be embedded in a polygonal figure of an arbitrarily small area 
(Fig. 1.5). 


* Every polygonal figure is obviously squarable. and the new definition 
of area (introduced with the help of S, and S*) yields the original value of 
its area. 
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The theorem enables us to establish the squarability of some 
figures distinct {rom polygonal ones, for instance, the squarability 
of the circle. For a circle we can take, as P and Q, a regular inscribed 
and a regular circumscribed polygon with a sufficiently large number 
of sides. 

By the way, the derivation of the formula for the area of a circle 
usually performed in elementary courses of geometry is based on the 
same arguments which are given here in the general form. 

Let us introduce the following terminology. We shall say that 
a set and, in particular, a curve, is of area zero if it can be embedded 
in a polygonal figure of an arbitrarily small area. This enables us 
to rephrase Theorem 1.2 as follows: 


Theorem 1.2°. Fora figure F to be squarable, it is necessary and 
sufficient that tts boundary be of area zero. 


Based on the theorem, we now describe a sufficiently wide class 


of squarable figures to which we shall restrict ourselves in our further 
considerations. 


Tenuma. Each rectifiable curve* has zero area. 


Proof. Let LZ be a rectifiable curve of length J. Divide the curve 
into parts by nm -+-1 points so that the length of cach part is 


Fig. 1.6 Tei 
i Be ci : 

less) thin = (of course, this is always possible) and construct a Square 
t 


9 
of side = with centre at the Ath point of division for each k = 


= 1,2,...,a-+ 1 (see Fig. 1.6). The union of the squares is a poly- 
sonal figure enveloping the curve £ and the area of the polygonal 
figure does not exceed the sum of the areas of the constituent squares, 

41? 


—> (a — 1). Since 2 is fixed and nm can be 


i.c. is nol greater than 


* A rectifiable curve is the one that possesses a finite length. As is well 
knewn (e.g. see [8], Chapter 11, § {), if a curve can be represented by parametric 
equiauians of the form 

x= q(t), y=ry (0), aat<B 


where op «é) and y (f) are continuous functions with continuous (or piecewise 
continnanss) derivatives if Is recltitiable. 
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taken as large as desired the curve LZ can be actually embedded 
in a figure of an arbitrarily small area. The lemma has been proved. 

From the lemma and Theorem 1.2’ we conclude: 

Every plane figure (i.e. a bounded plane set) whose boundary is 
composed of one or several rectifiable curves is squarable. 

Jt is this class of hgures that, as a rule, we shall consider in what 
follows. 

Note. We can also point out another class of squarable plane 
figures. Any curve which can be represented by an equation of the 
form 

yof(z), @axr<ab 


where f (x) is a continuous function or by an equation xz = g (y), 
cy <d where g (y) is also continuous is of zero area. (The proof 
of this fact can be found, for instance, in [8], Chapter 11.) It follows, 
by Theorem 1.2’, that every figure with a boundary representable 
as a union of finite number of continuous curves defined by equations 
of the form y =f (xr) or x = g(y) is squarable. 

4. Basic Properties of Area. Now we are going to show that the 
definition of the area of a plane figure thus introduced possesses the 
propertics of monotonicity, additivity and invariance. 

Monotonicity is directly implied by the definition of area, and 


Fig. 1.7 


the proof of the property is left to the reader. Jet us establish 
additivitv, i.e. prove the following assertion: 

(1) Let Fy, and fF. be two squarable figures with no interior points 
in common and F be their union (see Fig. 1.7); then F is also squarable 
and 

area of / = area of Fy + area of Fo (1.5) 


The squarability of the figure F follows from Theorem 1.2’ and the 
tact that the boundary of F is composed of sets of area zero which 
are some parts of the union of the boundaries of the squarable figu- 
res Ff, and F,.* Therefore, to complete the proof, we must only 
deduce equality (1.5). To this end consider polygonal figures P, 
and Ps embedded in f£; and F. and polygonal figures Q@, and OQ, 
enveloping F, and Fe, respectively. Since the figures 7; and P, 


* It appears obvious that every part of a set having zero areca is a Sot of 
area 2ere. 
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do not intersect. the area of the polygonal figure composed of 2; 
and /?5 equals area of /,; — area of P,. The figures VU, and G2 (which 
may intersect) constitute their union @ whose area does not exceed 
area of Y, + area of Ga. Thus, we have 


area of J? = area of P, + area of P, S area of F <= 


< area of G S area of Q; + area of Vp 
and 
area of 7, + area of Ps < area of Fy + area of Fo S 
< area of G, + area of Q, 


Since the differences (area of O, — area of Py) and (area of QO, — 
— area of ?.) can be made arbitrarily small it follows that equality 
(1.5) holds. Additivity is thus proved. 

Finally. the property of invariance of area immediately follows 
from the invariance of the area of polygonal figures and from the 


lig. 1.8 


way the area of squarable figures has been introduced by means of 
the areas of polvgonal figures. 

There is another property of the squarahble figures: 

(2) The intersection of two squarable figures is a squarable figure. 

Indeed. if /, and fs, are two squarable figures and / is their ttter- 
section (Fig. 1.8). each boundary point of F is a boundary point 
atleast of one of the figures f, and /’,. Therefore our assertion follows 
from Theorem 1.2° and the fact that the area of a union of sets of 
zero area is equal to zero. 


a. The Concept of Measure. As has been mentioned above the 
concept of area has been introduced here according to Jordan's idea. 
But this way of defining the measure of a set possesses certain disad- 
vantages. Indeed. as has been shown, the union of two squarable 
figures is squarable. This immediately implies that the union of any 
finite number of squarable figures is again a squarable figure. But if 
we take an infinite sequence of squarable figures 


Fy. Fe, s @ 09 oe = * e@ 
their union may not be squarable. Ilere is an example. Taie the 


square 
O<2r<1, O0<y<1 


in the z, y-plane and consider the collection of all its interior points 
with rational coordinates. [t can be easily shown that these points 
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form a countable set, i.e. they can be arranged into a sequence 
Ps = (x, Y1), Pe — (ro, Yo), - @ ¢9 Pa —_— (x,, Un)y ee @ 


Now take a number ¢ >> O and construct a closed circle of radius 
¢ . : 5 ‘ . » 
r, <z withcentreat the point p, lying within the square. Further, 


take first of the points pa. pa, ... which falls outside the circle and 

: 
2e 
square and not intersecting the former circle. Next we find the 
first of the remaining points lying oulside the circles thus constructed 
and take it as the centre of a circle of radius r3< = contained 
in the square and not intersecting the circles constructed before. 
Let us infinitely continue the process in this fashion. We thus obtain 
an intinile sequence of nonoverlapping circles placed in the sanare, 
their union being everywhere dense in it.* We can easily show that 
the union of the circles is a figure -F which is nonsquarable in the 
sense of Jordan (let the reader prove it). On the other hand, it 
appears natural to attribute to this figure an area equal to the sum 
of the areas of the circles it is formed of. This suin is obviously 
equal to 


construct a new closed circle of radius rs << lying inside the 


co 00 
% p> | 
q = e 
>) ari<t SY assy = ae? 
i= 1 a | 


Such diffieulties can be avoided by introducing a more flexible 
and perfect concept of a Lebesgie measure** but we cannot discuss 


it at fougth here. 


§ 2. DEFINITION AND BASIC PROPERTIES 
OF DOUBLE INTEGRAL 


1. Definition of Double Integral. Let us now pass to the main 
object of this chapter, i.e. the notion of a double integral. Let G be 
« squarable figure and f (z, y) be a bounded funetion defined in G. 
Divide G into a finite number of nouintersecting squarable parts G; 
forming a partition {G;} of the figure G. Consider a sum of the fornt 


Gr f(Ei, Na AS; (1.6) 


* This means that the union of the circles is a set whose closure coincides 
with the eutire square. 

** Lebespue, Henri Leon (875-1941), a prominent French mathematician, 
one of the founders of modern theory of functions. 
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where AS; is the area of G; and (&,, n;) is an arbitrary point belonging 
to G;. Sums of form (1.6) will be referred to as integral sums (asso- 
ciated with the function f (x. y) and the fgure G). We introduce the 
following delinition of the limit of integral sums (1.6). 


Definition 1. Let D be the maximal of the diameters d (G,) of the 
figures G; (the quantity D, the mazimal diameter of the partition {G;}, 
is called the fineness of the partition). A number J is said to 
be the limit of tutegral sama (1.6) as D — O if for every ¢ > 
there is 8 =>U such that 


lo J|<e (1.7) 


WRER 


N<<z0 (1.8) 


In other words. inequality (1.7) must hold for all integral sims 
a corresponding to the partitions G = G, + G.-+...—G, which 
satisfy condition (1.8) irrespective of the way the figure G is broken 
up into parts G; and of the particular choice of a point (S;, 4;) in 
each element of the partition. 


Definition (2. I, the limit 


re 
lim >) f (Ei, ui) AS, 
D-+0 i—! 
Of dutesral sums (1.0) esists it is called the double tntegrual of 
the function f(z, y) over the figure G and denoted by the 
symbot 


\\ f(z, yds or VV f(z, yy ardy 
G G 


In this case the function f (z, y), the integrand, is said to he inte- 
grable on the figure G and G is called the domain of integration. 
The expression f (7, y) ds or f (z, y) dz dy is referred to as an clement 
of integration. 

The notion of a double integral is sometimes introduced in a diffe- 
rent manner. A figure G taken froin a chosen class of figures is broken 
into rectangular cells by means of straight lines paralle! to the 
coordinate axes (see Fig. 1.9). In each cell a point (&;, 4,;) 1s then 
chosen and the sum o = > f (E;, n;) AS, is forined. The sum is 
taken, say, over al! the cells entirely lying within G disregarding 
those adjoining the boundary of G (the total area of the latter is 
small). Then the passage to the limit is performed as the maximal 
diameter of the cells tends to zero. The imperfection of such a defini- 
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tion is that it 1s connected with a certain coordinate system in the 
plane whereas it is intuitively clear that the integral { } (x. y) ds, 


i.e. the volume of the corresponding cylindrical solid. must be inde- 
pendent of the choice of the coordinate system. When tlie notion of 
a double integral is introduced by means of such rectangular cells 
the above fact should be additionally proved but our definition 
implies it automatically. The dehnition given here has some other 


Fig. 1.9 Fig. 1.10 


advantages. Let, for instance, a function / (z, y) assume on G only 
two values: a, and @g (lig. 1.10). If the parts G,; and Gs on which 
/ (x, y) is equal to a, and @s, respectively, are squarable our defini- 


tion mahes ib pussible tu evaluate the integral { f (x, y) ds without 


G 
passing to the Limit. Tntuttively, it is apparent that 


m f(x, y)ds=(area of G,)-a;+ (area of G.) +a. 
G 


(prove it). But the definition based on forming rectangular cells 
would need a sophisticated passage to the limit even in this simple 
case. 

At the same time it should be noted that both definitions result 
in the same notion of a double integral. 


_ 
4 


2. Conditions for Existence of Double Integral. Upper and Lower 
Darboux Sums. Let us find out what requirements should be imposed 
on a function f(z, y) defined over a squarable hgure G in order to 
euarantee the existence of the double integral 


(\ f(x, yds 


se 


G 
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In introducing the definition of the double integral we have 
supposed the corresponding function f/ (z, y) to be bounded.* At the 
same time we can easily conslruct examples indicating that 
an arbitrary bounded function is by far not always integrable.** 

To establish the integrability conditions it is convenient, as in 
the case of one independent variable, to use the so-called Darbouzx* ** 
upper and lower sums. 

Tet f (7, y) be a bounded function defined on a squarable figure G, 
and {G;} bea partition of the figure. Denote by 7; and mm; the least 


upper and the greatest lower bounds of the values of f (z, y) on the 
element G;. The sums 


7 "1 
Q) = * WAS; and o= S} mezAS; 
i=| i={ 


are, respectively, referred to as the upper and the lower Darboux 
sums of the function / (z, y) (vorrespondiug to the given partition 
{G;} of the figure G). We obviously have QO > © for any partition 
{G; }. 

Let us enumerate the basic properties of the upper and lower suis. 

(1) For every partition {G;} of the figure G, the corresponding 
upper and lower sums are, respectively, the least upper bound 
and the greatest lower bound for the integral sums 


I-48 


' f (&:, Ni) AS, 


e 
4 


a 


© As is huewn, a fueetion of one variable which is (Riemann) mnlegrable 
on an interval is necessarily bounded (e.g. see [8], Chapter 10). But the argu- 
ment applied to proving this fact cannot be campletely extended to the case 
of two arguments. Actually. when taking different partitions of a squaralle 
figure G into squarable elements G; we cannot. in general, avoid the cases in 
which some of the clements are of area zero. But this means that the corres- 


ponding integral sums \’ / (£;. 4;) AS; must not necessarily be unbounded for 


each partition even if the function f (xz, 1) is not bounded (because the function 
may tury out to be unbounded only on those elements of partition whose area 
equals zero). This cannot be the case for a function of one variable when we 
break up the interval) of integration into nonoverlapping half-segments. It is 
possible to avoid the appearance of clements of area acro for functions of two 
(or several variables) by restricting both the class of figures and the class of 
partitions in question. Another way out (which we follow in our presentution 
Gf the theory) is to completely exchide unbounded functions. 

** An examwnple of a bounded but nonintegrable function of two variables 
is the one defined on the square O GQ 2z2qQ1,0 <a » <1 in the following way: 
f(a. y) = 1 ife andy are rational numbers and f(x, y) = 0 if otherwise. 
The proof of the fact that the function thus constructed is nonintegrable is left 
to the reader. 

*** PDacbenx, Jean Gaston. a French mathematician (1842-1917). 
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associated with the partition {G;} (for all the possible ways of 
choosing the points (&;, n;)). In particular, we always have 


< mT 


W = py miASt< <> f (8, ni) ASi< <2 M,AS,;=Q 


Indeed, the inequality 
> AE Ms JAS < Y MAS = 9 


= 


obviously holds for any choice of points (&;. 4;) on G; (@§ = 1, 2, 
.. M). On the other hand, by the definition of the loast upper 
bound, for every ¢ > 0 it is possible to take a point (€;, 1);) in each 


element G,; of the partition {G;} so that J/; — f (&;, 1;) << 
(where S is the area of the domain G). But then we have 


— D1 1) ASi= DS} (i —F (Er, n)) ASL < | DAS =e 
i! t=] i={ 


An analogous argument applies in the case of a lower sum. 

A partition {Gj} will be referred to as a refinement of a partition 
{G,} if each clement G; of the latter ts either an element of the former 
ora union of several elements of the former partition. In these terms 
we can formulate the following assertion: 

(2) 1f Q and w are the upper and the lower sums corresponding 
toa partition (G;), and ©’ and w' are the upper aid the lower suis 
for a refinement {Gj} of {G;}, then 

Ome’ <a 


that is the upper Darboux sum does not increase and the lower one 
does not. decrease as the partition is refined. 

Actually, let {G;) be a partition of the figure G and {G3} be its 
refinement. Then cach clement G; of the partition {G;} is the union 
of some elements Gig, a = 1, 2, ., k; of the latter partition. 
Furthermore we have 


l 
de 
[> 
2 
Ky ‘ 


AS; (1.9) 
M 52> M ie, a OP eae (1 .10) 


each element Gj being a constituent of only one element G;,. It 
follows that 
k 


C) Ss VMiAS, > S y WieAS jg, = OQ" 


ins pes 
We similarly prove the inequalitv ow < a’. 
3—0R24 
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(3) Let {Gj} and {Gj} be two arbitrary partitions of the figure 
G, and 9°, w’ and 9", w” be, respectively, the upper and the lower 
Sums associated with the partitions. Then we have 


Q° >So” and QQ’ BS oa’ 


i.e. every lower sum (corresponding to a given function f (z, y)) 
does not exceed any upper sum (corresponding to the same function). 
To prove the property we first of all note that for any two partitions 
of the same figure G there exists their “common refinement”, i.e. a par- 
tition such that it serves as a refinement of each of the two parti- 
tions. For instance, to construct such a common refinement we can 
take, as its elements, the intersections of elements Gj of one parti- 
tion with elements Gj of the other (of course, we only take those 
elements G; and Gj which have common points). 

Now consider the upper and the lower sunts corresponding to the 
partitions {Gj}, {Gj} and to their common refinement {G,}. Denote 
them, respectively, as Q’, w’; Q”’, wo” and Q, wo. Then, by proper- 


ty (2), 


and 


é 


oO lw, oO fw 


Besides, we obviously have the inequality 


Ilence, we have 


and, similarly, 


The assertion has thus been proved. 
The collection of all upper sums corresponding to a given func- 


tion f (z, y) is bounded below (e.g. an upper sum cannot be less than 
any lower sum) and the collection of all lower sums is bounded above 
(e.g. a lower sum cannot exceed any upper sum). Therefore the 
totality of the upper Sums possesses the greatest lower bound which 
we designate as J and the totality of the lower sums has its least 
upper bound. J. The numbers J and J are, respectively, called the 
upper and the lower (Darboux) integrals (corresponding to the 


domain G and the function f (xz. y)). 
The upper and the lower integrals satisfy the inequality 


ye ie 
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In fact, assume the contrary, i.e. J > J. Then there exists a number 
e >O0O such that 7 
J—J>e>O0 (1.11) 


Furthermore, by the definition of the least upper and greatest lower 
bounds, there is an upper sum ®, and a lower sum WW». such that 


Q,—-J <= and J-@<z 


that 1s 7 
24 — we + (J — Jy)<e 


Consequently, by (1.11), we have 
Q2, 7 Wo — Q 


which contradicts property (3). 

Properties (1)-(3) of the upper and the lower sums enable us to 
establish the following necessary and sufficient condition for the 
integrability of a function f (z, y) which is completely analogous 
to the corresponding necessary and sufficient condition for the 
existence of the definite integral of a function of one argument 
(e.g. see [8], Chapter 10, Theorem 10.1): 


Theorem 1.8. A bounded function f (<, y) defined on a squarable 
figure G is integrable over G if and only tf for every & >> 0 there exists 
a partition of the figure G such that the Darboux sums associated with 
the partition satisfy the condition 2 — w< e. 


The proof of the theorem is based on the following (Durboux) 
lemma: 


Darboux Lenina. The upper (lower) integral J (/) is the 
limit of the upper (lower) Darbouzr sum as D — 0 (where D is the maxzi- 
mal of the diameters d (G;) of the elements G; of the partition {G,\ of 
the figure G). 


For convenience, we introduce the notion of the boundary of a par- 
tition. If we are given a partition {G;} of a figure G into squarable 
parts G; the union Z of the boundaries L; of all the elements G; will 
be referred to as the boundary of the partition {G;}, i.e. 


Lh=Lh, + het... flay 


The houndaries ZL, being of area zero for every partition of the fig- 
ure G into squarable parts G;. the boundary £ of the partition {G;} 
has a zero area as well. 

The boundary L is the union of a finite number of closed sets L; 
and therefore it is also closed. (This is a general property of a union 
of a finite number of closed sets. Let the render prove il.) 
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We now proceed to prove Darboux’s lemma. 


Lhe proof of Darbouz's temma. By the definition of the upper intc- 


gral J, for every € > U there is a partition {Gf} of the figure G such 
that the corresponding upper sum Q2* satisfies the condition 


0<Qr—Jaz 
embed the boundary Z£* of the partition in a polygonal figure @ 
of area less than ~. where AJ = sup lf, y)[, so that L* 
ee (x, WEG 
is strictly contained in it. The boundary 4* and the boundary 
of the polygonal figure QV are two bounded closed sets having no points 
in common (see Fig. 1.11). Consequently, by Theorem 1.1, the 


distance between them 1s a positive quantity a@. Now consider an 
arbitrary partition {G,} of the ftgure G for which D < a. There is 


Fig. 1.41 


wit obvious property of the elements G, of the partition: if G, and L* 
have at least one common point, then G, lies entirely in the interior 
af the figure Q. Such elements G, will be called boundary elements, 
and all the other will be ealled interior elements. Let us show that. 
to every partition {G,} with D <i a, there corresponds an upper 
sum © which differs from Jhy less Lhan e. To this end, divide the 
sum &2 into two groups of terms: 


ne 
Q— >) ANAS, = SY MAS, +O MEAS: 
k={ 


where the summation in \)’ is extended over all intcrior elements 
and Si” is taken over all the boundary elements of the partition 
{G,}. let us separately estimate each sum. Every interior element 
of the partition is strictly contained in an element of the partition 
{Gi}. The corresponding least upper bound Af, apparently does not 
exceed the least upper bound of the values of the funetion Ff (x, y) 
assumed on this element of the partition {G7}. It follows that 
NV MAAS), < Q* 
Furthermore, we have the evident inequalities 
| Af, psc A -- sup | f(z, y){ (for all &) 


(x, WEG 
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and 
> AS; < area of O< oT 
Consequently, 
Sy Mins <5 
and hence, 
Q= PS MASi+ DS MASCOT +L THe 


which is what we set out to prove. The lower sums are considered 
in a similar way. 
Finally, we pass to the proof of Theorem 1.3. 


Necessity. Let f (x, y) be integrable and an arbitrary © >0O be 
viven. Denote the integral of 7 (7, y) by the symbol J. From the 
definition of the limit of integral sums, for any given ¢€ there exists 
§ > 0 such that for each partition {G;} with D < 6 the inequality 


sD ni) AS: |< (1.42) 


i= {1 


~ 


that the upper and the lower sums corresponding to the partition 
{G;} are the least upper and the greatest lower bounds of the integra! 
cums associated with the partition. Therefore. we can take a fixed 
partition and choose the points (Ej, nj) and (€j. 13) within the 
elements G; of the partition so that the following inequalities are 
fulblied: 


holds irrespective of the choice of the points (€;. 4,;). We also know 


Q-—YiME MAG<KE: PEG MAS —o<yz (4-15) 


1= 1 I=] 


tach of the two integral sums satisfying condition (1.12), we deduce, 
from (1.13), the desired result: 


Q—o<e 
Sufficiency. l{ for every ¢ > O there exists a partition such that 
0? — << F 
we obviously have 
J=J 


Denote the common value of the quantities J and J by J. Let us 


show that J is the limit of integral sums. i.e. the double integra! 
of the function f# (x, uv) over the domain G@ Ry Darbony’s lemma 
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J is the common limit of the upper and lower sums for D — 0). 
But since the value of any integral sum associated with a partition 
is contained between the corresponding Darboux sums 22 and the 
number J is the limit of the integral sums as D — OQ. The theorem 
has been proved. 


3. Some Important Classes of Integrable Functions. Applying 
Theorem 1.3, we shall now establish the integrability of some impor- 
tant classes of funetions, and, first of all, continuous functions. 
fn what follows we shall regard each function in question as being 
defined on a bounded closed squarable domain. 


Theorem 4. Every continuous function f (x, y) defined in 
a bounded closed* domain G is iniegrable on G. 


Proof. Since f (xz, y) is continuous on a hounded closed set it ts 
bounded and uniformly continuous on it.** The uniform continuity 
of the function f (x, y) implies that for every ¢ > 0 there is 6 > 0 
such thal if the figure @ is divided into parts G; whose diameters 
are less than 6 the oscillation of the function f (z,. y) on each of the 


parts. i.e. the difference AZ; — m;, is less than #. But then 
rt TN nl 
Q—w= > AT; AS; —_ ». miAS; <_t& » AS; = £5 
i=} i=! i= 


and hence the funetion f (z, y) is integrable. 

The condition of continuity of the integrand is too restrictive. 
Therefore the theorem below guarantecing the existence of the 
double integral for a class of discontinuous functions 1s important 
fur applications. 


Theorem 1.4. 1f a function f (zx, y) is bounded aver a bounded 
closed dumain G and is continuous throughout G possibly except a set 
of area zero the function is integrable on G. 


Proof. Take an arbitrary ¢ > 0. By the hypothesis, f (z, y) is 
bounded, that is there exists a number K such that | f (2, y) |< A. 


Let us embed the set on which the function / (z, y) is discon- 
tinuous in a polygonal figure @ of area less than iz (see Fig. 1.12) 
so that it should he strictly contained within the igure. Denole as 
G the part. of the domain G nol. entering into the interior of G. The 


boundary points of the polygonal figure VY which belong to G lie in G, 


* And, of course, squarable. In what follows we shall suppose, without 
any further stipulation. that the condition of squarability is alwavs fulfilled. 
* * Fig gan [x] Chanter 4% ‘'Thonreme 14 4 and 14 8 
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and therefore G is closed. The function f (z, y) is continuous on the 
closed set Gand hence is uniformly continuous on it. Choose § > 0 
so that the oscillation of the function f (z, y) on any part of the 
ficure G with diameter less than 6 should be less than = (where 


S is the area of G). Now, consider a partition (G,} of the domain 
G whose first element G, coincides with QV and all the other elements 


Fig. Lat J a ‘Zz 


are Of diameters less than 6. Let us estimate the difference 2 — w 
for this partition. We have 


va 
Q—w=M,AS,;—m,AS,-! >) (1, —m;) AS; < 
{=2 


ma 
<= CM, — my) i os >, oF AS; 


i--2 


ri! 
Rut A ,—m, 2 2A and » AS; <0 8, and thus 
i=2 


, & g 
8—w a 2ZKk 74-575 =e 


The number ¢ > 0 being chosen arbitrarily, the function f (z, y) 
is integrable by virtue of ‘Theorem 1.3. 


4. Properties of Double Integral. The basic properties of the 
double integral are completely analogous to the corresponding pro- 
perties of the definite integral of a function of one independent 
variable and therefore we shall only enumerate them without giving 
the proofs. 

1. If functions f, (z, y) and fz (x, y) are integrable over a domain 
G their sum (difference) is also integrable on G and 


\ | Ifs(z.y) E fe(z, yl ds= ee (x, y)ds + \\ fo(x, y) ds 
G 


G "C 
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2. If A is a constant number and a function f(z, y) is integrable 
on G the function kf (2, y) is also integrable on G and 


\) Ar (zy) ds=k \\ f(z, was 
G G 
These two properties express linearity of the integral. 
3. lfa domain Gis a union of two domains G, and G, and a function 
f (x. y) is integrable on G, and Go then the function is as well inte- 
grable on G. If, besides, G, and G. have no interior points in common 
we have 


\\ f(z, yds=\\ f(z, wds+\\ f(x, yyas 
"6 "Gs Go 
This property is referred to as additivity of the integral. 
4. ff, (z, y) and fs (z, y) are integrable on G and f, (xz. y) < 
< fe (z, y) then 


\\ few ds<\\ fle yds 
G G 
This property is called monotonicity of the integral; it implies pro- 
perties o and G. 

QO (estimation of the modulus of the integral). lf f (zx, y) is integrable 
on G the function | f(z, y)| is also integrable on G and 


[\\ sez, y) ds <\\ iste, y) | ds 
G 


G 


(6 (sean value theorem). If a function f (z, y) is integrable ou G and 
satishes the inequalities 
m<t (ty) <M 
we have 
mS < \ f(z, yds MS (1.14) 
G 
where S is the area of the figure G. 
The assertion immediately follows from property 4 and an obvious 
relation 
| \ cds=cS, c=const 
G 
lf f (x, y) is a continuous function the mean value theorein can 


be stated as follows: 
6°. In the domain G, there is a point (&, yn) such that 


|) f(a yds=s& n)S (1.45) 


G 
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Indeed, take respectively, as AJ and m, the least upper bound and 
the greatest lower bound of the values of the function / (z, y) on G. 
Then, according to (1.14), we have 


m<=\{ f(z, yyds<iM 
G 
But, as is well known, a continuous function defined in a closed 
domain assumes, at sume points of the domain, the values cqual 
to its least upper bound AJ and greatest lower bound m (e.g. see [8], 
Chapter 14, § 3). Suppose, for simplicity, that the function f (z, y) 
takes on the values A/ and m at the points (z,, y,) and (29, yz) lying 
in the interior of the domain G (the argument becomes a little more 
sophisticated if one of the points or both fall in the boundary of 
the domain G). Every two points of a domain can be joined by 
a broken line containcd in the domain. Let us connect, by a broken 
line contained in the domain G, the points (z,, y,) and (22, Yo) at 
which the function is, respectively, equal to AJ and m. The function 
f (zx, y) is continuous along this polygonal line and, consequently, 
together with the values JJ and m, it assumes all the intermediate 
values. In particular, we can find a point (denote it by (€, )) at which 


7 I F 
f& Was) fe was 
G 
and thus formula (1.95) has been proved. 


§ 3. ADDITIVE SET FUNCTIONS. 
DERIVATIVE OF A SET FUNCTION WITH RESPECT TO AREA 


1. Point Functions and Set Functions. The notion of a function 
is one of the most impertant in analysis. We have already dealt with 
functions dependent on one, two or several arguments. Applying 
geometrical terminology we can say that such functions are variable 
quantities dependent on ai point of the line (for one argutnent), 
on a point in the plane (for two arguments), on a point of a threc- 
dimensional space (for three arguments) or on a point belonging to 
a space of higher dimension. But in mathematical analysis and 
its physical applications we often encounter functions of different type 
for which the values of their arguments are not separate points but 
certain sets, for instance, some plane or space geometric figures. 
Functions of this type are known as set functions. 

As an example of a set funetion, we can take the area & (G) of 
a domain*® G defined, in a manner described in § 4. for all squarable 


* The term “domain” is understood here in a wider sense, not as an open 
connected set but as a synonym for the term “set”. A class of sets on which set 
functions are considered can be chosen in an achbiteary fashion. In this book, 
4 a rule, we deal with set functious whose argument is a squarable plane figure 

omaln). 
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clomains in the plane. Take another example. Let a mass be distri- 
buted in the z, y-plane. Then, to each domain G lying in the plane. 
there corresponds a certain number, i.e. a mass pw (G) concentrated 
on G. Here again we have a variable quantity dependent on a domain, 
that is a set function. 

Now we introduce an important definition. 


Definition. A set function F (G) is said to be additive if the 
following conditions hold: 


(1) if F (G) is defined for domains G, and G. it is as well defined 
for their union G, + Go; 
(2) if G, and G. have no interior points in common we have 


F (G, + G2) = F (G,) + F (G2)* 


The above functions, area and mass, possess these properties. 
We can give many other cxamples of additive set functions: surface 
charge, amount of light energy impinging on an illuminated surface, 
fluid pressure acting upon the bottom of a vessel etc. 

We can also indicate examples of nonadditive set functions. For 
instance, if, with every squarable domain, we associate the square 
of its area we obtain a set function which is not additive. 

Additive functions whose argument is not a plane but a space 
figure will be treated in the next chapter devoted to the triple integral. 


2. Double Integral as an Additive Function of Its Domain of 
Integration. Let us consider the double integral 


\| f(z, y) ds 


G 


in which the integrand f (z, y) is regarded as being hxed whereas the 
domain of integration G is variable. Then the integral becomes 
a function © (G) of the domain G. By virtue of property 2 of the 
double integral (see the foregoing section), this function is additive. 
As aclass of sets for which the function is defined, we can take the 
totality of all squarable figures contained in the domain Gy on which 
f(z, y) is defined. 


3. Derivative of a Set Function with Respect to Area. ‘Take again 
a function of type p (G), i.e. a mass distribution in the plane. If G is 
«a squarable domain and S (G) its area the ratio 


(G) 4¢ 
i (1.46) 


* In particular, it follows that if G is of area zero, then F (G) = 0. In the 
case of a mass this means that we only consider mass distributions having a two- 
Aimensional (surface) density (hut not concentrated at separate points or curves). 
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is the mean density of mass distribution in the domain G. We now 
infinitely diminish the sizes of the domain G by contracting it to 
a fixed point py. If. in this process, ratio (1.16) tends to a limit 
p (p,q) the limit is called the density of mass distribution at the point po. 
Thus, a mass distribution in the plane can be directly defined by 
indicating an additive set function u (G) or characterized by the 
corresponding density which is a point function. 

We now pass from our concrete example (mass distribution) to 
an arbitrary set function. Unlike mass distribution, an arbitrary set 
function can assume both positive and negative values. 

Let F (G) be an additive set function defined for all the squarable 
domains*. We say that a number A is the limit of the ratio 


F(G) 
» (6) 


(where S (G) is the area of the domain G), as the domain G is contract- 
ed to a point po, if for every ¢ > 0 there is 6 >O such that 


sq 4|<e 


for each domain G entirely lying in the circle of radius 6 with centre 
at the point po. 
This limit will be denoted by the symbol 


F (6) aF 
S(G) °" ds 


and referred to as the derivative of the additive set function F (G) 
with respect to arca. The derivative is net a set function but an 
ordinary point function, i.e. a variable quantity dependent on 
a point. 

Turning back to the above example, we can say that the density 
0 (Pg) of a mass distribution in the plane is the derivative of mass 
with respect to area. 


4, Derivative of a Double Integral with Respect to the Area of 
Its Domain of Integration. The mean value theorem for the double 
intepral (see § 2, Sec. 4, property 6) implies the following result. 

Take the integral 


F(G)= \ \ f(x, y) ds (1.17) 
G 


where f (z, y) is a fixed function which is supposed to be continuous 
throughout a chosen part of the plane. Let us show that the additive 


°* Or for all squarahle domains contained in a fixed domain. 
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set function defined by relation (1.17) possesses the derivative with 
respect to area which coincides with the integrand f (z, y). 
Actually, let po be a fixed point and G be a domain lying within 
a circle with centre at py. Denote by m and M the greatest lower 
bound and the least upper bound of the values of the function f (z, y) 
in the domain G. By virtue of the mean value theorem, we have 


ms si5 \ { I (xy y)ids-<< M 
G 

When the domain G is contracted to the point pg, i.e. when the 
radius of the circle tends to zero. the numbers m and AW tend, because 
of the continuity of f (z. y) at the point po, to the same value, namely, 
to the value taken by the function f (x, y) at. the point. Consequently, 
the ratio whose values lie between mn and AJ tends to the same limit. 
lfence. we really have 


a= f(z, y) 


>. Reconstruction of an Additive Set Function from [ts Derivative. 
We have discussed the problem of finding the derivative of a set 
function. Here we shall consider the reverse problem: let a point 
function f (z, y) be given and let it be necessary to determine a set 
function # (G) whose derivative coincides with f (z, y). If the func- 
tion f (x, y) is continuous we can immediately indicate such a set 
function, namely, the double integral 


\ ft, y) ds (1.18) 
G 


regarded as a function of G. Tt appears natural iv puse the question 
on whether there exist some other set functions with the same deriva- 
tive. Let us show that if f (xz. y) is continuous there is only one addi- 
tive set function whose derivative is f(z, y) (and which thus is 
expressible in the form of double integral (1.18)). 

lf Fy (G) and F, (G) are two additive set functions with the same 
derivative with respect to area we have 


d 
_(F,— F,) =0 


ds 
It is therefore sufficient to prove the following assertion: 
If “* =0, then F=OQ. The proof is implied by [the lemma 


stated below. 
: df aa . y 
Lene. If the derivative a, Of an additive set function F (D) 
ezists in a bounded closed domain D and is nonnegative, then 


F(D)>0. 
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Proof. Assume the contrary, i.e. let F(D)<0. Then there is 
~1<0 such that 


that is 
F(D) < lS (D) (1.19 


Further, take a sequence of positive numbers €;, €0,.. . convergent 
to zero and break up the domain J into a finite number of parts D; 
so that their diameters are less than ¢,. Then at least for one of these 
parts (denote it as D™) we must have 

F(DO) <= lS (DO) 
because if the opposite inequality 
F(D;) > lS (0;) 
were fulfilled for all D; we should sum uj, these inequalities over 
all O; and thus arrive at a contradiction to inequality (1.19). 

Now, divide D@) into parts with diameters less than ¢5. Among 

them there is at least one (denote it by D)) for which the inequality 


F(D™) < 1s (D™) 
holds. Continuing in this manner we obtain the sequence {D 
which is a nested collection of closed and bonnded domains (the 
symbol D™ designates the closure of D™, and we apparently have 
F(D™) =F (D™)). The diameters of D™ tending to zero, there 
exists a single point belonging to all D{™* (let us denote this 


= 


point by po). By the hypothesis, the derivative < exists every- 


n,, and therefore 


where in /), and, in partienlar, at the point | 


its value at the point can be expressed as 
(n) 
lim ik ci 
noo S (DO) 

But, according to the construction of the sequence {N™), the 


(1.20) 


¢ 


. p™ 
ratio a does not exceed the fixed negative number / for all n, 


and thus limit (1.20) cannot be nonnegative. The Jemma has 
been proved. 


Replacing F(G) by --F(G) and appiying the lemma we see 
that if ae exists and is nonpositive, we have F (2) <Q. Finally, if 
dk 
— = 


* This is the two-dimensional analogue of the nested tntercal theorem (e.g. 
see [8]. Chapter 3, § 3). 
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that is if we simultaneously have 


dF uF 
a= ——SEEs a 


then F (D) = Q for every bounded closed domain. 


6. Definite Integral of a Function of One Argument asa _ Function 
of Its Interval of Integration. Let us now compare what has been 
said with the analogous facts of the theory of the definite integral 
of a function of one independent variable. The definite integral] 


fe dc 


can be regarded (for a fixed function f) as a function of the interval 
la. bl, i-e. as a Set function on the line. Furthermore, the wel] known 
properties of the definite integral imply the adeitivity of this set 
function. But a line segment is completely specified by two points, 
namely, by its end points. lf one of the end points is fixed a function 
of the line seement becomes an ordinary point function. We encounter 
this particular situation when we consider the integral 


jf 1@d (1.21) 


(for a fixed a) as a function of its upper limit of integration. If we 
substitute another point @’ for the lower limit @ function (1.21) 
gains a constant (independent of x) increment, namely, Ue one 


equal to 


\ 


f (&) dé 


> Ceo, Q 


Thus, an integral of a function of one argument is a uniquely spe- 
cified set function on the line. When we regard such a function as 
a function of intervals it can be reduced to a function of one inde- 
pendent variable determined to within an arbitrary (additive) 
constant. The theorem on the derivative of a double integral with 
respect to area and the theorem on the reconstruction of a set func- 
tion from its derivative are, respectively, the two-dimensional 
analogues of the theorem on the derivative of a definite integral of 
a continuous function with respect to its upper limit and of the one 
asserting that an antiderivative is determined to within an arbitrary 
constant summand. 


7. Extension of Additive Set Functions. Ifa function is not given 
for all possible values of its argument for which it may be dehned 
we can usually extend the function if some of its properties are 


f~ 
~| 
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known. For example, if a function f (z) is known to be linear, i.c. is 


of the form 
f (x) = axr+b 


then, to find its values everywhere, it is sufficient to have at one’s 
disposal the values of the function at any two distinct points. 
lf f (x) is a periodic function of a period 7 > 0, i-e. if it possesses 
the property 

f(z + 7) =f (2) 
for all z, then, to find its values everywhere, it is sufficient to know 
the values of the function on the interval [0, 7]. For instance, if the 
values of sin xz are known for all x from 0 to 2n we can find the sine 
of any angle. The set functions can be treated analogously. If a set 
function # (G) is known to be additive and if its values assumed 
on a certain class of sels are given we can sometimes uniquely extend 
the function, preserving its additivity. to a wider class of sets. For 
example, let F (G) be an additive set function defined on all triangles. 
Then it can be extemled. as an additive function, to all polygons 
(and then to a wider class of sets). 

We have dealt with a problem of this type in § I where we have 
studied the noliou of area. The area is au additive set function of 
a domain which has been originally regarded as being defined on 
polygons (or polygonal figures) and then extended, with preservation 
of its additivity, to a wider class of figures which we have called 
squarable. 

The general problem of constructing an additive extension of a set 
function and delerminine the widest class of sets for which the 
function can be defined plays an important role in many divisions 
of mathematics. But here we shall not. diseuss these questions in 
detail because it would involve the introduction and systematic 
application of ideas and concepts of the general theory of measure. 


§ 4. SOME PHYSICAL AND GEOMETRICAL APPLICATIONS 
OF THE DOUBLE INTEGRAL 


1. Evaluating Volumes. At the beginning of this chapter we have 
already discussed a geometrical problem leading to the notion of 
a double integral. that is the problem of finding the volume of a cur- 
Vilinear cylinder. We have seen that. for a cyvlindreid bounded below 
hy a closed domain Gin x, y-plane and above by a surface z = f (x, y) 
where / (z, y) is a nonnegative continuous function, the integral sum 


a f(E:s ni) ASG (1,22) 


gives an approximate value of the volume. (The sum is taken over 
all elements G; of a partilion of the figure G into sanarahle narte, 
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AS; is the area of the element G,;, and (€;, 1;) € G;.) As has been said 
in the introduction to this chapter, the exact value of the volume 
equals the Jimit to which integral sums (1.22) tend as the fineness of 
the partition tends to zero. But the limit of sums (1.22) is nothing 
but the double integral of the function f/ (z, y) over G. Its existence 
(under cerlain assumptions concerning f (7, y) and G) has already 
been proved (Theorem 1.3). Hence, the volume V of a curvilinear 
cylinder bounded below by a closed domain G and above by a surface 

= f (x, y) (where f >> 0 is continuous) is represented by the double 
integral 


\\ fe, yas 


G 


Strictly speaking, the volume of a eurvilinear cvlinder must be 
defined as the value of the double integral. The concept of the vol- 
ume, clear though it may be from the geometrical point of view, 
is not given beforehand and therefore our considerations only indicate 
that such a definition looks natural and is coherent with geometric 
iIntnition. 

We shall consider here some other problems to which the notion 
of double integral is applied. 

2. Computing Areas. Assuming thal the integrand f (z, y) of 
a double integral is identically equal to unity we arrive at the 
ex pression 


| ds (1.23) 
“2 

which is obviously equal to the area of the figure G because each 
integral sum corresponding to integral (1.25) equals Uial area. The 
formula 


s=)\ ds (1.24) 


for computing the area is sometimes more convenient than the well 
known formula 
to 


SV f(z)az 


a 


expressing the area of a curvilinear trapezoid because formula (1.24) 
is applicable not only te a curvilinear trapezoid but also to any 
squarable figure oceupvinge an arbitrary position with respect to the 
coordinate axes. 


3. Mass of a Plate. Consider a plate lying in the x, y-plane, i.e. 
a domain G in which a mass with surface densits » (x, y) is distribut- 
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ed. Let us tind the mass of the plate from the given density p (z, y) 
under the hypothesis that p (z. y) is a continuous function in z and y. 
Break up G into parts G; in an arbitrary way and take a point (&;, 4;) 
in each of the parts. The mass of each element G; can be approxi- 
mately regarded as equal to op (&;, n;) AS; (where AS; is the area 
of G;) and the total mass of the plate as equal to the sum 


Ma 


e (Ez, mi) AS, (1.25) 
t 


l 


taken over all the elements of the partition. To obtain the exact 
value of the mass of the plate it is necessary to pass to the limit 
in the sum as the maximal diameter of the partition {G;} of the 
domain G is infinitely diminished. Then expression (1.25) turns 
into the double integral 


\ | P(z, y) ds (1.26) 


G 


which gives the mass of the plate. 

It appears clear that determining the mass of a plate from its 
density is a particular case of the general problem of reconstructing 
a set function from its derivative which has been discussed above 


(see § 3). 


4. Coordinates of the Centre of Gravity of a Plate. Let us determine 
the coordinates of the centre of gravity of a plate occupying a domain 
Gin the z, y-plane. Suppose that p (z, y) is the density of the plate 
at the point (z, y). Divide the domain G into parts G,, choose a point 
(€;, ni) in each of the parts and consider the mass of each part to 
be approximately equal to p (¢;, 4;) AS; where AS; is the area of 
the subdomain G;. Each mass can be thought of as being concentrated 
at. one point, namely, at the point (&;, 1,). Then we can write the 
well known expressions for the coordinates x, and y, of the centre 
of gravity of the system of material points: 


Tt nN 
>) 0 (Ez, Ne) AS; >) Tue (Ez, Na) AS; 
i=! . i= a 
£6 = OE > SCS~—M2C*OW) 
Y) P(E 1) AS: >) P (Ee, ne) AS; 


i=] 1=1{ 


Iexeressions (1.27) are approximately equai to the coordinates of 
the centre of gravity of the plate. To receive the exact values of 
the coordinates we must pass to the limit in formulas (1.27) as the 
partition is infinitely refined, i.c. D—Q. Then the sums entering 
into formulas (1.27) turn into the corresponding integrals and thus 
we obtain the formulas for the coordinates of the centre of gravity 


4 —0824 
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of the plate: 
\ \ zp (z, ¥) ds \ \ yo (x, y) ds 
G G 


ro = —————————_ } Yo= 


1.28 
US plz, v) ds 
G 


\ i p(s, y) ds 
2 


If the plate is homogeneous, i.e. p=const, the formulas for the 
coordinates of the centre of gravity are simpliied: 


(\2ds { \ uds 
| (1.29) 


— a : = Sa 
=e \ ds’ ue \ \ ds 
G G 


3. Moments of Inertia of a Plate. As is well known, the moment 
of inertia of a material point about an axis is equal to the product 
of the mass of the point by the square of its distance from the axis 
and the moment of inertia of a system of material points (about 
the same axis) equals the sum of the moments of inertia of the mass 
points it is formed of. Let a domain G in the z, y-plane be occupied 
by a plate of density 9 (xz, y). Break up the dumain G into parts G; 
with areas AS;, choose a point (6;, y;) in every part and replace the 
plate by the system of masses p (€;. 1);;) AS; concentrated at the 
points (é;, 74,;). Then the moment of inertia of this system of mate- 
rial points about the y-axis is equal to 


Tr 

4 Eip (ti, mi) AS: 

t{— 

This expression is taken aS an approximate value of the moment 
of inertia of the plate, and the smaller the diameter of the partition, 
the greater the accuracy of the approximation. Passing then to the 
limit’ as the maximal diameter of the partition of the domain G 
tends to zero we receive the following formula for the moment 
of inertia of the plate about the y-axis: 


er \ \ x"o(z, y)ds (1.30) 
G 


Similarly, the moment of inertia of the plate about the z-axis is 
equal fo 
Ix= |} yo(z, y)ds (1.31) 


G 
Now let us find the moment of inertia J, of the plate about the 


origin of the coordinate system. Taking into account that the moment 
of inertia of a material point of mass m (placed at the point (z, y)) 
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about the origin is equal to 
m (xz? + y?) 


and applying the same arguinents we find that 


Io= \ | (2+ y*)0(z, y)as 
G 


Loe=Hl, tl, 


6. Luminous Flux Incident on a Plate. Let a plate occupying 
a domain G of the x. y-plane be illuminated by a potnt source of 
light placed ala point with the coordinates (0, O. zg). Suppose that 
the light intensity of the source is the same in all directions and 
denote it by J. Let us compute the luminous flux incident on the 
plate. 

The luminous flux df impinging on an elementary area ds is 
equal to Jdw where do is the solid angle at the point (U. O. 2,9) 
subtended by the surface ds. Furthermore. dw is equa! to the product 
of the ratio of the area ds to the square of its distance from the source 
by the cosine of the angle between the normal to the area and the 
direction from the area to the source. The value of the derivative 


dF ata point (z, y) of the plate is known as the intensity of illumi- 


1.e. 


ds 
nation al the point (denote it by A (z, y)). It follows that 
df [ dw Tz 
AQ) =Fe= a= Gy al? 


The total luminous flux falling on the plate is equal to the double 
integral of A (z, y) over the domain G, 1f.e. equal to 


Iz {| a. ee 

° : (x2 + y?4- 23)9/4 
7. Flux of a Fluid Through the Cross Section of a Channel. Con- 
sider a fluid flow in a channel, and take a cross seclion of the channel] 
perpendicular to the direction of the flaw. Introducing a Cartesian 
coordinate systein z, y in the plane of the section we can regard 
the speed V of the fluid, at each point of the section, as a function of 
xand y, ie. V = V (x. y). Let us compute the amount of the fluid 
passing across tlie section in unit time. Take an infinitesimal ele- 
ment ds of the section. The quantity of fluid passing through the 
element in unit time is obviously equai to the mass of the elemen- 
tary fluid cylinder with base ds and altitude V (z. y). thal is equal to 


oV (zx, y) ds (1.32) 


where 0 is the density of the Nuid. ‘To find the amount of fluid passing 
through the whole section we must sum up infinitesimal elements 


4 
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(1.32), i.e. take the double integral 
| | pV (z, y) ds 
“a 


over the Section. 

Note. In above considerations and, particularly, in the last pro- 
blem we have used such terms as “an infinitesimal element of area”, 
“an element of mass” and the like. This terminology is widely applied, 
especially in physical literature. For instance, we say that. for 
a plate with density p (zx, y), the quantity 


p (x, y) ds 


is its “element of mass” (concentrated on “an element of area ds”) 
and the total mass of the plate, that is the integral 


\ J ee, y) ds 
G 


is regarded as “the sum of the mass elements”. 

The meaning of such statements is that we always imply the 
corresponding processes of passing to the limit (from finite sums 
to integrals) which have been encountered in the above problems. 
In what follows we shall sometimes use this “physical” language 
{keeping in mind its real sense based on the corresponding passage 
to the limit). 


§ 5. REDUCING DOUBLE INTEGRAL TO A TWOFOLD 
ITERATED INTEGRAL 


We have already discussed the definition and basic properties of 
the double integral, the conditions for its existence and some pliysi- 
cal and geometrical problems involving this notion but we have 
not yet studied the practical ways of evaluating double integrals. 
The most important role in the solution of this problem is played 
by the theorem asserting that the evaluation of a double integral 
can he reduced, under some general suppositions, to successive 
separate integrations with respect to each variable. It is the proof 
of the theorem that we are going to study in § 5. 

{. Heuristic Considerations. The basic idea of the theorems proved 
below lies in the followtug considerations. Let us regard the double 
integral 


\\ f(x, y)drdy 


as the volume of a curvilinear cylinder 7 bounded below by a domain 
G, above by a surface z = f (z, y) and on the sides by a cylindrical 
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surface passing through the boundary of the domain G (see Fig. 1.13). 
The solid Z can be thought of as being composed of infinitely thin 
layers parallel to the y, z-plane. The volume of each layer is equal 


to the product 
J (zx) dz 


where J (zx) is the area of the corresponding section of the solid 7 
and dz is the width of the layer. Then the total volume of the solid T 
is equal to 


b 
\ J (x) dz (1.33) 


I3ut the area J(z) (as the area of a curvilinear trapezoid) is given 
by the integral 


¥2(x) 
\ f(z y)dy (1.34) 
yi(x) 


where x is regarded as a fixed quantity and the quantities y, (z) 
and yo (x) are the coordinates of the end points of the line segment 


22112, ) 
LZ 


Fig. 1.43 


which is the projection of the section on the z, y-plane. Combining 
(1.33) and (1.34) we see that the volume of the solid 7 can be expres- 
sed in the form 


b yo(x) 
{ dz [ f(z, y) dy 
a yi(x) 


Ifence, we obtain the relation 


. b #2(%) 
\\ f(z, yds= laa | f(x, yay (1.35) 
G a tv4(%) 


Lhis formula tells us that when a double integral is thought of as 
a sum of the elements f (z, y) dz dy we can first perform the summa- 
tion within the layers parallel to one of the coordinate planes and 
then sum up the results corresponding tu each loyer. As an algebraic 
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analogue of relation (1.35), we can write the well known formula 
2 ain = >; (> ain) 


It is clear that if we took the sections of a curvilinear cylinder 


parallel to the z, 2-plane instead of the y, z-plane this would result 
in the equality 


\ ) f(z, y)ds= ay | fee, y) dz 
G c x1) 


(see Fig. 1.14). Now let us pass from our heuristic considerations 
to strict arguments. 


Fig. 1.14 


2. The Case of a Rectangular Domain of Integration. We begin with 
a double integral taken over a rectangle with sides parallel to the 
coordinate axes. 


Theorem 1.5. If f (x. y) isa function defined in the rectangle 


P={aqzzrsb, clay dq} (1.36) 
fur which the double integral 
\ \ f (z, y) dx dy (1.37) 
P 
exists and if the onefold (single) integral 
d 
J (z)= | f(z y)dy (1.38) 
c 


exists for each fixed value of x in the interval a<xr<b then the 

iterated (repeated) integral 
b d b 
j az | f(z. y) dy = | F(x) dz (1.39) 
a og a 

also exists, and we have 


\ | f(z, y)dedy = 


5 


d 
dx \ f(z, y) dy (4.40) 


a * 
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Proof. Divide the rectangle P into rectangular subdomains P,; 
by breaking up its sides with the help of points @a=a<4< 
< Yom... << t, = 0 and, respectively, ¢ = Yo HY,“ yo... 
, <y=da. Thus. P;; is the rectangle of the form P;; = 
= {(%;,9 S25 Sry, yjy-t Sy Sy;} (see Fig. 1.15). Let m;; be 


J 
d 


y; 


Fig. 1.15 ag Fy z 


the greatest lower bound and A/,; the least upper bound, on the 
rectangle /;;, of the values of the ‘function f (x, y). Choose a point 
£, in each subinterval [z,_;, z,]. Since m;; Sf (&, y) S Al;,; for 
¥j-1=—S YS y;, we have 
Wy 
misdys< \ f(r y)dy<MijAyy (Ays=ys—yss) (1-44) 
Vj-1 
and the integral in (1.41) exists because, according to the hypothesis, 
integral (4.38) taken over the whole interval [c, d) exists for every z. 
= up enor (1.41) with respect to 7 from 1 to / we derive 
t 
> mijhy;<J (8) = f(Ei, yydy< SB MijAyy, i=1,2,..., 4 
j=1 j=1 
Multiplying each of the last inequalities by Oz; = z; — z;-, and 
Summing them with respect to i from i to A we — 


h 
2 Az; > mijAyy< <> J (§i) Azi< > Axi » Mj jAy; 


The expression J(&;) Ax; entering into this relation is an 
i= 


en sum associated with the function J(z) whereas 
i 


3} Aas 3) misAy; and S Ax 2) Mishyy are the lower and 


i=] t= 1 j=1 
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the upper Darboux sums corresponding to double integral (1.37). 
Consequently, 
h 
wx DJ (Ei) Ar < 
3 | 


If we now make al] Az; and Ay; tend tu zero then, since we have 

supposed that double integral (1.37) exists,* both the lower and 

the upper sums will tend to the double integral. Hence, the integral 
k 


sums >» J (&;) Az; tend to the same limit. Thus, we have 
i 


=1 
6 


b d 
\ J f(z, wdzdy=\ 7 @dr= J az | p(x, y) ay 
F a Cc 


Interchanging the variables zx and y (and supposing that the 


integral J,(y)= | f(z, y) dx exists ] we derive a similar relation 


DB Qa, Cm 


of the form 


Fay (1, y)dz= | | f(z, y) dz dy 
c a P 


d 
Finally, if both integrals J (x)= \ f(z, y)dy and J,(y)= 


b 
~ \ (x, y)dz exist, together with integral (1.37), we obtain 
a 


b d d b 
| \ se, y)dzdy = | dz \ f(, ydy =" dy | f(z, y) dz 
P a c 


c ta 


3. The Case of a Curvilinear Domain. We now pass to the question 
on reducing a double integral tuo an iterated one for the case of a 
curvilinear domain. Let a domain G be bounded by two continuous 
curves Y = y;(z) and y = y2(z) (where yo(z) > y,(z)) and by 
vertical line segments z = aand xz — 6 (Fig. 1.16). Then the follow- 


* By the hypothesis, double integral (1.37) cxists and therefore, for any 
way of partitioning the rectangle ? into subdomains such that their maxima! 
diameter tends tn zera, the upper and the lower Darhonx sums tend to the com- 
mon limit, i.e. to the corresponding double integral. This enables us to realize 
the partition in any appropriate manner, and we have chosen the one performed 
by means of vertical and horizontal straight lines. 


es | 
a | 
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ing theorern takes place: 
Theorem 1.6. If the double integral 


\\ re, y) dz dy 


G 

exists for a function f(z, y) defined in the domain G, and the 
integral 

2(x) 

J(z)= } f(x, yay 

wil) 
exists for each fized value of x from the interval |a, b] the iterated 
integral 


5 yalx) 
\ ax ) f(z, y) dy 
a yi(x) 


also ezisis and we have the equality 


b 2(x) 
[fre wadzay= [ax ( fle way (1.42) 
© a U(x) 


Proof. Put ec = min y,(z), d = max y.(zx) and embed the domain 
G in the rectangle P determined by the inequalities a<xz< b, 


Fig. 1.16 


ey <d (see Fig. 1.16). Consider the auxiliary function f*(z, y) 
defined on the rectangle by the relations 


(f(x, y) in G 
x eee 
/ (x, y=" 4) in P2G 


where 2 — G is the difference between the sets P and G, i.e. the 
collection of all points of P not belonging to G. 

The function /* (x, y) satisfies the conditions of the foregoing 
theorem. In fact, since it coincides with f (z, y) on the domain G 
it is integrable in G and it is identically equal to zero in P — G 
and thus is integrable there too. Consequently, by the property of 
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additivity (see § 5, Sec. 4, property 3), the function is integrable 
over the entire rectangle P?. Furthermore, we have 


\\ f(x ydzdy= {| f(x, ydray 
and “ G 


y \ f* (z, y) dxdy =0 
P-G 
whence 


{ { {* (z, y)dxdy= \ \ f(z, y)dzdy (1.43) 
G 


P 


Besides, for each value of z lying between a and 0b, the integral 
[ yil=) y2(x) 
\ f(z y)dy= J} f(z ydy+ | fe y)dy+ 
¢ < yi(x) 
d 
+ { ft (z, yay (1.44) 
yo(x) 


is sure to exist because each of the three integrals entering into the 
right-hand side exists. Actually, the line segments connecting, 
respectively, the points (z, c), (x, y;(z)) and (2, y(z)), (2, d) 
in the z, y-plane lie outside the domain G and f* (z, y) equals zero 
yo(x) 

ou them, and the integral j {* (x, y) dy cuincides with the 
‘ y1(X) 
integral 

Ya(x) 

\ f(z wdy 

v(x) 
which exists by the hypothesis. The first and the third integrals 


entering into the right-hand side of (1-44) being equal to zero, we 
finally obtain 


d Yetx) 
\ f(z ydy= | fe yay (1.45) 
c yilx) 
We see that the function /* (7, y) defined in the rectangle P satishes 
the conditions of Theorem 1.5 and, consequently, the double integral 
of it over P can be reduced to the iterated integral: 
dt 


\f {* (x, y)dzdy= dx \ f{* (a, y) dy 
P a c 
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From the Jast relation and equalities (1.43) and (1.45) we deduce 


\) H(z, y)dzdy= az | f(x y) dy 
G a Yi (x) 


which is what we set out to prove. 

In Theorem 1.6 we have considered a domain G such that every 
vertical straight line z = const cuts its boundary at no more than 
two points (x, y;(z)) and (z, y2(z)) and supposed that the integral 

Yo(X) 
F(z)= | f(z y)dy (@<z<d) 
yatx) 
exists. If we suppose that every straight line y = const has at 
most two common points (z,(y), y) and (ze({y), y) with the boun- 


dary of a domain G (see Fig. 1.17) and require that the integral 
¢2(4)) 


f (z, y) dx should exist for each fixed y we can prove the 


x1(y) 
existence of the iterated integral 


d x9(1/) 
fay | f(z, yee 
Cc x 1(y) 
and its coincidence with the double integral \\F@ y) dx dy. 
G 


As was seen at the beginning of § 5, the geometric meaning 
of the formulas reducing a double integral to an iterated one is 


o zr 
Fig. 1.17 Fig. 1.18 


that the volume of a solid is equal to the integral of the area of its 
cross section (whicn is a function of the variable determining the 
position of the cutting plane). 

Note 1. {ithe domain G is such that there are straight lines (vertical 
or horizontal), passing through interior points of the domain, which 
have more than two common points with its boundary, then, to 
represent the double integral taken over the domain in the form of 
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an iterated integral, one should divide the domain G into parts 
satisfying the conditions of Theorem 1.6 and separately reduce each 
of the corresponding double integrals to an iterated one (see Fig. 1.18). 

For example, let the domain of integration G be the unit circle 
z*-- y? <1 from which the ellipse z* — 2y7 <1 is cut out 


Fig. 1.19 


(Fig. 1.19). Then the double integrui over G can be, for instance 
represented as 


1 4{—a2 


\{ f(z. y)dedy— ( az \ f(z, y)dyt+ 
a | 


G |’ 1—x2 


7) 
nd 


BV get 
{ Z 


+ | dz \ f(z, dy 


that is in the form of a sum of two iterated integrals. 
Note 2. If a double integral can be reduced both to an iterated 
6b  ye(x) 


integral of the form \ 4x \ / (xz, y) dy and to an iterated integral 


a yi(x) 
qd = x2(y) 
of the form \ dy \ { (x, y) dx then, when computing the double 
c xi(u) 


inlegral, we can use any of these representations. But it may well 
happen that one of them is more convenient than the other, and 
therefore, in concrete problems, an appropriate choice of the order 
of integration (i.e. the order in which integrations with respect to z 
and y are performed) may be of essential signilicance. 


Azercise. Write the double integral 


\ J f (xz, y) dz dy 
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where G is the domain bounded by the curves y = VY 2az — x? and 
= V 2azr and by the straight line x = 2a (Fig. 1.20) in the form 


Fig. 1.20 


of an iterated integral (for both possible orders of integration). 


Y ax 


Answer. (1) {ax js f(z. y) dy 


1’ Jax —x2 
a— Ya2z— 42 


(2) Jay [ree wae ay f(z, y)dx+ 


y2 
oy Q Za 


a 2a 

+\dy | f(yaz 
0 a+- } a2—u2 

In the second case we have to break the integral into three summands 

whereas the first case involves only one term. 


§ 6. CHANGRF OF VARTABLES IN DOUBLE INTEGRAL 


We often apply a change of variables when we integrate a function 
of one independent variable, and this method is also very important 
for evaluating double integrals. Before studying the problem of 
changing variables in a double integral we shall discuss some ques- 
lions related to mappings of domains. 


{. Mapping of Plane Figures. Consider two planes with respective 
Cartesian coordinates x, y and &. y in them. Suppose that in the 
z, y-plane we have a bounded closed domain G with houndary L 
and in the &, yn-plane a bounded closed domain I* (see Fig. 1.21a 
and &). Let 

r=2r(t, n), gy =y (CE. 9) (1.46) 


be two functions defined in the domain I’. Suppose that when the 
point (&, yn) runs over the domain [ the corresponding point (z, y) 


* As before. we suppose that the domains G and [ are squarable 
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runs over the domain G. Thus, functions (1.46) define a mapping 
of the domain [ onto the domain G. 

Let the mapping satisfy the following conditions: 

(1) The mapping is one-to-one, which means that, to distinct 
points of the domain I, there correspond distinct points of the 
domain G. In other words, the solutions 


E=E(z, y), n= (x, y) (1.47) 


e 


of equations (1.46) (obtained by resolving the equations in € and n) 
are uniquely defined throughout the whole domain G. 


Fig. 14.21 (@ 


(2) Functions (1.46) and (1.47) are continuous and possess conti- 
nuous partial derivatives of the first order. 
(3) The functional determinant (Jacobian) 


Ox Ox 
Plz, y) _ | % ON (1.48) 
2G. | oy oy 

ve Oy 


is ditlerent from zero everywhere in the domain I’, and, consequently. 
since the derivatives entering into the Jacobian are supposed to 
be continuous, it retains its sign in TP. 
The Jacobian a of inverse mapping (1.47) is connected 

with Jacobian (1.48) by the relation 

D (z, y) : D(&, 1) — | 

P(E, n) D(z, y) 
which is directly implied by the definition of the product of deter- 
minants and the rules for differentiating «a composite function. 


Therefore the Jacobian : Ms » does not vanish in the domain G. 
lf we are given a smooth or piecewise smooth curve 
E=E(), n=nW), a<t<p 
in the domain I, mapping (41.46) transforms it into the curve 


r= rlE(N nO =z, yoy (EM, nt) =y 


CH. 1. DOUBLE INTEGRALS 63 


which is again smooth or piecewise smooth. Indeed, the deriva- 
dé dy 


tives 74 and TS existing and being continuous, the derivatives 


dz Ox de, ot dy alic OY OY C8: 4. 2Y ON 
dt o& dt ' an de dt d= dt an dt 


also exist and are continuous. Furthermore, if at least one of the 


derivatives = and pl is different from zero the derivatives 7 and 
e ° - D ? 

dy do not vanish simultaneously since ~ ¥) 0), 

dt D (5, ) 


We can also assert that the boundary .\ of the domain [ is mapped 
on the boundary Z of the domain G. This follows from the theorem 
on implicit functions (e.g. see [8], Chapter 15, § 2). Indeed, if, 
to a point (29, Yp) belonging to L, an interior point (Eo, Mo) of the 
domain I" corresponded, the relations 


x=2z(&, yn), v= (eé, n) 


would define the quantities — and 1 as functions of x and y in a 
neighbourhood of the point (rg, yo). But every neighbourhood of 
a boundary point contains points not belonging to G, and hence the 
point (E5, No), an interior point of I’, wonld possess a neighbourhood 
lying in P and not mapped into G which contradicts the hypothesis. 


2. Curvilinear Coordinates. Consider a straight line —& = &» in 
the domain IT (Fig. 1.21). It is mapped on a smooth curve lying 
in the domain G and determined by the parametric equations 


x=2z(E, yn), y= y (Eo, n) (1.49) 


(where y is the parameter). Similarly, to each straight line q := 1 
in | there corresponds a curve in the domain G with parametric 
equations 


x= <x(t, yo), vm y (SE, No) (1.90) 


where € 1s the parameter. Curves (1.49) and (4.50), lying in the 

domain G, into which mapping (1.46) transforms straight lines 

parallel to the coordinate axes &, 1) and belonging to IT, are referred 

to as the coordinate curves (€-curves and 1y-curves) in the domain CG. 
The mapping 


ei 2, ")> y—y (S, 1) 


being one-to-one, it follows that there is a single curve of form 
(1.40) passing through each point (2, y) of the domain G@ which 
corresponds to a given constant value of & and a single curve of form 
(1.50) corresponding to a constant value of yn. Consequently, the 
quantities & and y can be regarded as tle coordinates (different, 
of course, from the Cartesian ones) of points belonging to the domain 
G. The coordinate lines (1.49) and (1.50) corresponding to these 
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coordinates being curvilinear (but in the general case, not straight 
lines as in the case of Cartesian coordinates), the quantities — and 7 
are called the curvilinear coordinates of the points of the domain G. 

Thus, from the geometric point of view, the variables € and 
are interpreted in a twofold sense: on the one hand, they are the 
Cartesian coordinates of the points of the domain IT and, on the 
other hand, they are the curvilinear coordinates of the points belong- 
ing to the domain G. Accordingly, every relation of the form 
@ (€, ») = O can be regarded as an equation (in Cartesian coordi- 
nates) determining a curve A lying in the domain I and also as an 
equation (in curvilinear coordinates) of a curve l, the image of the 
curve A under mapping (1.46), placed in G. 


3. Polar Coordinates. The connection between polar coordina- 
tes r, m and Cartesian coordinates z, y is given by the relations 


x=rcosqg, yersing ( 20, 0S g< 2n) (1.51) 


if the pole coincides with the origin. 

The coordinate curves of the polar system shown in Fig. 1.22 are 
the concentric circles with centre at the origin (r = const) and the 
rays Starting from the centre (¢ = const). Mapping (1.51) transforms 
the half-strip r20, 0 <g@< 2a onto the entire z, y-plane. The 
mapping is one-to-one everywhere except the point z = 0, y = 0 
which is the image of the half-segment r— 0, 0 <= gy < 2n of the 
r, ~-plane. If we delete the point z = 0, y =O we can consider 
the inverse of mapping (1.51) which transforms the punctured 
x, y-plane into the half-strip r=>0, OS q< 2u. The inverse 
Inapping is continuous everywhere except the positive half of z-axis 
because. although the value @ = 0 corresponds to all the points 
of the semiaxis, the variable @ tends to 2m but not to zero as the 
point AV (z, y) approaches the semiaxis from below. Thus, formulas 
(1.51) define the mapping of the half-strip r20, 0 <q < 22 onto 
the z, y-plane which is the one-to-one and continuous, together with 
its inverse mapping, everywhere except the points at which r -= 0 
or @m — OQ. 

We can visualize the transformation from the half-strip on the r, 
¢-plane to the z, y-plane as “spreading a fan”. Jmagine that we are 
watching a film showing the process of spreading out the half-strip 
O<r<mo,0an om< 2n as a fan which. when opened, covers the 
xr, y-plane. Fig. 1.23a represents the first still of the tilm, Fig. 1.236 
the second, Fig. 1.25e shows one of the final stills and Fig. 1.23d 
the last one. 

Consider an example. Let a rectangular dumain in the 7. g-plane 
be given by the relations OM axrsb,O<axfyXp < 2x. 
The “fan spreading” procedure transforms it into an annular sector 
in the zx. y-plane (Fig. 1.24). 


YS “€ 


& 
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Let us find the Jacobian corresponding to the transformation 
from Cartesian coordinates to polar ones, i.e. the Jacobian of func- 
tions (1.51). We obtain 


‘D(x, y) cos@ —rsiu@g 
YE jsing  rcos@ — 


The Jacobian is different from zero everywhere except the point 
Le Q, Y= 0. 

4, Statement of the Problem of Changing Variables in the Double 
Integral. We now formulate the general problem of changing vari- 
ables in the double integral. Let G be a closed domain bounded by 
a plecewise smooth curve Z and f(z, y) a bounded function, 
defined in G, which is continuous or has discontinuities forming 
a set of area zero. Further, let the functions 


z=—-x(t, yn), y=uylé n) 


determine a mapping of a domain [I on the domain G and let the 
mapping satisfy the conditions (1)-(3) enumerated in Sec. 1. Our 
aim is to represent the integral 


\\ 1 (ew ae ay 
AG 


taken over the domain G as an integral over the domain I’ by trans- 
forming its element of integration to the new variables — and 1. 

9. Computing Area in Curvilinear Coordinates. [n deriving the 
formula for changing variables in a double integral the chief step 
is to express the area of a domain in curvilinear coordinates. The 
following theorem solves the problem: 


Theorem 1.7. Let z=—a2x(E&, n), y = y(E, n) be a continuous 
and continuously differentiable one-to-one mapping of a domain YT 
of the &, n-plane on a domain G in the x, y-plane. Suppose that the 


Jacobian — - is everywhere different from zero. Then 


area of G=\{ dzdy=\\ et | ab an (1.52) 
G  & 


We shall preface the proof of the theorem with an intuitive argu- 
ment (to which, by the way, the reader may restrict hitnself). 
Consider two pairs of coordinate curves lying infinitely close to 
each other in the domain G. Let the first pair correspond to the 
values 
Eo and & + dé 
of the coordinate E and the second pair to the values 


No and to + dy 
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of the coordinate yn. These coordinate curves cut out of the domain G 
an infinitesimal element of area A,)A,A;A,2 (see Fig. 1.25). This 
element can be apparently regarded as a parallelogram to within 


Fig. 1.25 1 ' §o 


infinitesimals of order higher than the first. We see that the sides 
of the parallelogram are the vectors 


ApA: = (52 dé, => = dé) 
and 


AyA2 = (Sean. = dn) 


The area ds of the parallelogram A )A,A3A_ is equal to the modulus 
of the determinant whose elements are the projections of the vectors 


AoA, and AjyAe on the coordinate axes, that is 


Ox Cy 
att =a 
a : qs : D(z, y) | 
ds = modulus of —|2 9) | ge dy (1.53) 
Ox Cy D (Ee, n) 
OY an Us d 


Hence, the total area S of the domain G is obtained by summing 
up all the elements, i.e. is in fact representable in the form of a 
double integral taken over the range I of the variables & and 7: 


s=\\|aey lee 


We can. now corroborate our intuitive argument with a _ proof. 
We shall leave out some details which we believe will not be difficult 
for the reader to understand. Besides, to simplify the consideraticn 
we shall suppose that the mapping is defined and satisfies the require- 
ments of the theorem not only in the domain |' but also in a wider 
domain in which I is strictly contained together with its boundary. 


Proof of Theorem 1.7. We first take a simple but fundamental 
case when the domain in the &, n-plane is a rectangle I7 with sides 
parallel to the coordinate axes, and the mapping of the rectangle 


5* 
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on the z, y-plane is a linear one expressed by the formulas 


X= -—- ac t+ by y = yo + a& + Oey (1.54) 


a b 
where Zo, Yo, @, 8, a, and b, are constants and 


As is well known from analytic geometry, the image of such a rec- 
tangle I] under a mapping of this type is a parallelogram P whose 
aurea is connected with the area of the rectangle IJ by the relation 


area of P= { modulus of } «(area of TT) (1.95) 


a, oy 
(prove it). It follows that every squarable figure (PD) lying in the 
£, y-plane is mapped hy linear mapping (1.54) onto a squarable 
ficure F in the z, y-plane whose area is expressed 

f 


area of F = [modulus of | «(area of W) (1.56) 


a; b, 


By the way, it is only relation (1.55) that we need for our further 
abms. 

Now Jet us consider an arbitrary (possibly nonlinear) mapping 
xe=r(E&, yn). y = y (E. yy). of a domain IV, satisfying the conditions 


Fie. £.26 


of the theorem. Take a point (Eg. 49) belonging to the domain FP 
where the mapping is delined and consider the rectangle 
E> SED Eqg ri, No SU SN -i- hee 
Which we again denote by II (Fig. 1.26). 
Applying Lagrange’'s theorem on finite increments we rewrite the 


equations defining the mapping of the rectangle into the z, y-plane 
in the — 


= ) - 
ety Fe det dy pe, y~ vot See Sh dn+a, (1.57) 
where cuinatit, a Yo UU (Ep, Mo), the an of the derivatives are 
taken al the point (&. Yo) and 
1, = (Le (s a" i) 2s (Sy, No)) dE > - (ay (§*, 1") - oy (Ey, No)) dn 
he = (Yt (Er, n**) — yz (Eos Mn) dE-- (yn (E**, 1**) — Yn (Eos Mo) EN 
(Here we have &<5"225 &-CO'*<S wy sly Non -< 0.) 
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By the hypothesis, the first derivatives of x and y with respect 
to E and y are continuous and thus they are uniformly continuous 
in the bounded closed domain [. Consequently, for every ¢ > 0O 
there exists a sufficiently small kh >Q such that if 2; +ho<cth 
the inequalities 


[zz (&. n) — ze (Eo, No) << e, [an (& n) — 2 Eo Mo) |e 


hold for all the points (c¢, ») belonging to the rectangle II, and 
Similar inequalities are true for yt and yy. € being independent of 
the particular choice of the point (E>, 9). These estimates show that 


la, |<c eh, |la,|< eh (1.58) 


Now compare nonlinear em (1.57) with the linear mapping 


OZ 


Z = Zo+ oe E+ dy, I Yor Ge dbs aan (1.59) 


which is obtained 7 Saute a, aud Ze in eidbass (1.57). As we 
already know, a linear trausformation of this kind maps the rec- 
tangle Il on a parallelogram which we again denote by P? and, accor- 
ding to (1.55), we have 


Ox dz 
dz ov 

es Ds : S aes! 

area of P =[ modulus of ay ay .(area of 11) (1.60) 
ds Oty |, 


Nonlinear mapping (1.37) transforms Hl into a curvilinear figure &. 
Let us investigate what is the difference between its area and the 
area of the parallelogram P. 

By virtue of (1.58), for each point (=, yn) € ll we have 


Jc—zl={a|[< ek, ly —y|-= |eel<eh 


V (z— z)*-+ (y—y)P?< V 2eh 


In other words, the distances between the images of the point 
(£, yn) € J] under linear mapping (1.5%) and nonlinear mapping 
(1.57) are less than V2 eh. Therefore, if we embed the boundary 
of the parallelogram / in a strip of width YW2 e& the boundary 
of the curvilinear figure & will be stricy contained in the strip 
(Fig. 1.27). lt is clear that the difference between the area of S and 
the area of P cloes not exceed the area of the strip. Performing simple 
computations we find that the area of the strip is not greater than 
its width midtiplied by the perimeter of the parallelogram /?. The 
perimeter can be easily estimated. Let a positive number Jf be so 
vr OF dy q Oy 


chosen that each of the derivatives =, s —~ «does not 
ae’ an’ Or edyy 
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exceed A/ in its absolute value throughout the domain I (the deri- 
vatives are continuous and therefore bounded in the bounded closed 
domain 1). Then (4.59) immediately implies that the sides of the 
parallelogram P cannot exceed Afh. Thus, the perimeter of P is 


if Py 1 
fir ih 

| He at lh 
Wi 


Fig. 1.27 rare 


not greater than 4Arh, and the area of the strip in which the boundary 


of P has been embedded does not exceed 4 V2 eMh?, i.e. is not 
ereater than 


V 2 eM -(area of IT) 
Consequently, 


area of J = area of P+y 


or, by virtue of (1.60), we have 


Oz Ox 
area Of =| modulus of Me |r of T)+y (1.61) 
OE an 
Where 
ly |< V2 eM -(area of II) (1.62) 


Let now © be a polygonal figure lying within T and composed 
of rectangles with sides parallel to the coordinate axes, and § be 
its image under the mapping x = z (&, n), y= y (&, yn). Break up 
@M into "rectangles II; so that the half-perimeter of each of them 
should be less than h. The union of the images #; of the rectangles 
is the figure #, and the area of each #; can be represented in the 
form 


area of &; = ore = «(area of 11;)+ y; (1.63) 


n=N; 
where (&;, ni) is a point belonging to the rectangle II; and 
ly l<c V 2eM -(area of T,) 
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¢ 
Sum up equalities (1.63) over all the rectangies I];. This yields 


ra) 
» (area of §&;)=areaol ¥ = 


a | 
_ > | D(z, y) 
= D(§, 1) 


The first summand on the right-hand side of equality (1.64) is 
obviously an integral sum associated with the integral! 


Nee 1.65 


and the second one does not exceed the expression 


_ (area of T)+ dy: (1.64) 


n=Nn; = 


c= 


V2Me ») (area of iy=V 2 Me-(area of @) 
i=1* 


where e can be made arbitrarily small (because the diameter of the 
partition of the figure @® can be chosen as small as desired). The 
integrand being continuous, integral (1.65) is sure to exist. Conse- 
quently, we can pass to the limit in relation (1.64) as the partition 
of the figure ® is infinitely refined. We thus obtain 


sven of F =|) Dee] BA" 
® 


To complete the proof we should pass from the polygonal figure ® 
embedded in the domain I to the domain I itself. This can be easily 
performed. The domain IT being squarable, we can find two figures 
®, and @, composed of rectangles,* the first of which is embedded 
in I whereas the second envelops I’, such that the difference between 
their areas is less than a given positive numbcr 6. The mapping 
x=—az(—&,n), y=y(, n) transforms them into two squarable 
figures #,and ¥ >», the former being embedded in G and the Jatter 
enveloping G. We can easily show that 


[area of #,—area of F3|< (2M?*+ V2 Me)d 
( prove it by applying relation (1.64) and the _ inequality 


D (z, y) 2 
max Deen} |< 2M ) . But then 


|area of G—area of ¥, le (2MI4+Y2 Me) (1.66) 


“ The enveloping figure ®, must lie in the domain in which [ is strictly 
contained and in which, by the hypothesis, the mapping is defined and satisfies 
the conditions of the theorem. 
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The figure ¥£, is the image of the polygonal figure WM, and therefore, 
by what has been proved, we have 


area of na | ae CET uv} | dé dn (1.657) 
Furthermore, by the mean value seeeaia we can write 
af) | FE | dean < 2M (1.658) 


— (fy 


from (1.66) and (1. 68), taking into account (1.67), we deduce 


area of G— \ He 2 | dgan| < (441° 4+ V2 Me) 6 


The number 8 being sith samtll bere, the proof of the theorem 
thus follows. 


Note £. The fundamental idea upon which both the above proof 
and the feregoing intuitive argument are based lies in the fact that 
a nonlinear mapping z =z (é&, yn), y = y (E, 4), when considered 
in the sinall, can be approximated with a linear one, and the smaller 
the domain, the greater the accuracy. By the way, properly speaking, 
the substitution of a linear relation for a nonlinear one, considered 
In the small, is, in general, the basic idea of mathematical analysis. 


Exam ple. Consider again polar coordinates. The curves + — Po, 
r=rg -- dr, ~ = Qo and q =: po -;- dm cut out of the z, y-plane 
an infinitesimal rectangle with sides dr and rp dy (see Fig. 1.28). 
‘Pherefore the eleinent of area in polar cuordinates is equal to rg d¢ dr. 
(The same result is, of course, implied by general formula (1.52) 


| D (x, | 
since Fo =r.) Consequently, the area in polar coordinates 

vy, . 

Is expressed by the formula 

S = | { r dr dq (1.69) 

r 
where VP is the range of the variables r and q. In particular, if the 
domain G is bounded hy two rays q@ =: ¢; and @ = Gz and by a 
curve r =r (q), i.e. has the form shown in Fig. 1.29 (represent the 


corresponding domain Tin the r. q-plane). then, reducing double 
integral (1.69) to an iterated iulegral, we obtain 
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Performing tntegration with respect to r we find: 


This is the well known formula for area in polar coordinates (e.g. 
see [8]. Chapter 11, § 2). 


Note 2. Formula (1.53) indicates the geometric meaning of the 
D(y. x) 


(3,1) 


absulute value of the Jacobian Actnally. denote the 


Fig. 1.28 Fig. 1.29 
Jacobian, for brevity, as J (&, 4) and consider the mapping of the 
domain T on the domain G determined by the formulas 
r= 2(—,n), yy, 0) 
The mapping transforms the infinitesimal rectangle belonging to I’ 
(see Fig. 1.30), which is bounded by the straight lines 
E= &, E=& + dg and Y= No. Y= No + AN 
and has the area dg dij. into a parallelugeam of area 
| J (€, 1) | dé dy 
Thus, the quantity | / (E, y) | is the coefficient of area expansion 
(at the point (E, y)) for the mapping of thedomain [onthe domain G. 
Note 3. In Theorem 1.7 we have supposed that the manping 

z= ax(&, yn y=y(§ n) 
of the domain P onto domain G ts one-to-one. But expression (1.52) 
for area in curvilinear coordinates remains true even when the 
condition is violated at soine separate points or on Separate curves. 
As a typical examole of this kind, let us take the mapping of the 
rectangle O<raa, OSpeI2n on che circle z* | y*? < a?, 
determined by the formulas 

xr=- recog, Yy=arsin®g” (1.70) 


which corresponds to the introduction of polar coordinates. The 
Inapping satishies the conditions of Theorem 1.7 everywhere except 
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the points belonging to the line segment y = 0. 0 < za. Con- 
sider the rectangle 9 <raa, 0 <p < 2m — € in the r, g-plane 


yh Wy eedy 


Fig. 1.30 


(where O<ip<a@a and O<e<(2n) and its image under mapping 
(1.70) im the z, y-plane (see Fig. 1.31). Formula (4.52) holds here 
because conditions (1)-(3) are fulfilled for these domains. Now, 


Pig. 1.34 


passing to the Jimil, as p--»> 0 and se-»O0, we see that formula 
(1.52) remains true for the entire circle r <a. 
Similar arguments are applicable in the general case of an arbi- 


trary mapping which is one-to-one everywhere except separate 
points or curves. 


6. Change of Variables in Double Integral. Expression (1.52) 
obtained for area in curvilinear coordinates enables us to derive 


the general formula for changing variables in a double integral. 
Consider the integral 


\\ fe, y) dx dy (1.71) 
G 


where the domain G is bounded hy a piecewise smooth contour ZL 
and the function 7 (z, y) iS continuous throughout the domain 
(including its boundary) or is bounded and continuous in it every- 
where possibly except a set of area zero. 

Let functions z = 7 (&, 1) and y = y (&, ) define a one-to-one 
correspondence between the points of the domain G and a domain [, 
and let the mapping satisfy all the requirements under which the 
validity of formula (1.52) expressing the area of the domain G in 
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curvilinear coordinates has been established. Divide the domain [ 
into parts [; by means of a system of piccewise smooth curves. The 
corresponding piecewise smooth curves in the z, y-plane (the images) 
break the domain G into parts G; of area AS;. Choose an arbitrary 
point (z;, y;) in each part G; and form the integral sum 


S { (xi, yi) AS; (1.72) 
i=! 
associated with integral (1.71). 
Applying formula (1.52) to each subdomain G; we obtain 


ssi (it ete 
f 


Denoting the Jacobian wey as J(&, 4) and taking advantage 
TE) 
of the mean value theorem we can write 
AS; =|J (&%, ni) | Aoi 


where Ao; is the area of the subdomain [;. Now we substitute the 
above expression for the quantity AS; in integral sum (1.72) 
and arrive atl the sum 


b4s 


>, f(z, ye) | J (GE, nF) | Age 


i=t 


The point (E?. 4?) appears when we apply the mean value theorem, 
and hence its position, within the subdomain [;, is preassigned by 
the properties of the function and the subdomain, and we cannot 
take it at pleasure. Rut the point (z;, y;), unlike (7. n7), is chosen 
in the corresponding subdomain G; quite arbitrarily. Therefore we 
can put 


me oa a nN), yi =y (GF, ni) 


i.e. take, as (z;, y;), the point of the subdomain G, corresponding 
to the point (&%, nf) of the subdomain [,;. Then the above integral 
Sum turns into the expression 


D/(e Gin), yt, at) [YGF nh) | Ace 

which is nothing but an integral sum for the integral 
\\ f(x(& ny), y(E&, nid (Ss, n) [agen (1.73) 
uP 


The integrand being continuous in the domain FP or bounded and 
continuous everywhere in T except the points belonging to a set 
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of area zero, the integral is sure to exist. If we now make the maximal 
diameter of the partition of the domain I into the parts [; tend to 
zero. the diameters of the subdomains G; will also tend to zero. 
ln this limiting process, the integral sum under consideration must 
tend both to double integral (1.71) and to integral (1.73). Ilence, 
the integrals are equal: 


\j I(x, y) dx dy — \\ f(z (En), ¥(& WIZE. ni] dEdq = (1.74) 
G r 


It is this formula that describes the general case of changing variables 
in the double integral. 

Thus. if G is a bounded closed domain with a piecewise smooth 
boundary :nd a function f (z, y) defined in the domain is continuous 
throughout the domain or bounded and continuous in it everywhere 
except a set of area zero, and if the formulas 


x= 2x(&, n), y= y(E, n) 


determine a correspondence between the points of the domain G 
and a domain [T° lying in the &, n-plane which satishes conditions 
(1)-(3) of Sec. 1, we have formula (1.74) for changing variables in 
the double integral. 

Relation (1.74) also remains true when the condition that the 
mapping of the domain G on the domain F is one-to-one, continuous 
and continuously differentiable is violated at separate points or 
on a finite number of curves with zero area. 

As in the case of an ordinary definite integral of a function af one 
argument, the method of changing variables is one of the most 
powerful tools for reducing a double integral tu a form appropriate 
for computing it. But it should be noted that in the case of two 
independent variables there appears a new feature. The matter is 
that a ehange of variable is introduced in a definite integral in 
order to simplify the element of integration whereas when changing 
variables in a double integral we try to simplify not only the inte- 
grand but also the shape of the domain of integration. What has 
been said is soimportant that it is sometimes advisable to complicate 
the integrand when this yields a simplification of the domain of 
integration. 


Frample. tivaluate \ | dx dy where G is the domain bounded 
ms 
y ° 
Z- y* ; me. erie j 
by the ellipse 5 = > f. Hlere the integrand is identically equa 
to unity but nevertheless it is expedient to perform the change 
of variables 


X= apy cos qf, Yo bp sin y (1.7) 


Cl. 1. DOUBLE INTEGRALS 7 


The Jacobian of this transformation is equal to abp. The domair 
of integration is changed under the mapping into the rectanglh 


Ostq<eIn, OS! 


Passing to the new variables and writing the double integral as ar 
iterated one we obtain 


. zat | 
\\ dx dy ab | dy | dp =xab 
G 0 0 


Exercises 
$. Compute the area of the domain bounded by the curves ry = 
= 1... 2 2, YY eae and. YS 2. 
ffint. Take. as new variables, the expressions 
é N 
Eaxy, N= (1.76 


we 


2. Draw the families of the coordinate curves corresponding ft 
transformations (1.75) and (1.76). 

7. Comparison with One-Dimensional Case. Integral Over an Ori 
ented Domain, Formula (1.74) is analogous to the formula for chang 
ing variable in the definite integral: 


b B 
\ f(z) dz= { f(x(t))2z' (t) dt (1.77 


a 


The onty difference hetween them is that in the ease of one inde 
pendent variable we do not take the absolute value of the derivative 
x’ (t) (which plays the role of the Jacobian here) but the derivaliv. 
itself. This is accounted for by the Tact that the delinite integra 
b 


(if (x) dr is taken over an oricnted interval fa, b] and changes it 
a 

sign when the limits of integration are reversed whereas the domai 
of integration of a double integral is not oriented. If. for the definit 
integral, we introduce the condition that the limits of integration 
must be so set that the lower limit should be not greater than th 
upper, formula (1.77) (in the case of a monotone function z = z (4) 
takes the form 


b f 
\ {(z)dx= | H(e(O) [2° (1) | dt (1.78 


(Check it un.) 

Qn the other hand. for a double integral, we can also introduc 
the notion of an oriented domain and attach the sign plus or minu 
to its area according to the orientation. 
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We introduce the orientation of a domain by choosing a certain 
direction of describing the contour of its boundary as_ positive. 
Namely, the orientation of a domain is said to be positive if. when 
describing its boundary, the domain is always kept on the left of 
a person walking round the contour (see Fig. 1.32) and negative 
if otherwise. If the area of a (nunoriented) domain G is equal to § 


Fig. 1.32 a ZI 


we assume that the area of the oriented domain is equal to S if the 
orientation is positive and to —S if negative. It can be shown that 
a mapping z = z (E, yn), y = y (E&, yn) of a domain fF on a domain G 
preserves the orientation if its Jacobian is positive and changes the 


orientation to the opposite if men <Q. Therefore the formula 


ex pressing the area of the oriented domain G in curvilinear coordinates 
is of the form 


S=S\ rer ee 


(i.e. the sign of modulus has been omitled), and formula (1.74} 
changes similarly. 


2 Triple Integrals 
and Multiple Integrals 
of Higher Order 


In the foregoing chapter we introduced the notion of a double 
integral. Here we are going to define the integral of a function of 
three independent variables, the so-called Jériple integral. Like 
double integrals, triple integrals are widely applied to various 
physical and geometrical problems. Some of the problems will be 
considered in § 3. 

Triple integrals are in many respects almost completely analogous 
to double integrals and therefore we shall omit those proofs which 
do not essentially differ from the corresponding proofs of the theory 
of the double integral. 

In § 5 of the present chapter we shall discuss the concept of mul- 
tiple integrals of higher order, that is integrals of functions depen- 
dent on an arbitrary number of arguments. 


§ 1. DEFINITION AND BASIC PROPERTIES 
OF TRIPLE INTEGRAL 


1. Preliminary Observations. Volume of a Space Figure. The 
detinitions of an interior point of a domain, a boundary, a closed 
domain, a diameter etc. given in § 1 of Chapter 1 for the plane are 
transferred without any changes to the case of the three-dimensional 
space. 

When introducing the double integral we use the notion of area. 
Similarly, the definition of the triple integral is based on the notion 
of the volume of a space figure, a solid. 

The reader is supposed to be familiar with the definition of the 
volume of a polyhedron known from eclementary geometry. The 
extension of this notion to a wider class of figures can be performed 
in the same manner as it was done in § 4 of Chapter 1 where the 
notion of area was extended from polygonal figures to curvilinear 
squarable figures. Ilere we shall briefly present the corresponding 
arguments. 

The volume V (7?) of a polyhedral solid (polyhedral space figure), 
i.c. a space figure composed of a finite number of polyhedrons, is 
a nonnegative quantity possessing the following properties: 
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1 (monotonicity). 1f P and Q@ are two polyhedral solids and P is 
contained in QO then 


V(P) < V (Q) 


2 (additivity). If P and G are two polyhedral solids without inte- 

rior points in common we have 
V(P-- Q) = V(P) EVO) 

3 (invariance). \¥ polyhedral solids /? and @ are congruent their 
voluines are equal. 

These three properties should be preserved when the concept of 
volume is extended fromn polyhedral solids to a wider class of space 
fygures, 

Take an arbitrary space figure* (D and consider all the possible 
polyhedral figures embedded in it. The least upper bound of their 
volumes is referred to as the interior (Jordan) content of the figure @ 
(if there is no nondegenerate polyhedral figure that can be embedded 
in the solid (Db we attribute, by definition, a zero interior content 
to (DP). Similarly, the greatest lower hound of the volumes of all 
polyhedral! solids enveloping the figure (D is called its exterior (Jor- 
dan) content. If the exterior and the interior coutents of a figure @ 
coincide their common value is said to be the volume of ®. The 
following theorein is proved after a manuer of Theorem 1.2: 


Theorem (2.4. Fora space figure D to have volume it is necessary 
and sufficient that for every ¢ >> VU there exist two polyhedral figures 
PsP) and OG > (PD such that 


V(Q)-—-V(P)y<e 


Wesay that a sct is of volume zcro if it can be cusbedded ina puly- 
hedral solid of arbitrarily small volume. Lising this notion we can 
rephrase theorem 2.1 as Tollows: 

For a space tignure D to have volume it is necessary and sufficient 
that its boundary have zero volume. 

This criterion enables us to establish the existence of volume 
for some sufficiently wide classes of figures. For instance. the solids 
composed of a finite number of curvilinear cylinders having squarable 
lower bases and bounded above by surfaces defined by equations 
of the form z — f (7, y), where f(z, ¥) is a continuous function, 
form such a class. The volume of each cylinder is given by the double 
integra! 


| { (x, y) dxdy 


a e@ 


CG 


taken over the base of the cylinder. 


* Thal tc an orbitrare bhoyaded ant of aaa 2. 


= ,2 ee 
* ] val $ e 
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Another important class of such figures consists of space ligures 
bounded by a finite number of smooth surfaces.* The proof of the 
fact that a solid bounded by smooth surlaces has volume is almost 
completely analogous to that of the fact that a smooth curve is 
of area zero, but since this proof involves some more complicated 
details we shall not present it here. 

Repeating the argument given in § 1, Sec. 4 we can easily establish 
the validity of the following assertions: 

(1) Let W, and Wy be two space figures having volume. Then their 
union D also has volume. and if the igures DP, and D, have no interior 
points in common the volume of WD is equal to the sum of the volumes 
of (, and (D,. 


(2) The intersection (the meet) of two figures having velume also 
has volume. 


Note. We should pay attention to the fact that we deal with two 
different approaches to the concept ef volume. 

On the one hand, we have defined the volume of a curvilinear 
cylinder with a squarable base G bounded above by a surface z = 
= f(z, y) as the double integral 


\\ ie, y) dx dy 
G 


On the other hand, the concept of volume of a space figure bas been 
introduced by approximating the figure with embedding and 
enveloping polyhedral figures. But it can be shown that these 
approaches are equivalent for a snffictently wide class of figures, 
in particular, for the figures bounded by piecewise smooth surfaces. 


2. Definition of Triple Integral, Let a bounded funetion 7 (x, y, z) 
be defined on a space figure V which has volume.** Break up V into 


parts V,, choose an arbitrary point (€;. 4;, €;) in each VY; and form 
the integral sum 


T = 2b Ei Yr, Gi) Avy (2.1) 


where Av; is the volume of the element (subdomain) V; and the 
sum is extended over all the elements of the partition. Let us intro- 
duce the following definitions. 


Definition 1, Let D be the maximal of the diameters d (V;) of the 
elements V; into which the figure ts divided (the fineness of the par- 


* A surface is said to be smooth if the tangent plane exists at each of its 


poiuts and if the position of the tangent plane varies continuously as the point 
ineves on the surface. 


** In what follows we shall always suppose, withont any further stipnla- 
tion, that the space figures in question have vealume. 


§—C8 24% 
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tition). A number J is said to be the limit of integral sims (2.1), 
as D-—0Q, if for every & >O there is 6 =>>0O such that 


|\7 —J|<e 
if D<d. 
In other words, the inequality | 7 —J|<c ce must hold for 
every integral sum 7 associated with any partition {V;} for which 
D < 6 irrespective of the choice of the points (E;, n;, $;) in each V;. 


Definition 2. 1f the limit of integral sums (2.1) for D — O exists 
it is called the triple integral of the function f(z. y, 2) 
over V and denoted as 


\\j f(z, y, 2)dv or \\fie, y, 3)dzdydz 
Vv ‘ 


In this case the function f (7, y, z) is said to be integrable on V. 


3. Conditions for Existence of Triple Integral. Integrability of 
Continuous Functions. As in the case of a function of one or two 
independent variables, an arbitrary bounded function /f (z, y. 2) 
is by far not always integrable. To establish sufficient conditions 
for the existence of the triple integral we shall use upper and lower 
Darboux sums which are applied to single and double integrals. 

Let f (2, y, z) be a bounded function defined on a figure V and 
{V,} bea partition of the figure. Denote by 7; and m; the respective 
upper and lower bounds of the values of the function f (z. y, 2) 
on V;. The expressions 


ic’ Tr 
>) MiAv; and b) m,Av; 
i=! {=1 
(where Av; is the volume of V;) are called, respectively, the upper 
and the lower Darboux sums for the function f (z, y, 2) associated 
with the partition {V;} of the figure V. All the properties of the 
upper and the lower Darboux sums given in § 2 of Chapter 1 for two 
arguments are completely transferred to the case of three arguments. 

The following necessary and sufficient condition for the existence 
of the triple integral is proved by applying arguments similar to 
those of the proof of Theorem 1.3: 


Theorem. 2.2. A bounded function f (x, y, 2) defined on a space 
figure V is integrable on V if and only if for every & > 0 there is a 
partition of the figure V suck that the difference between the upper and 
the lower Darboux sums for the function f (x, y, 2) which correspond 
to the partition is less than €&. 

This criterion implies the following theorems similar to Theorems 
1.4 and 1.4’ proved for double integrals. 
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Theorem 2.3. Each continuous function f(z, y, 2) defined in 
a bounded closed domain* V is integrable over the domain. 


Theorem 2.4. If a function f (x, y, 2) is bounded throughout a 
bounded closed domain, possibly except the points belonging to a set 
of volume zero, the function f (x, y, z) is integrable on the domain. 


4. Properties uf Triple Integral. The basic properties of the triple 
integral are completely analogous to those of the double integral. 
We now enumerate them. 

1-2 (linearity). If f,(z, y, 2) and f, (x, y, 2) are integrable over 
a domain V and k, and ks are constants the function Ayf, + kof: 
is also integrable on V and we have 


\\ [ Aah (z, Y, 2) + Aofe (Zs ys 2) |dv = 
V 


= hk, j\) f(z, y, 2) dvu— ke \{ fo(z, y, 2) dv 


mike 


3 (additivity). If V is the union of two space figures V, and V; 
with no interior points in common and a function f (z, y. 2) is 
integrable over V, and Vz», then f (z, y, z) is integrable over V and 


\\\ fg, ees) f(x, y, z)dv-+\\ f(z, y, 2) dv 
. Vo 


4 (monotonicity). Tf fy (z, y, 2) >f2(z, y, 2) and both functions 
are integrable on V the jaegoulity: 


Wa x adoa ll pte y aa 

“vy” V 

takes place. : 
9 (estimation of the modulus of the integral). If f (x, y, 2) is inte 

grable on V the function | f (z, y, z) | is also integrable and 


SSS fee y, )dv]<}\ VIF y, 2) [du 
V 


(j r mean value theorem). If a function f (z, y, z) is integrable 
on V and satishes the inequality m < f (x, y, z) <M then 


nMv< <\\\ re, y, z)du< Mv 
v 


where v is the volume of V. 


* Here and henceforward the term “domain” is used as a synonym for a 
space figure which has volume. 


G* 
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For the case of a continuous function the mean value theorem 
can be rephrased as follows: 

6’. If a function f (z, y, z) is continuous and V is a bounded 
closed connected domain, there is a point (£, n. 6) in the domain V 
such that 


\\\ se, y, 3)dv=f(§, W, S)v 
V 


2. Triple Integral as an Additive Set Function. By analogy with 
a sel function defined for plane figures, we can introduce the notion 
of a set function whose argument is a space figure (domain). An 
example of such a function (defined for each space figure that has 
volume) is the volume of a domain. If the whole space or its part 
is occupied by a substance we can associate with each domain the 
Inass contained init and thus obtain a set function defined for domains 
in space. Volume and mass possess the property of additivity which 
is formulated in the same manner as in the case of plane figures: 
a set function / (V) is said to be additive if, for any two domains 
V, and V, having no interior points in common, on which F (V) 
is defined, the value F (V,; + V,.) is also defined and 


F(V, + Vo) = F (Vi) + F (V2) 


If f(z, y, 2) is an integrable function the triple integral 


\\\ f(z, y. 2) av 


V 


regarded as a function of its domain of integration is an additive 
set function (see property 3 in Sec. 4). 

Vhe notion of the derivative of an additive set function defied 
in space with respect to volume is introduced by analogy with the 
two-dimensional case. Namely, a number A is said to be the limit 
of the quotient 

FV) 
v 


(where v is the volume of V), as V is contracted to a point AZo, 
if for any e=>>O there exists 5>>0 such that 

e(V 

[0 a —A <e 

V 
for every domain V entirely contained within the sphere of radius 6 
with centre al A/Z,. The limit is called the derivative of the function 
F(V) with respect fo volume al the point My and denoted by the 
symbol 
. F (WV) dF 

or —— 

VM, v du 
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If F (V) is the mass contained in the domain V its derivative with 
respect to volume (if it exists) is the volume density p (z. y, 2) 
of mass distribution in space. 

From the mean value theorem for the triple integral it follows 
that if the integrand is continuous the derivative of the integral 
with respect to volume exists and coincides with the integrand: 


a \{ fe. y, s)dv=f (x, y, 3) 
Y 


In this case the integral is the only additive set function in space 
Whose derivative with respect to volume is equal to the continuous 
function f (7, y, 2). 


§ 2. SOME APPLICATIONS OF TRIPLE INTEGRAL 
IN PHYSICS AND GEOMETRY 


We now consider some typical problems involving computation 
of triple integrals. 


1. Computing Volumes, If a space figure V has volume the triple 
integral 


a bd 
\\\ dz dy ds (2.2) 
vee 
is equal to the volume. Indeed, each integral sum corresponding 
to the integral equals the volume. Triple integrals are sometimes 
more convenient than double integrals, for computing volumes, 
because they enable us to put down the expression of the volume 
not only for a curvilinear cylinder but for an arbitrary solid as 
well. 


2. Finding the Mass of a Solid from Its Density. If we are given 
a solid with a volume density o (z, y. z) of mass distribution which 
is a continuous function the triple integral 


\\) o(z, y, 2) dxdy dz 
Vv 


taken over the entire volume occupied by the solid gives the mass 
of the solid. The derivation of this formula is completely analogous 
to that of the formula for determining the mass of a plate from its 
surface density. 


3. Moment of Inertia. Performing the usual passage to the limit 
from a system of mass points to a continnously distributed mass 
we can casily derive the following expressions for the moments of 
inertia of a solid with volume density 0 (rx. 4. z) about the coordi- 
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nate axes: 
\ (y> —s*)p(z, y, 2) da dy dz 


y= }\i (x? -+ 2°) p(x, y, 2) dx dy dz 
" 


= 


{,= \\ \) +e ec y, 2) da dy dz 


The moment of inertia about the origin of coordinates is given 
by the formula 


if =\\\ (x° -|-y? + 2°) p(x, y, 2) dxdy dz 
° 


4. Determining the Coordinates of the Centre of Gravity. The coor- 
dinatesof the centre of gravity of a solid with mass density p (z, y, 2) 
are expressed by the formulas 


\ | { xp (z, y, 2) dz dy dz {{{ yo (z, y. 2) dz dy dz 
V Vv 
LS = Ss $$$ —_____—_—_, 
(VS oc, y, z) dx dy dz Je = \WN eG: y, z)dzrdy dz 
Vv 


Sis s(x, vw, 2) dz dy dz 
V 

\q ) (ry, Yy 2) dx dy dz 
“ 


which are received by means of the same arguments as in the case 
of two dimensions. [n particular, if the solid is homogencous, i.c. 
p (x. y. 3) = const, the formulas for the coordinates of the centre 
of gravity are simplitted: 


ie \\S yd ‘a 


\\{ ap i ape {4 a — ( (jy de 
Vv V 1 


». Gravitational Attraction of a Material Point by a Solid. Suppose 
we are given a solid occupying a domain V and having a density 
o(z. y. 2) and a material point (Ivinge autside V} of mass a with 
the coordinates (z9. Yo. Zp). Let us determine the diet he ais force 
with which the material point is attracted by the solid. Cansider an 
element of volume du of the solid. The mass of the element is equal 
to 9 (c. y, z) dv, and it attracts the material point with a force 
whose numerical value is equal to 


mo(zr, y, 2)dv 
— 


Le = 
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where y is the gravitational constant (whose value depends on the 
choice of the system of units) and 


r= V (x—29)? + (y— yo)? + (2 


29)” 
the direction of the force coinciding with the direction of the vector r 
joining the points (x9. Yo. Z9) and (z, y, 2). Consider the projection 
of the force on the z-axis. ]t is equal to 
Z—7o)mp(z, y, z) du 
y Same (2.3) 
( because the cosine of the angle between the axis and the vector r 


I —T9 


is equal to . To evaluate the projection F, on the z-axis 


of the foree with which the entire solid attracts the matertal point 
we must sum up elements (2.3), i.e. compute the corresponding 
triple integral. 

Thus, we have 


win (x,y, z) (xr— Xo) 
| | meee ae av 


The other two projections are found similarly: 
y yp (z, y, =) (Y¥— Yo) 
F, > \{{ Veet vo we tol dv 


ee ¢ 


3 


Note. \t should be taken into account that, from the mathematical 
point of view, the formulas obtained here and in § 4 of the preceding 
chapler for similar problems are in fact the delinitiuns of the corres- 
ponding notions (centre of gravity, moment of inertia etc.) for the 
case of a continuously distributed mass. The justification of these 
definitious does not lie in logical arguments but is based on the fact 
that the results of the corresponding experiments are coincident 
with those obtained by calculations performed according to the 
formulas. 


$ 3. EVALUATING TRIPLE INTEGRAL 


As in the case of the double integral, the main technique used for 
evaluating a triple integral is based on reducing the integral to 
an iterated (repeated) one, i.e. on replacing the integration over 
a Space heure by successive separate integrations with respect to 
each variable.* 


* Ifere we mean the exact analytic computation of an integral. In practical 
approximate calculations the reduction of a multiple integral to an iterated 
one is rarely annthied. 
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We shall first consider a special case of the problem of reducing 
a triple integral to an iterated one when the domain of integration 


‘| i 


Fie. 2.1 


is a rectangular parallelepiped with faces parallel to the coordinate 
planes of a Cartesian coordinate system. 


4. Reducing Triple Integral Over a Rectangular Parallelepiped 
to an Iterated Integral. Consider a triple integral 


\\f f(z, y, s)dxdydz 
C 


whose domain of integration Q is a rectangular parallelepiped deter- 
mined by inequalities 


@asaxzrxsiib, cxyxid, k£aiz<l 


(see Fig. 2.1), the projection of the parallelepiped on the x. y-plane 
being the rectangle # specihied by the relations 


a=zraibi exnyxid 
The following theorem takes place: 
Theorem 2.5. If, for a function f (x, y, z), the triple integral 
Sf f(z, y, 2) do 
“2 


exists and if the integral 
! 
I(x, y)=\ f(x,y, 2) dz 
h 


exists for every fixed point (x, y) of P, the iterated integral 
‘ 
\ | da dy | f(z, y, 2) dz 


> he 
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also exists and there is a relation of the form 
4 


\\) i(4, y, z)dv= \\ dz dy \ i (x, y, 2) dz (2.4) 
Q P 


k 


The proof of the theorem is similar to that of the theorem on the 
reduction of a double integral to an iterated one (see Theorem 1.5). 
It is based on establishing the fact that every integral sum corres- 


ponding to the integral { | I (az, y) dz dy for an arbitrary parti- 


P 
tion lies between the upper and the lower Darboux sums associated 
with the triple integral | | J (xz, y, 2) du. 


Q 
If we assume that the integral 
d 
J (z)= \ (x, y)dy 


also exists for each fixed z from the interval @ <2 <b we can 

substitute, in formula (2.4), the successive integrations performed 

first with respect to y and then to z for the integration over the 

rectangle /’. This enables us to rewrite equality (2.4) in the form 
t 


\ | \ f(z, y, z)dv= dx dy \ f(x, y, 2) dz (2.5) 
‘ a C i 


It is this formula that reduces the evaluation of a triple integral over 
a parallelepiped QO to successive separate integrations with respect 
to each variable. In the expression on the right-hand side of formu. 
la (2.5) the first integration is performed with respect to z, the seconc 
with respect to y and, linally, the third with respect to z. If we sup. 
pose that the integrals 

b 


d 
Ty, 2)= \ f(z, y, 2)dx and Jy (2)-- \ Ii(y, 2) du 


a 


exisL we can derive the analogous formula 


I d b 
JJ jf, Ss z)dvu= \ ds {dy \ fe, y, z)dx 
Q ee ’ 


Similarly, on condition that the corresponding single and dannhle 
intecrals exist. we can establish analogous formulas reducing the 
triple integral to an iterated one taken with respect to z, y and : 
in various orders. In particular. if the function 7 (x. vu. 2) is conti 
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nuous the triple integral and all the possible double and single 
integrals are sure to exist and therefore when evaluating a triple 
integral of a continuous funetion we can separately integrate with 
respect to the variables z, y and z in any orders and combinations. 
In the general case of an arbitrary integrable function the orders are 
not always interchangeable. 

2. Reducing Triple Integral Over a Curvilinear Domain to an 
Iterate:l Integral. We now consider a curvilinear domain bo bounded 
above and below by the surfaces 


z= 2, (z,y) and =z = ze (Zz, y) 


(zo (x, y) = 2, (xz, y)) and onthe sides byacylindrical surface. Denote 
by G the projection of the domain Vo on the x, y-plane (Fig. 2.2). 
A feature of such a domain is that each straight line parallel to the 


- ae ¢ a 


7 2 


z-axis and passing through a point of the domain has at most two 
common points with its boundary. For brevity, we shall eall such 
a domain regular in the z-direction. Let a function f (z, y, 2) defined 
in the domain V be integrable. Suppose that for every fixed point 
(r. y) of G the single integral 

22(%, 4) 


I(x, y, 2)ds 
74(xX, ¥) 
exists. Let us embed the domain V in a rectangular parallelepiped @ 
determined by inequalities 
@sersab cxayed, kazrgi 

and define in GQ an vuxihary function /* (ze, y, 2) by putting 

f(z, y, 2) in V 
*(r, YW, 3s) = : : 
PN (es Us 2) () outside F 
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The function /*(z, y, s) is obviously integrable on Q and 


[[ fre naam (lf rey aay 2.6) 
:. 
Applying formula (2.4) to f*(z, y, 3) we obtain 
t 
\\\r (z, Y, adv — \\ dx dy s+ ( (z, y, 2)d3 (2.7) 
ure : 


Where ? is the projection of Q on the z, y-plane. 
The function {*(z, y, s) vanishing outside V, we thus have 


d 22(x. y) 
ee (qT, y, 2)dz = \ 7 I(t, Yi sya: (2.8) 
R z3 (x, $7) 


expression (2.8) is a function of z and y which is identically equal 
to zero outside the domain G. Therefore the double integral of the 
expression taken over P (the projection of the parallelepiped @ 
on the 2, y-plane) coincides with the integral of the expression taken 
over G. Therefore, taking into account formulas (2.6) and (2.8) 
we Can rewrite equality (2.7) In the form 


z2(x. vy) 
\ \i(z, y, 2) dzdy dz— \ | dx dy | , f(z, y, z)ds (2.9) 
rm u zyx, ts) 


Ilence, we have arrived at the following result: 


theorent 2.0. If the triple integral 


ine) f(z. y, 2) de 


exists for a function f(x, y, z) defined in a domain VW regular in 
the z-direction and tf the integral 


22(X,. y) 
I(x, y)-- { f(x, y, 2) dz 
24(X, 9) 


exisis far each fited point (x, y) belonging to the projection G of 
the domain V on the x, y-plane, the iterated integral 


z2 (x, *) 
\ { di dy \ f(z, y, 3)dz 
G z1{x, ) 


also ezisis and eaualitu (2.9) halds 
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The expression 
z2(x, ¥) 


I(x, y= | f(z, y, 2de 


24x, y) 


is a function of two variables. lf, for the function f (z, y. 3) and 
for the domain G over which it is integrated, the conditions of Theo- 
rem 41.6 are fulfilled, the double intevral 


|) 7 (x, y)dzay 
G 


can be represented as an iterated integral taken. for instance. first 
with respect to y and then with respect to z. This results in the 
relation 

2 (x) z2(X, y) 


Apacs Ys 2) dv {dz \ dy \ f(z, +y, 2) ds (2.19) 


“yy ¥1 (xX) 24(xX, Y) 


It is this final formula that reduces the triple integral to an iterated 
one. The variables z, y and z can be interchanged if the corresponding 
conditions hold. For example, we can reduce the triple integral! 
to an iterated one in which the integration is performed in a different 
order, for instance, first with respect to z, then with respect to y 
and, finally. with vrespect to z. In all the possible casex the limits 
of integration with respect to a variable are dependent on those 
variables with respect to which the integration has not yet been 
performed. 

When deriving formulas (2.9) we have taken advantage of the 
fact that each straight line parallel to the z-axis and passing throngh 
a point of the domain G cuts its boundary at no more than two 
points. If the domain is of a more complicated form then. to reduce 
a triple integral taken over it to an iterated integral. we must break 
up the domain into parts such that to each of them formula (2.9) 
is applicable. We have already encountered such a situation in the 
case of a double integral. 

Now. summing up, we can briefly formulate the rule of reducing 
«a triple integral to an iterated one (for definiteness, we suppose that 
the iterated integral is first taken with respect to z and then with 
respect to the other variables). 

14. Break the domain ever which the triple integral is taken into 
subdomains such that every vertical (parailel to the z-axis) straight 
line passing through a point of a subdomain hasat most two common 
points with its boundary. ln what fellows we inention opvly one 
such subdomain. 

2. Fix avhitrary x and y and consider the corresponding straight 
line parallel to the z-axis. Let z, (z, y) and Z» (z. y) be the z-coordina- 
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tes of the points of intersection of the straight line with the boundary 
of the domain (subdomain) of integration. The expressions z, (z, y} 
and 2, (z. y) should be taken as the limits of integration with respect 
10 Z. 

3. Take the function of two variables x2 and y obtained after the 
integration with respect to z has been performed. The domain ol 
definition of the function is the projection of the space figure b 
(or of the corresponding subdomain of V) on the z, y-plane. Finally. 
replace the double integral of this function of two variables by the 
corresponding iterated integral following the rules described in 
§ 5 of Chapter 1. 

The formula for reducing a triple integral to an iterated one is 
essentially based on the process of grouping the summands which 
has already been dealt with. Instead of summing up the elements 


of integration f(z, y, z) dz dy dz in an arbitrary fashion (i.e. evalua. 


fing the integral \ \ f(z, y, 2) dx dy dz] we first collect all the 


summands corresponding to one elementary cylinder with base in the 
<e(X.y) 
vicinity of a point (z, y) (that is, we take the integral \ f(x, y.z)dz). 
zsX.Y) 
then we add together the results corresponding to a section of the 
domain V bya plane x = const (which means that we compte 


4X) za(x.y) 
the integral { dy { J (x, y, 2) dz) and, finally, add up all the 
14(2) z1(x.4) 


quantities thus obtained that correspond to all the sections whicl 
results in the formula 
Y2 (x) z2(x, v) 


b 
({\ re, 2) dv— | dz dy \ f(x, y, 2) dz 
Vv a vi (x) 21({x, %) 
Exercise. Write the triple integral of a function f(z, y,z) taker 
over the sphere (ball) 
Po sy? a e° eas 
in the form of an iterated integral. 


Ansucr. 


as 7 Va2—s2 Y a2—x2-42 
\\ f(z, y, 3)dv= \ dz { dy { f(x, y, 2) dz 
= haernt an me = | at —x? _ Yate x2? — 72 


$4. CHANCE OF VARIABLES IN TRIPLE INTEGRAT. 


We have already dealt with the method of changing variable: 
for the double integral (see §$ 6 of Chapter 1). For the change ol 
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variable in a single integral the reader can be referred to [8], Chap- 
ter G6, § 2. Here we shall consider the problem of changing variables 
in the triple integral. The subject matter we are going to discuss is 
in many respects similar to that of § 6, Chapter 1. 


1. Mapping of Space Figures. Consider two specimens of a three- 
dimensional space. Introduce a Cartesian coordinate system) x. y, z 
in one of them and &, n, € in the other. Furthermore, let V and & 
be domains belonging to the Spaces, their boundaries being, respecti- 
vely, some piecewise smooth surfaces S and = (Fig. 2.3). Suppose 


Fig. 2.3 


that there is a correspondence between the points of the domains 
which is one-to-one and continuous in both directions. The corres- 
pondence can be expressed by means of three functions 


ze=2x(&,n, 0), y=yl&n,o), 2 =2(&,y, G) (2.11) 
or by the inverse functions 
S=§ (zy, z), Q= 4 (2, 4; Z), id = 6 (4, y, 2) (2.42) 


We shall consider functions (2.11) and (2.12) not only to he conti- 
nuuvus bul also possessing the continuous first-urder partial deriva- 
tives. Then the Jacobians 


D (x, y, 2) D(é, Ts C) 
PENSE eee Se NGe eG). 
DE, t) 9" Dy, 2) 


exist and are continuous. Let each Jacobian be different from zero. 
These conditions imply the relation 


Pz, yn 2) DE no) _ ai 
a a ae Pa (2.13) 


As in the two-dimensional case, we can show that under the mapping 
specified by the correspondence which is determined by formu- 
las (2.141) and (2.12) the interior points of one domain go into the 
interior points of the other and the boundary points into the beun- 
dary ones. 


2. Curvilinear Coordinates in Space. Mapping (2.11) transforms 
the domain & into V. Consequently, the specification of a point 
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(E, 2), ¢) belonging to 2 uniquely determines the corresponding 
point (z, y, z) of V. In other words, the quantities §&, n and ¢ can 
be regarded as coordinates (different from Cartesian ones, in the 
general case) of the points of the domain V. They are called curvili- 
near coordinates. 

Consider, in the domain 2, a plane determined by the relation 
E = €, i.e. a plane parallel to the coordinate plane yn. ¢. Under 
mapping (2.11), the plane goes into a surface lying in the domain FV. 
The Cartesian coordinates of the points lying on the surface are 
expressed by the formulas 


X= (Eo, ut C), y=-Yy car Ys C), 2=2 (Eo, YN; G)* (2.14) 


Making € 9 assume all the possible values we obtain a one-parameter 
family of surfaces, the parameter being ¢. The planes n = const and 
& = const are similarly mapped onto two families of surfaces lying 
in the domain V. These three families form the set of the so-called 


Fie. 2.4 


coordinate surfaces. On condition that mapping (2.11) is one-to-one 
only a single surface belonging to one of the families passes through 
every given point of the domain V. 


3. Cylindrical and Spherical Coordinates. We shall consider two 
curvilinear coordinate systems in space which are usec most fre- 
quently, namely, cylindrical and spherical coordinates. 

(a) Cylindrical coordinates. Let us specify the position of an arbit- 
rary point Af in space by means of its Cartesian coordinate z and 
polar coordinates 7, pm of its projection AZ, on the z, y-plane (see 
Fig. 2.4). The quantities r, @, z are referred to as the cylindrical 
coordinates of the point AY. The figure directly implies that they are 
connected with the Cartesian coordinates of the point AZ by thie 
relationship 


r=rcog, y=rsing, 22 (2.1.9) 


* Daiptessivus (2.14) are tie so-caiied parametric equations ot the surtace. 
lor a more detailed discussion of parametric equations of a surface see Chap- 
ter 3 
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We have the following three families of coordinate surfaces correspon- 
ding to the evlindrical coordinates: 

(x) the cylinders r = const (0 Gr < oo), 

(3) the vertical half-planes gy = const (0 < » < 2n), 

(y) the horizontal planes z = const (—co <1 z< oo). 

The Jacobian of the transformation from the Cartesiau coordinates 
fo the cylindrical ones is equal to 


cos gp sing O 
(ct, y. 2) a are = 2 
Dry qe 2) ~. —_ " =r (2.16) 


Formulas (2.15) expressing the relationship between Cartesian 
and cylindrical coordinates determine a mapping of the domain 


Omracow, VUOagesan, —wctlz< & (2.17) 


lying in the r, «p, z-space onto the entire z, y, z-space. Under the 
mapping, to each point (0, 0, Z—) there corresponds an entire half- 
segment of the form 


r=U, VxSg<e Qn, t= 2, 


belonging to domain (2.17). Therefore the mapping is not one-to-one 
at the points lying on the z-axis. But it is obviously one-to-one 
at all the other points of the z, y, 2-space. 

(b) Spherical coordinates. Let the position of the moving point AT 
in space be determined by the following three quantities: 

(x) the distance go from the origin O to AZ. 

(fj) the angle 8 between lhe line segment O.W7 and the direction 
of the positive half-axis z, 

(y) the angle q formed by the projection OA, of the line seg- 
ment O.W ou the z. y-plane and the positive direction of the z-axis 


i ge. La 


(see Fig. 2.5). The quantities p, 0 and @ are called the spherical 
coordinates of the point 47. The figure shows that the relationship 
between the Cartesian coordinates of the point AZ and its spherical 
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coordinates is expressed by the formulas 


x=psinUNcosq, y=psinUsing, 2z=—pcos0 = (2.15) 


The three families of the coordinate surfaces corresponding to spheri- 
cal coordinates are: 

(a) the spheres p = const (0 <p < oo), 

(3) the conical nappes (semi-cones) 0 = const (0 <= 0 <= 4a). 

(y) the vertical half-planes q@ = const (0 < q <i 2x). 

The Jacobian of the transformation of Cartesian coordinates jnto 
spherical coordinates is equal to 


sin 0 cos & sin QO sin @ cos 0 
(ar, uy 2 ; , Sok 
ae ocosO0cos¢ pcosOsing —psin0|=* sind 
= —psin@sing psinOcos@ 0) 


(2.19) 
Formulas (2.18) determine a mapping of the domain 
Oxscpaoow, OL V0 NOS y 2a 


(Va seniu-intmite rod’) of the p, 8, g@-space onto the entire x, y. z-space. 
Like the mapping corresponding to cylindrical coordinates. this 
mapping iS one-lo-one everywhere except the points lying on the 
z-axis. Indeed, each point (0, 0, Zp) is the image, under the mapping. 
of the half-segment 9 = 29, 0 = 0,0 D@ < 2a for zy > 0, and of 
the half-sesment p=z, O=-a, 0 < yw < 2a for 2, <0, and the 
entire rectangle op =- 0, ODOaa. 0S Gg < 22a is mapped inia 
tlie point (O, O, Uy). 


4. Element of Volume in Curvilinear Coordinates. Let us find the 
expression of an element of volume ino curvilinear coordinates. 
Consider again a space figure V in which some curvilinear coordina- 
tes =. yn. € are introduced, and tet the formulas 


x—~2(&y. 9, youyl&y, 0), z= 2(§, y. eee) 
express the relationship between &, y, ¢ and the Cartesian coordina- 
tes x. y. 2. The funetions x (—&, n, , y (8, €) and sz (E, 4, £) are 
supposed to be continuous and possess continuous derivatives. 
We also impose the condition that the Jacobian should be different 
from. zero. 

Consider three pairs of coordinate surfaces drawn inlinitely close 
to each other. Let the first pair be given by fixed vaiues of the trst 
coordinate which are equal, respectively, to — and & — d&. Simi- 
latly. let the second pair be specified by values y anil y -- dy of 
the xeeond coordinate. and the third one by values € and € — d¢& 
of the third coordinate. These Uiree pairs of surtaces cut out of space 
an inhaitesimal curvilinear parallelepiped. We shall evaluate its 
volume dm neglecting thre terme of the ececanin wlil bins hen Order ol 
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smallness relative to the volume. This parallelepiped coincides, 
to within infinitesimals of order higher than the first, with the 


rectilinear parallelepiped whose edges are the vectors P/’;. P?’, 


and PP, (Fig. 2.6). 1t can easily be shown that the vectors have 
the following coordinates: 


Ox Oy OZ 4 
PP,=(S dt, edt, Sab), 
Dp —|{ @& Oy Oz 
DD .. Or Oy az ~ 
PPs= (Get ae ae ad) 


where we have again restricted ourselves to the principal terms 
(i.c. of the first order of smallness). As is well known, the volume 


Pe: aa, 


Fig. 2.6 D 2, 


of a parallelepiped constructed on three vectors is equal to the 
absolute value of the determinant wilh the cvordinates of the vectors 
as its” elements. Consequently, we have 


| ar 0 a: Ox rany} ag 
—a - d E — = = 
Oe 3 Ge = oF ae OS Re v= 
Or Oy dz Or Ou Oz] 1. ‘ 
du = te On dy on dy “an dy = + On an an de dij d* 
OZ 4 dy Oz Ox Oy Oz 
at ds ae 4 ra dg ee at oO 


where the sign -+ or — is so chosen that the whole expression 
is positive. Thus, we see that 


dv = | J(E, 7, 9 | dE dyn dé (2.21) 


D(z, y, 2) 


where J(E, 4, 8 a 77 as 9 


Lion (2.20). 
5. Change of Variables in Triple Integral. Geometric Meaning of 
the Jacobian. We have showin that the volume of an infinitesimal 


element is expressed in curvilinear coordinates by formula (2.214). 
[t fallows directly that the volume of a finite damain V can he 


is the Jacobian of transforma- 
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written as the triple integral 


\JJiv& a, O1as an at (2.22) 


taken over the range @, of the variables —, 7 and 5, which is mapped 
onto the domain V under mapping (2.20).* 

On the basis of the expression for the volume we can derive the 
formula of changing variables by means of the arguments given 
below which are similar to the ones presented in § 6, Sec. 6 of 
Chapter 1. 

Let f (xz, y, z) be a continuous function defined in a bounded closed 
domain V. Under these conditions, the integral 


\\\ fe y, 2) dz dy dz (2.23) 
V 
exists and is equal to the limil of integral sums of the form 


2 Fea yay 31) Av, (2.24) 


Suppose formula (2.20) establishes a correspondence between 
the points of the domain V and a domain 2 which is the range of the 
variables —, ny and ¢€. Besides, let the correspondence satisfy the 
conditions enumerated in Sec. 1. This correspondence attributes 
to each partition {V;} of the domain V into parts V; a certain 
partition {92,;} of the domain @ and vice versa. According to 
(2.22), the volume Av; of the subdomain V, is representable in 
the form 


dui=JJFi7& n Dlabanat 
"a: 
Applying the mean value theorem to the integral we receive 
Av; =|J (&, nf, Gt) | Ao: 


where Aw; is the volume of the subdomain 2; and (E&f, ni, G) is 
a point belonging to 9. 

Each point (z;. y;, 2;) entering into sum (2.24) can be chosen 
quite arbitrarily within the corresponding subdomain V;. In parti- 


* Here we have left out the calculations which are similar to those written 
in full in § 6 of Chapter 1 for the case of two independent variables. 

If the reader carefully studies Theorem 1.7 it will not be difficult for him 
to prove formula (2.22). Here, as in the case of dimension 2, the basic idea 
lies in approximating a nonlinear mapping of a small domain by an appropriate 
linear manning. 


7 
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cular. we can take. as (z;. y;, 2;). the point whose curvilinear coordi- 


nates are &F, yf and Cf. Therefore integral sum (2.24) ean be rewrit- 


ten in the form 


P(r(er, ni. Gr). yer, mi, oF), 2 (Gi, ont. GP) [4 (Eni, of) | Ao, 


(2.25) 


i= 
that is as an integral sum corresponding to the integral 


ah eacas mo), Y(E, 5) 3(8 mo) | 4 (& mo] dbdnde (2.26) 
Q 


The last integral is sure to exist because its integrand is continuous. 
Consider a sequence of partitions {V,;} of the domain V which are 
iufinitely refined. Correspondence (2.2U) determines a mapping 
under which this sequence goes into a certain sequence of partitions 
{Q2;} of the domain ©, and since the maximal of the ciaimeters of 
the subdomains V; tends to ae (he same is with the maximal of the 
diameters of the subdomains @ Q;. The sequence of partitions of the 
domain @ generates the corresponding sequence of integral sums 
each of which ean be put down both in form (2.24) and (2.25). The 
limit of the sequence of integral sums of form (2.24) is equal to 
integral (2.23) while the limit of sums (2.25) is equal to integral (2.26). 
Thus, integrals (2.23) and (2.26) are the limits of the same integral 
sums and henee they coincide. that is 


(Grey adv 


=({{ f(r(— nD. vB mt). 2B MOVIE nN. Old (2.27) 


Consequently, if there is a one-to-one continuous and continuously 
differentiable mapping of a bounded elosed domain onto a domain 
Q, witha nonzero Jacobian. and if f (a, y, z) is a continuous function 
defined in the domain V, formula (2.27) for changing variables in 
the triple integral is true. 

We can casily show that the formula not only holds for a conti- 
nous function f but also for any bounded function continuous every- 
where iu V possibly except a set of points of volume zero. 

Let us come back to formulas (2.20) determining a correspondence 
between the range V of the variables z, y, 2 and the range 2 of the 
Variables &. y. 2. The correspondence transforms an intinitesimal 
rectilinear parallelepiped 


Eo SESE i dE, MoS HS +n, HSCS o— de 


of volume dw = dt dy d§& lying in Q into a curvilinear parallelepi- 
ped specified by the same inequalities and belonging to VV. The 
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volume of the latter parallelepiped is equal to 
dv = |J (e, , ¢) | d& dy dg (2.28) 
Thus, the absolute value [J (€, 9. ) | of the Jacobian is the 
ratio of infinitesimal volumes corresponding to each other under 
mapping (2.20) (see Fig. 2.7). 
In some simpler cases the Jacobian associated with a change of 


variables can be found on the basis of expression (2.28) for an ele- 
ment of volume. i.e. by means of purely geometric considerations 


¢ 


WE niNdédpde, 


Fig. 2.7 4 


without computing the corresponding derivatives and the determi- 
nant. We shat illustrate this technique by the examples of cylindrical 
and spherical coordinates. 

Cylindrical coordinates. Consider an element of volume contained 
between three pairs of coordinate surfaces drawn infinitely close 
to each other, namely the cylinders of radii cand r -+- dr. two hori- 
zontal planes corresponding to certain values z and z -}- dz of the 


*T, 
JN 
{ 

ae a) 


coordinate z aud two half-planes passing through the z-axis and 
forming angles gy and @ + dg with the z-axis. Vhe volume element 
bounded by the surfaces is, to within ipfinitesimals of higher order 
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of smallness, a rectangular parallelepiped with edges dr, dz and r dp 
(see Fig. 2.8). Itsi volume is equal to 


rdrd@¢ dz 


which implies that the Jacobian of transformation of Cartesian 
coordinates into cylindrical ones is equal to r. 

Spherical coordinates. Take a domain bounded by two spheres of 
radii r and r + dr. two semicones determined by certain angles 9 
and @ + d@ (reckoned from the z-axis) and two half-planes forming 


Fig. 2.9 


angles ¢ and @ <- dp with the z, z-plane. The domain can be thought 
vf as a rectangular parallelepiped (to within infimilesimais of higher 
order) with edges r dQ, dr and r sin 6 dq (see Fig. 2.9). Consequently, 
its volume is equal to 

r= sin 0 dr dO dp 
which shows that the corresponding Jacobian is equal to 


7 sin @ 


§ 5. MULTIPLE INTEGRALS OF HIGHER ORDER 


4. General Remarks. The definitions and facts which have been 
discussed in Chapter 1 for two variables, and in the present chapter 
for three variables, can be transferred to the case of an arbitrary 
number of variables. For this purpose we first of all define the volume 
of an n-dimensional parallelepiped. 

As is weil known from analytic geometry, the area of a parallelo- 
gram or the volume of a parallelepiped constructed on given vectors 
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ix expressed by the formulas representing it as the absolute value 
of the determinant whose elements are the projections of the vectors 
on the coordinate axes. Starting from these results, we define the 
volume of an n-dimensional parallelepiped as the absolute value 
of the determinant with rows (or columns) formed of the coordinates 
of the vectors which are the edges of the parallelogram. Further, 
based on the volume of a parallelepiped, we can easily introduce 
the concept of volume for polyhedral n-dimensional figures and then 
define the volume for a wider class of domains Iving in an mr-dimen- 
sional space. After that the notion of an integral of a function 
f (ay. ra... ., 2,) dependent on arguments 2, 22, . . -, Iq iS introduc- 
ed as the limit of the corresponding integral sums. An r-fold multiple 
integral taken over an n-dimensional domain G is designated by 
the symbol 


JJ.--J 1 Tes Sey: Ap) ALG le «24 Uta 


I{ the corresponding restrictions imposed on the domain G and 
au the integrand are fulfilled, the n-fold multiple integral can be 
reduced to an iterated integral in which nm successive integrations 
will respect to each argument are performed: 


\\.. \ f(x, Voy. oscgy Baar ats cx~. dine 


(2) 


b x7 (x4) Ky (X44, + - - 5 Xn~1) 
pene od { ax, dX + <a I (21, Xo, ee a4 Ln) AX» 
a x$? Oxy) oft} (xy, .. -, n-1) 


The formula for changing variables in the n-fold multiple integral 
is analogous to the corresponding formulas for double and triple 
integrals. Namely, if 2; = 2: (Y¥31, Ya ---> Yn) (6 = 1, 2, ...-, n) 
the integral is transformed according to the formula 


\--- J fla, 5029 Dayar sng Oly = 
G 


= | ies WACACTE ~+9 Yn); ii Tn (Y1; +e Yn)) ae 
= 3 

D (21, ssey Zn) 

D(y1, occ Yn) 

where F is the range of the variables y;, - ~.,; Yn- 


2. Examples. Al) the basic facts of the theory of the double and 
triple integrals remain true for the z-dimensional case. Here we do 
not dweil in more detaii om the generai theory of z-fold multiple 
integrals and = praceed to discuss some characteristic examples. 


x dy, ... dyn 
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(1) Gravitational attraction of two material bedies. Although the 
real physical space we live in has only three dimensions there are 
various concrete problems involving multiple integrals of order 
higher than the Chird. As a simple exainple, let us derive the formula 
for the Force of mutual gravitational atlraction of two finite material 
solids. Let them occupy. respectively. domains G@ and G’ and have 
volume densities p (z, y, z) and p° (2, y’, 2’) (these material bodies 
lie in the same z, y, 2-Space but it is convenient to denote the coor- 
dinates of their points by different symbols). According to Newton 's* 
law of universal gravitation, the projection on the z-axis of the 
force of allraction between two infinitesimal elements 


dv dxdydz and du’ = dr’ dy’ dz’ 
of volume of the bodies is a quantity dF. eqnal to 


yl seb LB AIR Bal (x—2z')dzrdydsda' dy’ ds (2.29) 


Where y is the constant of gravitation and 


r=V(z—e P+ yy’) +(e 2° 
To find the total value of the projection F, of the force of interaction 
between the bodies we must sum up expressions (2.29) over all the 
volume elements of both bodies. In other words, the projection F, 
of the force of gravitational attraction between the bodies vecupying 
the domains G aml G’ is equal to 


vy 


GG: 


r r3 

The other two projections are expressed similarly. Here the point 
(x, y, z) runs throughout the domain G and the point (277, y¥’, 2°) 
independently runs over the entire domain G’. Hence, integral (2.30) 
is taken over a domain in the six-dimensional space of the vari- 
ables 2, y, z, 2’, y’, 2. Such a domain is usually denoted by the 
symbol G xX G' and called the (Cartesian) product of the domains 
G and GG’. 

(2) Consider the integral 


1, =\\ ... | dayday ... dr, 2.01) 
~ G 
taken over the domain G determined by the inequaliites 
ye oN), wy 220, £4.05. Be ce %) 
xy Iy >... tI XS! 


* Newton, Inaah (1642-1727), the great English mathematician and phy- 
Sicisl. 
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Reducing integral (2.31) to an iterated integral we obtain 


I, =\\ vgn batts dz, = 


F l—Ny-Xe-...-—X 


1 
= \ de | dz, ee j dn 


Performing integration with respect to wz, and substituting th 
corresponding limits of integration we derive 


1 {—24 L—xj—-...—-X,_. 
/, = | dz, \ dz» eae \ (l—a,;—.-.—2n-1) dTn- 
0 ( 0 


Next, integrating with respect to z,_, and substituting the limit 
of integration we arrive at the formula 


L—_x3—. ot 9 


iy bf ee TH) 
\ ( | 7 m—2 ara s 
a 


Continuing these suceessive integrations we finally obtain 


1 

A717) _ 4 
n= ~ (n—iyl day ain 
0 


(3) The volume of an n-dimensional sphere. An a-dimensional 
sphere (ball) of radius a@ with centre at the origin of coordinates is, 
by definition, the totality of all the points of the r-dimensional 
space Whose coordinates satisfy Uhe condition 


Ti+ Ig +e. - In<a? 
The volume WV, of such a sphere is equal to the integral 
eee dx,dit,... adXn 
ia “2 2 
x2 4-x3+ - tXpy eae 


The integweal - ms transformed in the following way. Puttine 
Ly ay; (c= 1, 2, ..., m) we can write 


> mp? 
y, = ards, 
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where U, is the volurne of unit #-uUlimensional sphere (of radius 1). 
Furtherinore, since 


_ \\ oe dz,die... din = 


xPix3s. 6. X_N! 
1 
— | dz, ere OZ) x0 1 
=1 x2ax8+...4-2n~171-zy 
1 n—i 
— ( ({ — x3, : dx), \ 7 6 \ dz, eee dtn-+ = 
—1 xt... <1 


Lea 


1 
ad Ones ) (1— 2h) ~ dzn* 


we can put z, = cos 0 and thus receive 


U, = 2l/n-; \ sin" 0d6é (2.52) 


Oa ty H 


Now taking into account that GO, = 2 (because one-dimensional unit 
sphere with centre at the origin is nothing but the line sezment 
[—1.1], and the corresponding one-dimensional volume is its 
length) we can find. in suecession, U7... 7, and so on.** 


* Here, when computing the integral 


. ae 
eee \ dx; . . axp_ 1» We put a =(1— 2%) = Yi (2 = 1; 2, 
xt eS Se ae er ie 
., #—1) and thus obtain the expression 
n— I n—i 
(l!—-7?) - © aa \ dy; ... dyn_, =(1— x2) . hace} dry... 
vib. -+Un 1%! xi-+...+xy_ 1S! 
-d%p_y.—Tr. 


** An explicit expression for U, can be obtained with the help of so-called 
Euler's integrals (see Chapter 10, § 3 and, in particular, Example 3). 


3 Elements 
of Differentia! 


Geometry 


In this chapter we shall apply the differential and integral calculus 
to studving geometric objects, namely curves and surfaces. ‘The divi- 
sion of mathematics in which various types of geometric configura- 
tion are investigated by means of mathematical analysis is called 
differential geometry. 

In the framework of our course we can only present the funda- 
mentals of differential geometry which is an extensive branch of 
mathematics closely related to mechanics, the theory of differentia] 
equations and other branches of knowledge. 


§4. VECTOR FUNCTION OF A SCALAR ARGUMENT 


1. Definition of a Vector Function. Limit. Continuity, It is con- 
venient to define curves and surfaces by means of functions taking 
vectorial values (briefly, referred to as vector functions). Therefore 
we begin this chapler with a brief review of basic applications 
of mathematical analysis to vector functions. We shall not go into 
particulars becanse there are only a few facts here distinct from 
those of the theory of scalar functions. 


Definition. Let. to each value of a variable ¢ helangine fo 
an interval la, 6), there correspond a _ vector 


r@ij=z®ity@j+z@k (3.1) 

Such vector is said to be a vector (vector-valued) function 
of the scalar argument t. 

A vector function r (t) can be given the following visual inter- 
pretation. If the vectors r (¢) corresponding to all the possible valucs 
of the argument ¢ are laid off from the origin of coordinates their 
tips trace a curve (the graph of the vector function) which is called 
the hodograph of the function r (¢) (Fig. 3.1). If the argument ¢ is 
considered to be time the hodograph of the function r (é) is inter- 
preted as the trajectory of motion of a point. 

A constant vector 

R= ai-+ dj + ck 
is said to be the limit of r(t) for t—> tg if 


lim |r (¢) —R|=0 (3.2) 


t+ lo 
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where | r (4) — R [is the length (absolute value. or modulus) of the 
vector r(¢) — R. Condition (3.2) is equivalent to the three scalar 
relations 
limz(t)--a, limy(t)—6, lima (é) -- (3.2°) 
{—+lg t-—lg {>t 


A vector function r(/) is called continuous at a point ¢, if 


lim r(f) : 7 (tg) 
{—rto 
A vector function r (é) is continuous at a point é, if and only if its 
projections, i.e. the three sealar funelions z (4), y (f) and z (0, are 
continuous at ¢q (prove it). The sum. the difference, the scalar and 
vector products of continuous vector functions are again continuous 
(show it). 
2. Differentiation of a Vector Function. A vector function r(¢) is 
said to be differentiable at a point ¢ if the limit 


Ar(é) r (2-4- At)—r (0) 
At—0 At At->0 At 


exists. The limit is called the derivative of the vector function r(t) 


and is denoted by the symbols = , re (t) or r (2). It can be easily 


proved that the existence of r’ (/) is equivalent to the existence of the 
three derivatives z’(4, y’(/) and 2’(t), these quantities being con- 
nected by the relation 


re (4) =a’ (4 i -- yy’ () 5 4 2 ()k 


The vector a is directed along the secant I7A/, of the hodograph 


. ray ee i S.. x : 
of the function r(é) (see Fig. 3.2), and the vector “ is im the direc- 
tion of the limiting straight line to whose position the secant tends 
as the point jA/,; approaches A/. Tence, r goes along the tangent 


line lo the hodograph at the point AV. 
From the point of view of kinematics, r’ (4) is nothing but the 


velocity of a point whose law of motion is r— r ¢é). 
The following rules for differentiation of a vector function take 
place: 


(1) if r(¢) — const we have r’(é) = 0; 

(2) (kr(t))’ = Ar’ (t) where & =: const; 

(3) (u(Or())yoo = u'(f)r(t) -+ u(dr’(t)) where u(é) is a sealar 
fusiction: 

(4) (ry(¢) + re ())" =r, (4) + 4, (1); 

(5) (rill). ral)" = Ce (0. rs) “(ry(), (1); 

(6) [er (O. ro(4)lo = nny r,(t)] rs [r,(¢). r3(4)] (it is necessary to 
preserve the order of the factors here); 
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(7) if r= r(t) and ¢ = ¢ (1), then 
dr dr dt 


dt dt dt 


which expresses the rule for differentiation of a composite veeto 
function. 

The proof of the rules is left to the reader. 

‘The following special cases of differentiation of a veclov functio: 
should be noted: 

(a) The derivative of a vector function of a constané direction. Le 
a vector r(f/) have an invariable direction in space (i.e. only it 


Fig. 3.1 r(t) 
o 


length may depend on f). Then the veetors r(f) and r'(Q) are colli 
near. 
Acthally, in this case the vector r (f) can be put down in the forn 


r(t) ==-u(tje 
where w(/) is a scalar function and e is a constant vector. Ther 
é mans ’ v ° a ul (t) 
we have r’(f)--u’ (Ae, that is 2 (=F t ()- 


(b) Fhe derivative of a vector function having a constant leneth. 
if tr ds)! const the vectors r(f) aud 1’ (@/) are vrlLhogonal (perpeu- 
dicular) to each other. 


Big. 3.2 


Indeed, here we have (r(/), (4) == const. After this relation 
has been differentiated we obtain 
2(r(é), vr’ (#)} =O, that is (r(f, rv’ (4)) =!) 
which is what we set out to prove. 
The geometric meaning of the last relation is quite clear. I |r (4)] == 
— Ff, the hodograph of the function r(é) entirely lies on the sphere of 
machine VP with eentre ot the ui ieiin. The Lanyvent te such a curve lies 
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in the tangent plane to the sphere and is therefore perpendicular 
to the radius vector r{f) joining the origin with the point of tan- 
gvelcy. 

The differential of a vector function r(¢) is the vector 


dr =dzr-it+tdy-j+dz-k 
In other words, we have 
dy =z’ (i) dt-i+ y’ (t)dt-j+2 (t)dt-k=r' (t) di 


which means that the diflerential of a vector function is equal to the 
product of its derivative by the differential (i.e. imcrement) of the 
independent variable. As in the case of a scalar function, the diffe- 
rential dr of a vector function differs from its increment Ar by 
a quantity of an order of smallness higher than the first relative 
lo Al. 


3. Hodograph. Singular Points. We have defined the hodograph 
of a vector function r (¢) as a curve which is traced by the terminal 
of the vector r (¢), when ¢z varies, if its tail is always kept at a fixed 
point. 

As has been shown, if r(t) is a differentiable vector function the 
vector r(t) is directed along the tangent to the hodograph at all 
points where r'(¢4) #0. The points at which the derivative r’(f) 


JY to ty 


(@) (é) 


Fig. 3.3 (¢) (2) 


does not exist or vanishes are referred to as singular points. Here 
we give several examples of singular points (see Fig. 3.3). In the 
motion of a point according to a law r = 1 (’/) the trajectory may 
be a “smooth” curve but the velocity v(t) = r’ (¢) may tend to zero 
as ¢—> fy. Then the material point is in an instantancous state of 
rest at the point r(f,) at the rnoment ¢ = ty. A singularity of this 
kind characterizes the motion itself but not the geometric curve 
along which the point moves (Fig. 3.3a). In some other cases this 
can be followed by a change in the direction of motion (i.e. the 
trajecters moy he broken ot the point rff.\: see Fig. 2.24) Tn this 
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case we have a singularity both of the motion and of the correspond- 
ing geometric curve. It inay turn out that the trajectory is broken 
al a point r(/g) but the velocity r‘(t) does not tend to zero in approa- 
ching the point (see again Fig. 3.36). In this case the moving point 
r(t) is subjected to an impact (when it passes through the point r(¢)) 
which instantaneously changes its velocity in a jump-like fashion. 
Further, the trajectory of motion can have a cusp (Fig. 3.3c) and 
thew the velocity of the material point may either tend to zero 
in the vicinily of the cusp or change jump-like. Finally, the function 
r(t) may turn into zero for 2 = fy without assuming nonzero values 
for the subsequent values of ? > ¢). Then the point has a state of 
rest at the end of the motion (Fig. 3.3d). These and many other 
singularities of motion may be of interest for studying Some concrete 
cases but at Lhe same time they can rarely be treated by means of the 
soencral methods. Therefore in what follows we shall exclude such 
singularities from our discussion and consider the motions for which 
r(/) exists everywhere and does not vanish. 


4. Taylor’s Formula. For a vector function we have Tavlor’s 
formula 


r(¢--A\é)=r(d)4r (¢)At+ > r’ (4) At?+...4 = (nr) (t) a) At" 
(3.0) 


where @ is a vector which tends to zero as At — QO. In fact, applying 
Taylor’s formula to each projection x(f), y(@/) and 2(4)* of the 
vector r (ft) we oblain the relation 


z(t -:-At)=az(t)-b a’ (t) At + - z"(tj)At@@t+... — (x'™ (£) + a) Ae" 


for z(t) and two similar relations for y(f#) and z(t). Multiplying 
these relations, respectively, by i, j aud k and adding up the results 
we arrive at formula (3.3). 

Thus we see that most of the basic notions and rules of differential 
calculus are transferred without essential changes from scalar func- 
tions to the vector-valued ones. But it should be noted that such 
conclusions cannot be drawn automatically because there are excep- 
tions to the rule. For instance, the well known theorem on finite 
increments (Lagrange’s theorem; c.g. see [8], Chapter 8, § 9) is not 
true for vector functions. (Let the reader construct an illustrative 
example.) 


3. Integral of a Vector Function with Respect to Sealar Arguinent. 
As in the case of a scalar function, we can form integral sums for 


* Here we suppose, of course, that each projection z(t). y(t) and z(t) of 
the vector function r (¢) satisfies the conditions for the applicability of Taylor's 
formula ta it. 
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a vector function r(¢) defined on an interval @ qt < b and con- 
sider their limit as the maximal length of the segments forming 
the partition of the interval fa, 6] tends to zero. The limit is re- 
ferred to as the integral of r(?) over the interval [a, 6b] and is desig- 
halted as 

b 


J rd 


r? 4 


By analogy with sealar functions. we can easily prove that the 
limit (i-c. the integral) is sure to exist if r (4) is continuous ou fa, Ol. 
The existence of the limit of a vector integral sum 


yA 

> (ti) (f¢—= fi-1) 

P 
(where ao oto CHO. .  <t, Ob. ty Kt; Kt) is obviously 
equivalent to the existence of the limits of the three scalar integral 
Sums corresponding to the projections z(f), y(@/) and z(¢) of the 
vector function r(@Z). and we have 


Frindeni-[2ari-| yask | sod 


The ordinary properties of the integrals of sealar funetions are 
easily extended to the case of the integrals of vector functions. Far 
exaniple, we have 


b b 
{ we” (t)e(t) dt --u (b) r(b) —u (a) r (a) — \ w(t) r (i) dt 


which is (he formula of dutegration by parts where u(/) is a sealar 
function. The formulas connecting iutegration with basic operations 
of vector algebra are also easily established. For instance, 


[e, r(t)| dt =| e, r(¢) dt } 


where eo a constant vector. 


G. Vector Functions of Several Sealar Arguments. We can also 
consider vector functions dependent not) on one but on many 
scalar arguments (in particular, we shall encounter vector Funetions 
of (two scalar argunients in the present chapter in the study of sur- 
faces). The concept of a partial derivative and other concepts of 
analysis are easily generalized to these funetions. 
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§ 2. SPACE CURVES 


1. Vector Equation of a Curve. Vector functions of a scalar iio de 
ment provide a convenient method of determining space curves.* 
Indeed, suppose we are given a continuous vector function r (?) 
(e<é< 6b). Then, after constructing its hodograph. we obtain 
a space curve y. Conversely, if a space curve y is defined in a ceriain 
way we can try to delermine il by means of a vector function. 

We sav that a curve y is represented parametricad/y if there is 
a one-to-one correspondence which attributes a certain value of 
a parameter ¢ belonging to an interval [@, 6] to each point of the 
curve. the correspondence being continuous at cach point of the 
interval.** The latter condition means that the distance between 
the points rfp) and r(é) of the curve tends to zero if ¢—» to. If 
a curve y is represented parameltrically the radius vector of each 
of its points is uniquely determined by the corresponding value of 
the parameter f. that is 


r=r(é) (r=2i-+ yj +2k) (3.4) 
Relation (3.4) is referred to as a parametric (vector) equation of the 
curve y. Vector equation (3.4) can apparently be replaced by the 
three scalar paramelric equations 
z= xl), y=y(O, 2 =2(8) 
Applying the terminology of § 1 we can Say thal a parametric 


equation of a curve provides its representation as the hodograph 
of a vector function r (é). 


In what follows we shall only consider the curves and their para- 
metric representations for which the corresponding vector functions 
r(f) are triply continuously differentiable. 

Axvample. Let us put 

rift) = iacos(+ jasiné +k bi (3.5) 
This parametric equation delermines a curve called a serew fine 
(circular helix; see Fig. 3.4). 

When consideritug a curve we can introduce ils parametric repre- 
sentation in various ways. For instance. if a curve y is given by an 
equation r—- r(/). asia. we ean put 


=/(t), «<1<fh 


where f(t) is a monotone function such that (1) >> 0, ¢ (a) = 


and 7 (py = bo. and regard Tas a new parameter providing the ts 
lion or r(¢(t)) for the curve y. 


* We do not specify the notion of a eurve here. A discussion concerning 
this question can te found. for instance. in [8{, Chapter fi. § 14. 

** The condition that the eorrespondence ts one to-one means that we are 
considering the curves withant points of selfeinterseetion. 


&§—O824 
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ln many cases it is convenient to take as a parameter the arc 
length of the curve reckoned from a fixed point. The transition from 
an arbitrary parameter entering into a parametric representation of 
a curve to the are length of the curve can be performed as follows. 


Let y be a curve and ¢ a parameter entering into its parametric 
equation. Choose a point A/) on y which corresponds to a certain 
value é = ¢y of the parameter and consider it to be an initial point. 
Next take an arbitrary point .W ony. The length 7 of the arc M,M 
is expressed by the well known formula 


t 
i= V xc’? +y'* +22 dt", ie. b= {Ie (i) | dt 
fo to 


where fis the value of the parameter corresponding to the point A. 
The formula determines 2 as a single-valued and continuous function 
of t:2 = 1 (t). If the function r(¢) is such that r’(é) does not vauish 
anywhere we have l’(/) ~ 0 at all the points and consequently ¢ can 
be represented as a single-valued continvons function of 2: tf = 71(2). 
(On the existence of an inverse function of type ¢ = ¢ (2) see, for 
instance, [8], Chapter 11, § 1.) Now putting r = r (¢ (l)) we thus 
represent ras a function of are length /, i.e. obtain a parametric 
equation of the curve in which the arc length serves as a parameter. 


Example. Consider again circular helix (3.5). We have 
di = V a? sin?t+ a? cos?t -+ 6? dt = V a?+-b' di 


* The formula means in fact that the curve z = gz (4), y = y (t), z = 2 (t) 
is regatded as being a “broken line™ with an infinite number of infinitesimal 
segments (dz, dy, dz). The length of a single segment is given by the Pythago- 
rean theorem and is equal to 


V day + dy)? 1 (a2)? = Ve’ (Oy? + OY (O)? + (OY? at 
The “sum” of the lengths of the “segments”, that is the integral 
t 


| Vert yt yet at 


to 
in jist usqual ta (he length of the enrve. 
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for it and hence =) a?+6?¢. Passing to the parameter 7 we can 
rewrite the equation of the circular helix in the form 


é e208 l l 
Var tS are N° ares 


r(l)=iacos 


Note. If a parameter ¢ entering into an equation 
r= r (t) 


is thought of as time the curve determined by the equation can be 
regarded as the trajectory of a point moving from an initial position 
with the velocity r’(é). But a point can be in various motions along 
the same curve because when specifying a curve we only prescribe 
the direction of the velocity at each moment but not its numerical 
value. In particular, we can consider the case when the velocity r° 
of motion is all the time identically equal to unity in its modulus. 
It is just the case when the arc length / is taken as the parameter ¢. 
Indeed, we have dr = idz + jdy + kdz and consequently 


de | Wiz)? + (dy? tid? di 
a | a ae (3.6) 


Thus, from the point of view of kinematics, various possible ways 
of parametric representation of a curve can be interpreted as the 
corresponding laws of motion of particles tracing the same trajectory 
with different velocities. Then an equation of the form 


r = r (l) 


where / is arc length describes the motion of a particle with unit 
(in its modulus) velocity. 


2.:Moving Tribedron. Consider a curve given by an equation 
r= r(l) (3.7) 
At each point A7 of the curve (corresponding to a value 2), the unit 
vector 
t=r(l)* 


determines the direction of the tangent to the curve. The vector 


rt 
is orthogonal to tv (because it is the derivative of the vector t having 
constant length; see Sec. 2in § 1). After the vector r has been divided 


* Here and henceforward we denote the derivatives of r with respect to 


arc length by the symbols r, r etc. and use the notation rv’, vr” etc. for the deri- 
vatives with respect to an arbitrarv parameter. 


8* 
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by |r] we arrive at the unit vector 


2 @e 


v= (3.8) 
[r| 
orthogonal to +1.* Furthermore, Jet us take the vector 


B=[t, v] (3.0) 


where the square brackets designate the vector product. The vectors 
t, v and f form a triad of mutually orthogonal unit vectors which 
is referred to as the moving (natural) trihedron of curve (3.7) at 


B 


Fig. 3.9 


the point AT (Fig. 3.5). The trihedron is thought of as being rigidly 
connected with the curve at each of its points and therefore the 
shape of the curve can be complelely characterized by describing 
the motion of the trihedron in space as ils verlex moves along the 
curve. 

[It should be noted that besides relation (3.9) the vectors t, v, B 
salisfy the two similar relations 


[V, B) =t, [B, t]=Vv 


The vectors +t, v and B determine, respectively, the directions of 
the straight lines called the tangent, the normal (principal normal) 
and the binormal to the curve at the corresponding point. The 
vectors are referred to as unit vectors in the direction of the tangent, 
principal normal and binarmal. 

3. Frenet-Serret Formulas. The motion of the moving trihedron 
of a curve is specified by the velocities characterizing the rate of 
change of the vectors t, v and B, that is by the derivatives of the 
vectors with respect to @. Let ous find the derivatives. 

We have already dealt with the derivative of the vector t which 


is the vector r. Introducing the notation 


k= |[r | 


* The vector v is not. defined for the points where r= 0, Such points (ealled 
points of rectifRentions will be excluded fram aur cansideration. 
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we rewrite the derivative in the form 
: t=kv 
where & is a nonnegative number. 


We now consider the vector B. [ts derivative B is perpendicular 
toitasa derivative of unit vector. Furthermore, it is also perpendicu- 


lartod. Infaet, we have B = [r. vl and hence B® = Ir. v) 4- Iv, vl = 
— [Ave vJ + It. v) -= Iv, vi, the last) vector being perpendicular 


to tT. The vector B is perpendicular to B and t and thus collinear 
lo v. Consequently, we can put 


Bp —xVv 
where x is a numerical coefhcient.* 
Finally, compute v. We have 
ad e e . 
de [B, T| : [f, tT [B, T] =| — xv, Tl + (B, kv| = — kt + xp 
Thus, we have obtained the following formulas for the derivatives 


t. v and B- 


; ers kv (3.10) 
vos ht i xp (3.11) 
B — xv (3.12) 


They are known as the Frenet-Serret** formulas. The formulas involve 
two scalar quantities, namely # and x. The quantity & is called 
Lhe curvature (the fast curvature) of the curve and x is called its torsion 
(or the second curvature). The geometric meaning of the curvature 
and the torsion will be diseussed later. The reciprocals of A and x 
are referred to, respectively, as the radii of curvature and torsion. 
4. Evaluating Curvature and Torsion. We have, by definition, 


Ae ==[r| (3.13) 
Therefore, to compute the curvature of a curve r = r (/) it is suffi- 


cient to find the vector r (/) and determine its length. 
To find the forsion « we take the cqualities 


r=t and r-=skv 


* The coefhetent z can be positive, negative or zero. We use the notation 
~ instead of x because this will be convenient for our further aims. 
** Frenet, fean Frederic (1816-1900) and Serret, Joseph Alfred (1819-1885), 
French mathematicians. 
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and differentiate the latter once again with respect to 2. Applying 
formula (3.11) for v we thus obtain 
p= ky — kt + kup 
The last three relations imply that 


(r, r, r ) =A (3.14) 
whence ieee ete 1.e. 
[r|* 


Formulas (3.13) and (3.15) enable us lo compute the curvature & 
and the torsion x if the are length has been chosen as the parameter. 
In case a curve is given by an equation 


r= r (2) 
where r(¢) is a triply continuously differentiable function of an 


arbitrary parameter ¢ we can regard ¢ as being a function of arc 
length 2 which yields 


dr _—dr_—s dt d*r — d®r & 2 de art 
‘di dt dt ’* dt? ~ dt? =) at a’ cai 
dr dir (dt\3 4 dr dt d& | de di (9.10) 
di3.-s«éatS (=) dt2 di dil2 ' at di 
The first relation can be rewrilten as 
al 
== fF al 
It follows that 
at 3.417 
‘al o[ rr’ (8) | (3.17) 


because |t|= 1 (here we assume that ¢ and 72 vary in the same 


direction, 1.¢. x >°) . Further, taking the vector product of the 
first two equalities (3.16) we derive 


Ee d7r =( dr ar 
dl’ ar |= dé 7? dt 


: dr d*r 
or, Since | 574 apr | == AB, 


kB =r’ (2), e (Q(T) (3.18) 
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Since [{B]=—1, it follows from (3.17) and (3.18) that 


= Leto ONL 
= rep 


Substituting expression (3.16) into relation (3.14) we receive 


(3.19) 


(r’ (t), e° (0), #7 ()) (SP) =A (3.20) 


The last two equalities imply the final formula for the torsion: 


ve we EMD FY, (O) 
[re @). FOP 


Exercise. Find the curvature and the torsion of the screw line 


(3.21) 


r= iacosi+ jasini | k @l 
Note. Let us come back to formulas (3.16). They indicate that the 
vectors r’ and r” are linearly expressible in terms of the vectors r 
and r. In other words, Lhe vectors r’ and r” lie tn the same plane as 


the vectors rand r. The plane is called the osculating plane. Ilence, 
the osculating plaue of a curve (al a given point) can be defined 
as a plane containing the vectors r’ (f) and r” (¢) (irrespective of the 
specitic choice of the parameter). [f ¢ is interpreted as Lime and the 
equation 

r= r (f) 


as the law of motion of a point we can say that the osculating plane 
is the one that contains the velocity vector and the acceleration 
vector. 


9. Coordinate System Connected with Moving Tribedron. For a 
curve r(t), the three vectors t, v and B specify a coordinate system 
(for which they are the base vectors) at cach point AY of the curve, 
the system varying, in the general case, as the point moves alone the 
curve. The axes of such a coordinate system are: 

(1) the éangent (its direction is determined hy the vector 1), 

(2) the principal normal (its direction coincides with that of the 
vector ¥v), 

(3) the binermal (which goes along the vector 6). 

The coordinate planes of the system = are: 

(1) the plane drawn through the point 17 perpendicularly to t 
(i.e. Che plane containing the principal normal and the binorma!)); 
it is called the normal plane to the curve r = r(l) al the point Jf. 

(2) the plane passing through the point AZ perpendicularly to v 
which is referred to as the rectilying plane. 
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(3) the plane passing through the point M and perpendicular to B 


(that is the plane in which rand r lie). This is the osculating plane 
we have already dealt with. 

The disposition of these straight lines (axes) and planes is depicted 
in Fig. 3.6. 

Prablem. Write the equations of the tangent, principal norma! 
and binormal for a curve rv -- r (7), and also the equations of the 
normal, rectifving and oseulating planes, atia point ry = r (Jp). 


Fig. 3.6 


Solution. The vector equation of a straight line passing through 
a polit with radius vector rg in the directton of a vector ais written as 


0 = tq of da, —co<A< 
Where 9 is the radius vector of the moving poimt and A 1S a para- 


meter; the equation of a plane drawn through a point with radius 
vector ry perpendictdarly to a vector nis of the form 


(p — fo, nh) as 0 


This immediately iniplies the following equations: 


pe— ry |- Aly (flangent line); 

0 799°; hee (principal normat), 
ee eee LAP, ro| (Sinormatl); 

(no — ro, ry) (0) (rormad plane); 
(9 — 19, Ty) - -0 (rectifying plane); 


(p— lo, (ro. rol) © (oseulating plone) 


where ry-- 1 (lo), ae ¥ (Ip) ana To =F (Jo). 
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Fizercises 
1. Write the equations of the tangent. principal normal and 


binormal to the curve 
r =r (é£) 


Hfint. Note that the vector [r’, r“] is inthe direction of the hinormal 
and the vector [r’. [r’, r*]] goes along the principal normal. 

2. Write the equations of the normal. rectifying and osculating 
planes for a curve r= r (é). 

3. Put down the equations of the tangent. principal normal and 
binormal and also of the normal, osculating and rectifying planes 
for the circular helix 


xr=Sacos!l, yrasini, 2 = bl 


at the point ¢ = Q. 


6. The Shape of a Curve in the Vicinity of Its Point. To investi- 
gale the shape of a curve in the vicinity of its point we shall take 
advantage of the coordinate system determined by the moving 
(rihedron of the curve. 

Suppose the derivatives 


ro =F (Io), To =F (lo) an To -F (Lo) 


are different from zero al a point ro -= ¢ (fg) and expand the func- 
tion r(d) in a neighbourhood of the point 7, by means of Taylor's 
formula: 
® | { ee ; { @ae . , . 
rt’) v2. Tg WM ‘ ryAl’ lag myAl 4, OCAIN*™ Alal—tly (U.22) 
Now take the coordinate system specified hy the moving trihedron, 
l.e. choose the point ro as the origin of coordinates and the tangent, 
principal normal and binormal lines as the z-axis. y-axis and z-axis, 
respectively. By applying the Frenet-Serret formulas for computing 


the derivatives rand r we can substitute the following three scalar 
equalities 


r= Al—— ABO (AL) (3.23a) 
a re | — 

y= kA + APSO (AL) (3.23b) 
c= 7 kx AP }-0 (AN) (3.23e) 


* The svmbol © (.A@4) designates a quantitv of the order of AW. 
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for vector relation (3.22). Let us investigate the projections of the 
curve on the osculating and the rectifying planes. 

We take equalities (3.23a) and (3.23b) and limit ourselves to the 
principal terms. The equalities then take the form 


c=Al, = + LAL 


Eliminating Al from these relations we obtain the equation of 
a parabola (Fig. 3.7): 


y= > kx? 
which is, to within the terms of the order of Ad’, the projection of the 


curve r = r (/) on the osculating plane. The curvature & being, by 
definition, positive, the parabola opens upwards or downwards 


Fig. 3.7 


according to the unit vector v, and the greater &, the greater the 
rate at which the branches of the parabola are turning out of the 
tangent in the direction of the vector v. 

Consider now the projection of ttle curve on the rectifying plane. 
Taking formulas (3.23a) and (3.23c) and again limiting ourselves 
to the principal terms we obtain 


z=Al g= - kn Al? 


Eliminating Ad from these relations we arrive at the equation 
of a cubic parabola: 


2 == = ene? (3.24) 


The sign of the coefficient in z* coincides here with that of the torsion 
(because the curvature is always positive). The corresponding para- 
bolas are shown in Fig. 3.8 for * => 0 and x <. U. The signs of the 
coordinates x and y being determined, for small values of Al, by the 


signs of the corresponding principal terms, it follows from formu- 
la (3.24) that: 
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1. In the vicinity of a point at which the torsion is different 
from zero the curve lies on both sides of the osculating plane. 

2. The greater the absolute value of the torsion, the greater the 
rate at which the curve is turning out of the osculating plane. 
If x > O the curve is turning out of the osculating plane, as ? increa- 
ses, in the direction of the vector B, and in the opposite direction 
if otherwise. 


Problems 


1. Show that a curve whose curvature is identically equal to 
zero is a straight line. 


v> if e<2 


fp p 


2. Prove that a curve whose torsion is identically equal to zero 
is a plane curve, that is lies entirely in a fixed plane. 
Solutions 


1. If & =O we have r= Q, 1.e. r =e —=const which implies 
r= ry + leo, the last relation being an equation of a straight line. 


2. If x =U, the third Frenet-Serret formula indicates that 6 = 0, 
i.e. B = B, = const. The vectors r and B, being orthogonal, we have 


(B, r)=0 
Hence, since ff} = By = const, we can write 
(Bo, tr) =0 
Cousequently we arrive al the relation (Bo, r) = const which is an 


equation of a plane. 


7. Curvature of a Plane Curve. Consider a curve lying in a fixed 
plane. Introducing Cartesian coordinates z, y in the plane we can 
write the equation of the curve in the form 


z=<x(t), y=y(t, 2=0 (3.25) 
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Computing the curvature of the curve by means of formula (3.19) 
we find 

_ Jx'y*"—2z"y’ | 
But (e.g. see [8], Chapter 16, § 3) the curvature of a plane curve 
is usually defined with the absolute value sign removed, i.e. with 


the sign + or — attached to it. Then the expression for the curva- 
ture is written in the form 


= 


(3.26) 


ahh (3.27) 
(200 fF ) 

The inatter is that in the case of the plane, unlike the case of the three- 
dimensional space, we can speak not only about the absolute value 
of the rate of turning of the tangent but also about its direction 
(i.e. the clockwise or the counter-clockwise direction). It is the 


Fig. 3.9 (a) (O) 


direction of turning of the tangeml that is indicated by the sign 
of quantity (3.27). A curve is said to he coneave up if expression 
(3.27) is positive (see Fig. 3.9a) and concave down if otherwise 
(Fig. 3.95). 


8. Intrinsie Equations of a Curve. Formulas (5.15) and (S.lo) make 
it possible to find the curvature and the torston of a curve, given 
by an equation r= r(/). as functions of 7: 


Auk (Vl), «=x (Zl) (3.28) 


These relations connecting the curvature and the torsion of a curve 
with its are length are known as intrinsic (natural) equations of the 
curve. We can now pose the question as to what extent totrinsic 
equations (3.28) determine the curve itself. [TC turns out that every 
curve is uniquely determined. to within its position in Space, by 
its intrinsic cquations. 

Indeed, let us be given two curves y aud y,. Suppose it is possible 
fo represent the curves parametrically by introducing the corres- 
ponding parameters and ?, (heir are lengths) in such a way that 
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their curvatures A, &, and torsions ~, *, coincide at the point 
for which the parameters take equal values. In this case, for / = / 


the relations 
A(l) = Ayes),  *() = %, (24) 


hold, and we say that the curves y and y, have the same intrinsi 
equations. Let us show that when this is so, one of the curves ca 
be made to coincide with the other if we move it in space, as a rigi 
body, in an appropriate way. Actually. apply a point A of th 
curve y corresponding to a value 7° of the parameter / to the poir 
A, of the curve yp, associated with the same value of the paramete 
Z, = 7°. Further. turn the curve y so that the unit vectors t, v, 

of its moving trihedron at the point A coincide with the correspon 
ing unit vectors v,. v,, By, of the moving trihedron at the point 4 


of the curve y,. Obviously, this can always be achieved. Then w 
have 


Y ge OD - .. «,0 ) 5 
TS 7 VOHEN. Bo OP (3.26 


where superscript “zero” indicates that the vectors are taken at th 
corresponding points deternined by the common value 72? = 
of the parameters. Establishing the correspondence between th 
points Vo and A/V, of the curves y and y, for which / = /, we ca 
consider both curves to be represented parametrically with the hel 
of the same parameter / and thus regard t,, v,; and B, as functios 
of ~£ Now take the scalar function 


G (2) -= (4, T1) + (Vy 1) -F (BS Bi) 


and find its derivative with respect to 2. Taking advantage of Ul 
Frenet-Serret: formulas we obtain 


d 
T=k(y, Ts) +k (vy, T) + (—At-| uB, vy) 


= (v, -: it, a *~B,) —H (v, p,)—x (Vy, fs) — J 
and thus o does not in fact depend on /. Equalities (3.29) imply th: 


the valne of o corresponding to / = dy is equal to three. Cons 
quently, 
ag (l) =3 


Each of the three summands entering into o (/) is a scalar produ 
of two unit vectors and hence canuot be greater than unity. Tt 
total sum being equal to three. each summand is exactly equal 
unity. But a sealar product of two unit vectors is equal to unit 
if and only if the vectors coincide. Therefore we have 


TO. Ty, VSN, hb — fp, 


for all 7, that is the moving trihedrous of the curves p and y, coincis 
not onlv at the imitial point 7, bit alsa far all the valune of €] 
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parameter /. [t follows that the curves themselves coincide because 
a curve can always be reconstructed from the vector tr = r (2), namely 


é 
r (1) =r (lo) -+\ (a) da 
lo 


The converse is also true because if two curves differ only in their 
position in space, they obviously have the same intrinsic equations. 

Now it seems natural to ask whether there exists a curve for which 
two arbitrarily chosen continuous functions 


K(l) (A (lt) >O0) and x (2) 


are, respectively, its curvature and torsion. It turns out that the 
answer to the question is affirmative but we shall not present the 
proof because this would involve some notions of the theory of diffe- 
rential equations that we are not going to study here. 


9. Some Applications to Mechanics. Consider a material point 
moving along a trajectory. If r (t) is the radius vector of the point 
at moment of time ¢ the equation of the trajectory is written in the — 
form 


r=r(é) 
The derivative 


ar 
a VY 


is the velocity of motion of the point along the trajectory. Intro- 
ducing the arc length as the parameter we can write 


ya at ae dt 
- at dl dt °° dt 
Since tT is a unit vector, we have 
| v| a 
~ at 


and consequently the derivative = expresses the absolute value 
of the velocity. 
The second derivative 
_ der 
~ ate 
of the radius vector with respect to # is the acceleration of the 
point. It can be represented in the form 


d2r ¢ dl \2 d2l 
rT (<7) +t oe 
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Applying the Frenet-Serret formulas we obtain 


a2t dl \2 
W=TtT 5+ Vk (<-) 


Thus, the acceleration is resolved into the sum of two components 
T ee vi (az) . Theformer is in the direction of the tangent 
and is known as the tangential acceleration and the latter goes 


along the principal normal and is called the normal (or centripetal) 
a2 


acceleration. The tangential acceleration w, = T Fy can also be 
: _d di. 
written as w, = T = where vp = a tS the absolute value of the 


velocity which means that the tangential acceleration is a measure 


of the rate of change of the absolute value of the velocity v. The formula 
di\2 ‘ ‘ 

Wy = vk (s) for the normal acceleration is well known from 

elementary courses of physics. Namely, when a point moves in a circle 


of radius R with a velocity v constant in its absolute value, v = |v |, 


Fig. 3.10 


the acceleration is always directed to the centre of the circle and 


its absolute value is equal to + v* where - is nothing but the curva 


ture A of the circle. Hence, the resolution 
2 
w= Ww, wy=T Stk (> >) 


can be interpreted as follows: an arbitrary curvilinear motion is 
resolved, at a given moment of time, into an accelerated motion 


along the tangent (which results in the appearance of the term w, 
in the acceleration) and a uniform motion ina circle of radius Rk = - 


with the speed v = = (which yields the term wy in the accelera- 
tion). Hence, the point simultaneously takes part in the two motions 
(see Fig. 3.10). 


Problem. A mass point moves under the action of a central force, 
i.e. one whose line of action always passes through a fixed centre. 
Prove that the trajectory is a plane curve. 
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Solution. Take the centre as the origin of coordinates. Let 
r= r(é) 


be the equation of the trajectory of motion. The force acting upon 
the moving point is directed toward the centre. Consequently, accord- 
ing lo Newton’s second law. the acceleration, that is the vector 
r” (4), has the saine direction. Therefore the vectors rand r” are 
collinear and hence the relation 


(rf. rr) = 0 
holds at each point of the trajectory. Differentiating the triple scalar 
product with respect to ¢ we obtain 


a é Cd é é 0 dd rr é add 
a Mt r,rj)=( rye) 4-(e,r ’ r)+(r,r,er )=0 


? 


The lerms (r’, Tr 
quently 


,v) and (r,r’,r’) are equal to zero and conse- 


(Tr, r’, r” =0C 
The vectors ec and r° being collinear, we thus h ve 
(Cres len ia oe 


for all ¢. 1t follows that * = VU. the last relation indicating that the 
trajectory is a plane curve (see § 2. See. 6). 


§ 3. PARAMETRIC EQUATIONS OF A SURFACE 


{. The Concept of a Surface. The present and subsequent sections 
of this chapter are devoted to the application of mathematical analy- 
sis to studying surfaces. 

The concept of surface. altUhough clear enough from an intuitive 
point of view. can be defined with various degrees of generality. 
In mathematical analysis we often consider surfaces represented 
by an equation of the form 


2 = f (x, y) 


where f (x, y) is a continuous function defined in a domain G. A wider 
class of surfaces is described by equations of the form 


F (a, yy 2) = 0 


For such an equation to determine a surface, as we intuitively 
understand it. it is necessary that the function F# (xz. y. 2) satisfy 
some additional requirements. 

The definition of a surface as a set of points whose coordinates 
satisfy an equation of the form z  f (x. y) or F (x. y. z) = U is 
sometimes inconvenient because it is elosely related to the specitie 
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choice of the coordinate system. Therefore we shall give a definition 
of the concept of surface without involving a coordinate system. 
First of all we introduce an important notion of a simply connected 
domain. 

Let G be a domain in the plane. We say that the domain G is 
simply connected if the following condition is satisfied: every closed 
comtour ZL lying inside the domain bounds a (finite) part of the plane 
entirely contained in G. 

li other words. «a simply connected domain is one without “holes”. 
Every closed contour lying inside such a domain can be continuously 
contracted to a point without falling outside the domain. 

A domain which is not simply connected is referred to as a mul- 
tiply connected domain. 

Ke xamples of a simply connected domain are the circle. the triangle. 
the square and so on. An annulus, that isa part of the plane bounded 
by (wo concentric circles, is an example of a multiply connected 


Fig. 3.41 


domain. Tndeed, the part of the plane bounded by the contour / 
shown in Fig. 3.11 is by no means a part of the annulus lying bet- 
ween the circles ©, and €.. 

Byia sinple surface we shall understand a set of points in a three- 
dimensional space which is representable as an image of a bounded 
closed simply connected domain under a one-to-one bicontinuous 
(i.c. continuous in both directions) mapping. Further, the term 
surface will be applied to every union of a finite nuinber of simple 
surfaces. This also includes the case of self-interseecting surfaces. 
For instance. we can consider such geometric conligurations as the 
one shown in) Fig, 3.172. 

lf f(x. y) is a continuous fanetion defined in a bounded closed 
domain G the equation 

z ~ f (x. y) 


determines a simple surface. In fact. the mapping 


(x, y) «> (rt, y, f (x. y)) 


specifies a one to-one correspondence, continuous in both directions. 
between the points (xz. y) of the domain G and the points (x. y, 2) 
whose coordinales satisty the emanation > — f(r, yy @hech it up). 


Y—(182 4 
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Practically. in what follows we shall restrict our consideration 
to surfaces representable as a union of a tinite number of simple 
surfaces determined by equations of the form z = 7 (x. y). Lesides 
the condition of continuity, we shall usually impose some require- 
ments specifying the smoothness of the corresponding functions / 


rig. 3.12 


(the existence and the continuity of ils rst or first and second partial 
derivatives). Such conditions will be evplteitly stipulated when 
necessary. 


2. Paramctrization of a Surface. Although in mathematical ana- 
Ivsis we very often deal with surfaces detined by equations of the 
lorin 2 = f(z, y) or F (x, y. 2) = Oit is sometimes more convenient 
lo determine a surface by means of parametric equations. To write 
down a parametric representation of a surface we first introduee the 
notion of ceerdinates on a_ surface. 

Suppose there is a one-parameter family of curves* Iving on a stur- 
face ©. We shall say that the family is regular if. for every given 
point of the surface, there is one and only one curve belonging to 


Fig. 3.13 


the family which passes through the point. If there are two regular 
families on a surface such that each curve of one family has a single 
common point (point of intersection) with each curve of the other 
family and the curves are not tangent to each other at the points 
of intersection we sav that there is a svstem of parametric (coordi. 


* This means that each curve of the family is characterized by a certain 


Salite hE BSINg So Paramatine, 
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nate) curves on the surface. Let the curves of one family be determin- 
ed by the values of a parameter wu (we call them u-curves) and the 
curves of the other fanuly by the values of a parameter v (v-curves; 
see Fig. 3.13). By the hypothesis. for every given point of the sur- 
face, there is a single curve of one family and a single curve of the 
other family passing through the point. and therefore the position 
of each point on the surface is uniquely determined by certain values 
Ug and uv, Of the parameters uv and ve corresponding to the curves. 
The parameters u and ve whose values specify the curves are called 
(curvilinear) coordinates on the surface. 


Note. In § 6 of Chapter | we introduced curvilinear coordinates 
in a plane region (domain). Here we have repeated the construction 
but applied it to a curvilinear surface in space. The introduction 
of coordinates on a surface is obviously equivalent to the specitica- 
tion of a one-to-one continuous mapping of the surface onto a part 
of the plane where the Cartesian coordinates wo and v have been 
introduced. The parametric curves forming the system of coordinate 
curves on the surface are the images of the straight lines parallel 
to the coordinate axes in the «w, r-plane. 


fram ples 

1. A torus (anchor ring) is a surface generated by the rotation, 
in space. of a circle about an anis mm its plane but not cutting the 
circle. The position of a point on the circle can be determined by an 
angle q (0 q <0 2a) reckoned from an initial point. The position. 


Fig. 3.14 


of the circle itself can be specified by the angle of (urn reckoned 
from its tnitial position. Thus, the position of a current point on the 
torus is determined by the two angles q and ¢ independently varying 
within the litntts from 0 te 22. The curves ¢ = O and y 0 of the 
corresponding families of parametric curves are dapicted in Fig. 3.14. 
2. Leto a surface he represented bv an equation z= f (z. y). 
Jn other words. let there he a one-to-one correspondence between its 
points and the points of its projection on an x. y-plane. The curves 
whose projections are the straight lines x — const and y -= const 
form the corresponding families of coordinate curves on the 
surface o:- f xz, y) (see Fig. 3.15). 


(> 
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Mt is clear that there are various families of coordinate curves 
that can be constructed on the same surlace. 


eon =e e~w CO Oa {oi GED ame - 
) 


Fig, 3.15 


3. Parametrie Equations of a Surface. If some coordinates aw aud 
vy are introduced in a certain way ona surface © we can write a 3o- 
called parametric representation of the surface corresponding to the 
parameters «and eo Each point of the surface can be determined by 
cerlain values of the parameters uv and v but at the same time it 
can be specified by its Cartesian coordinates. Consequently. the 
Cartesian coordinates of the points of a surface, on which some 
curvilinear coordinates «mand v have been tntroduced, are funetions 
of the coordinates in the wu, v-plane: 


KX=x u,v), youylu.er)y, 3s Z(t, v) (3.30) 


The three scalar equations can be replaced by a single vector 
equation: 


r= r (ut, v) (3.30) 


where ro - zi + yj -i- sk. Mquations of form (5.50) or (3.30) will 
be referred to as parametric equations of the surface. 


Note /. When we writea parametric equation ofa curve the coordi- 
hales x, y, 2 are functions of a single parameter. An equation r. - 
= r(v.v) of a surface naturally involves two parameters since 
a surface is a two-dimensional geometric configuration. 

Note 2. An equation z — f (x, y) can be considered a special case 
of a parametric equation because, if we choose x and ¥ as paraineters. 
we can write 

r= zi-}-yytfirnuk 


F’rercise. Write the parametric equations of a torus (see example 1 
in Sec. 2) in coordinates qo and 4p. 

As vu rule. in what follows we shall consider surfaces represented 
by parametric equations. The function r (ee, ve) will be supposed 


CH. 3. ELEMENTS OF DIFFERENTIAL GEOMETRY 132 


u 


to be continuous together with its partial derivatives of the frst 
order with respect to vw and vc. In § do and in the subsequent sections 
of the present chapter we shall addiionally impose the condition 
of existence and continuity of the partial derivatives of the second 
order. 


4, Curves on a Surface. Consider a curve on a surface determined 
by equation (3.307). Ef a parameter ¢ is introdneed on the curve 
fhen. to each value of ¢. there corresponds a point of the surface. 
i.e. cerlain values of wand uv. Thus. the coordinates « and ue become 
functions of the parameter ¢ when considered along the curve: 


w--u(dt), v=u(t) 


These equations are the equations of the curve on the surface. Substi- 
lating them into the equation of the surface we arrive at a para- 
metric equation of the curve on the surface: 


r:- r(u (ft), v (¢)) (3.31) 


Couversely, substituting arbitrary functions of a single variable ¢ 
for the independent variables u and v into equation (3.30") of the 
surface we obtain the equation of a curve lying on the surface. 

Let us consider the tangent to curve (3.31). [ts direction is deter- 
mined by the vector 

dr vr du cr dv 


“dts au dt “du ae 


‘ : ; Or or 
which isa linear combination of the vectors a arial aA Satled base 


vectors (for the curvilinear coordinates in question). At each point, 
the veetors are tangent to the coordinate curves passing throngh 
or 
Ov" 
a. Tangent Plane. Consider all the possible curves lying on a sur- 
face and passing through a given point A/ and the tangent vectors 
to the curves at the point (see Fig. 3.16). Each veetor can be ex pres- 
sed linearly in terms of the vectors r, and or,, and hhence it lies in 
the plane determined by the vectors. This plane is said to be the 
tangent plane to the surface at the point 1/. Let us form the equation 
of the tangent plane. The vectors or, amlor,. iyving in the tangent 


s s e or 
the point. We denote them. for brevity. as rn, = a amd or. = 
¢ 


plane. the veetor N [r,. r-l is orthogonal to the plane. and lence 
the sought-for equation of the plane is 
to - rr, N)— 0 (3.32) 


where ris the radius vector of the point of langeney and pois the 
radius vector of the moving point in the tangent plane.* 


* Here and heneeforward we exclude frent onr consideration the points 
at wlchs Ir Yr i a 
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Now suppose that a surface is represented by an equation z = 
= f(z, y) which can be written in vector form as 


r= ix — jy -+ kf (x, y) 


Let us write the equation of the tangent plane to such a surface. 
We have 

r, =i-+ k/;, r,=j+ kf, 
and. consequently, 


N= [rey ty) = —ifs—ify +k (3.33) 
Substituting the vector i (zx — x9) + j (y — yo) + k (2 — Zo) for 
p — rinto equation (3.32) of the tangent plane, and expression (3.33) 


Fig. 3.16 


for the vector N, we obtain the equation of the tangent plane to the 
surface z = f (zr, y) at the point (29. Yo, Zo): 


Z— 39 = fx (X— Xo) + fy (Y — Yo) (3.34) 


where the values ef the partial derivatives fi and f; are taken at the 
point (Zp, Yo) (the projection of Lhe point of tangency (29, Yo. 29) 
on the z, y-plane). 

If a surface is determined by an equation F (z, y, 5s) = 0. deli- 
ning z aS an implicit function of z and y, we can write 


of OF 
OZ OL OZ Oy 
ox COO * Oy ~—SOOF 
Oz On 


Substituting these expressious for fy and f7 inlo equation (3.33) 
we derive the equation of the tangent plane to the sur- 
face F(z, y, z) =O at an arbitrary point (2, Yo, Z) (where 
F (ry. Yo: 29) = 9): 


(xz — 29) Fx + (Y — Yo) Py + (2 — 29) £2 = 0 


The values F;, #7, aud /; eutering into the formula are taken al the 
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6. Normal to a Surface. Consider a surface r =r (u, v). Let us 
find the direction cosines of the vector 


N = ([r,, rol 
perpendicular to the tangent plane of the surface r =r (u, v). It 
is called the vector of the normal (normal line) to the surface, which 


is a straight line passing through the point r = r (u, v) of the surface 
perpendicularly to its tangent plane. We have 


r= (2 oy =.) and y= (= oy =) 
uu" \@u* du’? @u Lav * dv’? ap 


and consequently the projections of the vector [r,, ry] are 


Oy oz Oz Ox Ox Oy 

du du ‘@u du “Gu au ~ 
A= Gy dz" B= ez dz \* [= Or ay (3.39) 

Ov Ov | dv dv Gv ou 


Therefore its direction cosines are respectively equal to the expres- 
sions 


(8S = ae ON ae 
VA2+ B2 + C2 


In particular, if a surface is given by an equation 
z= fj (Zz, y) 
or, in vector form, by the corresponding equation 
r=zi+yjt+tf/@y)k 


we have 
vals -  p_ ix! - 10 1 
“la J 7™ Fl of[= 7 ©=l04]> 
Thus, in this cuse the formulas for the direction cosines are 
cos (N, zr) = —— cos (N, y) = — 
Vi+ie+e Vien 


i 
Visi? 
7. Coordinate Systems in Tangent Planes. Consider a surface 
havine the tangent plane at each point W/. It. is sometimes convenient 
lo think of a surface as being covered by the “scales” formed of 


tangent planes. ‘Thus, the surface is interpreted as a curvilinear 
manifald which is the carrier af its tangent nlanes. the latter being 


cos(N, z) = 


(3.36) 
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the carried linear (plane) manifolds. Such an approach will he of 
use for studying the subject matter of this and the subsequent sections 
of the present chapter. 

Choose a pair of noncollimear vectors ¢, and e» in each tangent 
plane and consider them the base vectors of a coordinate system 
in the plane. Vhese base vectors can be taken at pleasure at each 
point. But if the surface is defined by parametric equations with 
parameters wand e we can construct a specific pair of base vectors 
generated in a natural manner at each point by the parametrie 


off ae 
representation of the surface. namely the vectors e, — a and 
Cte 
Or ae | 
CoS 5: If we fix a value v = vp of the parameter v and make 


v=const 


Pie. 3.17 
the parameter iw vary the radius veetor r (iu. Ug) describes the coordi- 
nate curve © — Up = const on the surface (Fig. 3.17). The tangent 


: Or 
veclor to the curve, i.e. OFF 


NX we « Or e . 
surface (see See, A). Similarly. the vector also lies in the tangent 
e : rf Z ” 


(u, Uo), lies in the tangent plane to the 


plane to the surface. As before, we suppose that only a single curve 
of each of the families « = const and v == const passes through 
every point. Therefore we have a uniquely defined pair of base 
vectors r,. r, in each tangent plane. If the vectors are different 
from zero they are noncollinear since, acearding to the hypothesis, 
the curves vu — const and v = const are at no point tangent to each 
other. Tlence. they may turn out to be collinear only when one of 
them or both vanish. In what follows we shall suppose that the 
paramelric representation is such that r, 4 0 and ry, 4~O on the 
piece Of the surface we are dealing with. 

Thus, every parametric representation of a surface with para- 
meters «and v generates a uniquely determined patr of base vectors 
©, ° Ty. C2 = r,. be. an affine coordinate system. in each tangent 
plane to the surface. _ _ 

If some other parameters wand v are chosen instead of «and v 
we obtain another sel of coordinate systems determined by the base 
vectors eC, — re and Co = re in the tangent planes. The transition 


from one parametric representation to another generates an affine 
fransformotien of coordinate syefeme 
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Actually. let 
usu (uv, v=zeu (u,v) 
be the expressions of the parameters u. rin terms of uw. v. According 


to the rule of differentiation of a composite vector function we 
obtain 


te, asl 
tae - Futs jy ly 
au Ou 9 97 
eJee ( 
: He Ov ( 
re c= 7 c~ 
ue Ov 


Consequently, the new hase vectors e; andes. are expressed in 
terms of e; and eg by the formulas 


= vid UL 
a See Co 
ut Cue 
Cm om / 
(9.3) ) 
= We , At 
Cy oo ~~ Uy ST U2 
fe av 


The formulas expressing the base vectors e; and eg as linear combi- 
nations of e, and es are similar to (3.37'). 


§ 4. DETERMINING LENGTHS, ANGLES ANID AREAS 
ON A CURVILINEAR SURFACE. 
FIRST FUNDAMENTAL QUADRATIC FORM OF A SURFACE 


There are inany physical, technical aud geometric problems involy- 
ing the computation of are lengths for curves lying on a surface. 
wovles Letween such curves and areas of various parts of the surface. 
Here we shall discuss these questions. The key idea of all the con- 
siderations given in §& 4 is essentially based on replacing an inttnites- 
imal element of a smooth surface by the corresponding element of 
ils angent plane. It is therefore expedient to begin with some formu- 
las and notions related to determining lengths, angles and areas 
i the plane. 


f. Affine Coordinate System in the Plane. Consider a plane and 
a pair of noncollinear base vectors e, und eg lying in it. Every vector 
In the plane is expressible in the farm 
r— Ey 7 S2@o 

Let as find the square of the Jenyth of the vector r. We have 

cc ‘ ‘ pee e 1 ee aes 9 *o 

] a fe r)=35) (C4, ©y) FE ySe (C4, Co) = & (a, 3) 
Introducing the notation 


4 s — (@, ec.) Fav = (e, y ee.) Bao i@., a) : ) 
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we rewrite the last relation in the form 
r? = gyyEl -!- 2b En — goats (3.35 ) 


The quantities g,;, g;. and go. (referred to as metric cocfficients) 
are specified by the choice of the base vectors ec, and eg. It can be 
easily shown that the lengths of the vectors Iving in the plane. 
the angles between the vectors and the areas of the parallelograms 
constructed on the vectors are expressible in terms of these quantities 
(and. of course, in terms of the coordinates of the corresponding 
vectors). Indeed, the expression for the length r of the vector r is 
obtained from formula (3.38). Further, if 


r= E,e,; + E.e2 and op = ye, + Noeo 
we have 


(r, e) = 211514 — fiobiNo -- P1280, te LoeteNa 


Now applying the formula 

(r, P) 

Iellel 

we can express the angle between the vectors rand o in terms of 
their coordinates and the coeflicients g;,. 


Finally, let us find the area S of the parallelogram constructed 
on the veetors rc and op. As is well known, 


COS (r, 0) — 


S = |[r, ol | 
and therefore 
S = | lEye, + Eseo, yer -i- Noel | = | eime — Sam | | ley. eel | 
ut 
| [e1, €2) |] =] er|]e2| sin (ey, ey) =] e, |) e2| V1 —cos? (e,, Cy) = 
== V ce? — (e;, €2)° = V gugee — £3, 
Consequently, 


S = V gngex— gio | M2 — ay | 


Thus. we can really find the lengths, the angles and the areas on the 
plane when the quantities g4;, 2:2 and goa are known.* 


* We somctiimes use the notation 
s — (e1, e;), fr == (e;, @.), C= (eo, C2) 


Vulling gor = gso2 we can also wrile the quantlilies gy, (a a = 1, 2) im the 


lorm ot a matrix 
be | 
Gre an 
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2. Are Length of a Curve on a Surface. First Fundamental Quad- 
ratic Form. Let us be given a surface 


r = r(u, v) 


Compute the arc length of a curve lying on the surface. Taking the 
arc length of the curve as the parameter we can write its equation 


in the form 
r= r (u(), v(2)) 
The vector heing of unit length, we have 


dl 
dl* == dr? 
But 
dr = r, du + vr, dv 
and consequently 


di? — ri, du® + 2 (r,, r,) du dv -+ r3 dv? 


Making use of the notation 


fi = ave E12 = Gare Fis)s §22 >= rS 
we obtain 
di? = @,, du* 4- 29,5. du dv 4- go. dv? (3.39) 


This expression is a quadratic form (in the variables du and dv) 
which is apparently positive definite*. It is called the first funda- 
mental quadratic form of the surface r = r (u, v). The coefficients 
£1 Brg and Zo of the form are obviously the ones corresponding to 
the base vectors r, and r, in the tangent plane lo the surface at the 
point in question. The coefficients may vary as the point moves 
on the surface. Besides, they are of course dependent on the specific 
choice of the parametric representation of the surface. 

Lhe first fundamental quadratic form of a surface provides the 
expression for the length of an iniimitesimal are. [The length of 
a finite curve lying on the surface is obtained from it by integration. 
More precisely, if a curve on a surface is given by equations 


u=u(tl), vevi(t), 4.2 < te 
its length is equal to 


le ee, ae ae ee ee 
day2 , dui du dv \2 
L— | / en(“) + 2g Te oP + gen (G, at 
fy 


(the quantities g1;, S12 and goo become functions of the parameter ¢ 
when the current point moves along the curve). 
‘al 
* A quadratic form ™“'  a;,£;£, is said to be positive definite if 
—_—d Ld so 
1, k=l 


7” 
> QinsSisr o> MN for all St: 3, oes = excep = =e 32 ee ee c = (1, 
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Examples 

{. Let. in the plane. there be given a coordinate system determin- 
ed by two mutually orthogonal unit vectors e, and es. Tf rp is the 
radius vector of the origin of the coordinates the radius vector of an 
arbitrary point is equal to 


r= lf + eh +> Cov 


We have thus obtained a parametric representation of the plane. 
the parameters being the Cartesian coordinates uo and. vu. 
In this case we have 


Tr. Oy. Py On Bi =H 1, Bie = OO. Boe = 1 


and consequently the first fundamental quadratic form of the plane 
represented parametrically by means of its Cartesian coordinates 
is written as 

di? = du? .- dv? 


In this example the tangent plane coincides with the surface 
(which is also a plane) at all the points, and the pair of base vectors 
gonerated in each tangent plane by the parametric representation 
coincides (to within a parallel translation) with the base vectors e, 
and e@s2 chosen in the plane. 

2. Introduce polar coordinates » and ~ in the plane. Then the radius 
vector of an arbitrary point can he written in the form 


r= rg -+ 9 (e; cos Pp + e28in q) 
Where e, and eg are again mutually orthogonal unit’ veetors. This 


is the equation of the plane represented parametrically by means 
of polar coordinates. Here we have 
rp = ¢; COS | + C2SIN G, Te = Pp (—e, sing -|- e2 Cos q) 
and consequently 
oe oes (Tp, Tp) ao oh fo. > ee ro) = (), 
Boo = (ty, Te) = 07, AP = dp? + p? dy” 


3. Consider a sphere of radius a and take the longitude q@ and 
the latitude 0 as the paramelers on it* (see Fig. 3.18). The equation 
of the sphere in the coordinates ¢ and 0 is of the form 

r= rq | e{(icos yg + j sing) cos 0 + k sin 0} 
(check at up). It follows that 
rg -= —a(icos gq -; j sin q) sin VU -- ak cos O 
lp a({(—ising |. j} cos q) cos 0 


: : -f 
* Let the latitude 0 be reckoned from the equator, ice. ~ > SOS 7- 
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and hence here we have 
di? = a? (d0? -!- cos®? 0 dy”) 
4. lf a surface is given by an expression of z as an explicit function 


z= f (x, y) 
that is 
r= ri ~ yj + f(z, y) k 


we can write the relations 
Pee is Klee tee bak, 
and, consequently, 
dl? = (1 fie da? 5-2i3,f, dxdy i (1 i fy) dy” 


Exercise. Write the first fundamental quadratic form for a torus 
in the coordinates q and y (see the exercise in § 3, See. 3). 


Fig. 3.t8 


3. Angle Between Two Curves. The angle between two intersecting 
curves is, by definition. the one formed by their tangent tines at the 
point of intersection. Suppose two curves lying on a surlace have 
a point in common. Let du and du be the differentials of the coordi- 
nates corresponding to a displacement trom the point of intersection 
along one curve, and 6u and 6v be the differentials of the coordinates 
corresponding to a displacement along the other curve. The displace- 
ment vectors can be written as 


dr =r, du -7- r,dv, dr=r, 64 = r, 6v 
The angle @ between them is determined by the formula 


(dr, dr) 


sO = ——_.—_ 
COS q [ar || or] 


[In particular, the angle wm between the coordinale curves, thal is 
between the vectors r, amd r,. is determined by the fornada 


K42 


COS @- - "ieee 
. Pa a Fines 
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If gy. = O the coordinate curves on the surface intersect at a right 
angle. In this case we have so-called curvilinear orthogonal coordi- 
nates. The first fundamental quadratic form is expressed, in ortho- 
gonial coordinates, by the formula 


dl’ = gy, du? + go. de® 


4. Definition of Area of a Surface. The Schwarz Example. We 
how proceed to study the notion of area for a curvilinear surface. 
Before discussing the ways of computing the area we must give the 


Pani / 


definition of the notion. It is introduced as follows. Let 2 be asmooth 
surface bounded by a piecewise smooth contour Z. Break up the 
surface into “elements” X%,, i= 1, ..., N, by means of a finite 
number of piecewise smooth curves lying on the surface, and choose 
a point 1/7; in each part. Next draw the tangent plane to the surface 
2 through each point M; and project the elements *, on the corres- 
ponding tangent planes. We thus obtain syuarable figures S; in the 
tangent planes (Fig. 3.19). 


Definition. The area of the surface & is the limit (provided 
it exists) of the sum of the areas of the projections extended over all 
the elements >; of the partition {*;} when the mazimal of the 
diameters of the elements tends to zero. A surface for which the limit 
exists is said to be squerable (rectifiable). 


One may think that it would be more natural to define the area 
of an arbitrary surface = as the limit to which the areas of the surfaces 
of the polyhedrons inscribed in 2 tend, on condition that the maxi- 
mal of the diameters of their faces tends to zero (by analogy with 
the arc length of a curve which is the limit of the lengths of the 
broken lines inscribed in the curve). But as early as the 19th century 
it was found that such a definition was inconsistent. Consider the 
following example of Schwarz*. 

Let us inscribe a polyhedron in a cylinder of radius A and altitude 
/? in the following way. Divide the cylinder into m equal parts by 


Fig. 3.19 


: : : [f 
nieans of horizontal planes, the altitude of each part being = 


(see Fig. 3.20). Break up each of the m !- 1 circles appearing in the 
seclions (including the upper and the lower bases of the original 
cvlinder) into 2 equal parts so that the points of division of each 


* Schwarz, Hermann Amandus (1843-1921), a German mathematician. 
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circle are placed above the midpoints of the arcs of the adjacent 
circle. Now take two neighbouring points lying on a circle and the 
midpoint of the corresponding arc of the nearest circle lying above 
or below the circle and construct a triangle with vertices at the 
three points. The union of these triangles is a polyhedral surface 
shown in Fig. 3.21. 

If now rz and m are infinitely increased the Sizes of all the triangles 
(which are the faces of the polyhedral surface inscribed in the cylin- 
der) tend to zero. But the total area of all the triangles by far not 


always tends to the quantity 2x R/7 which is the lateral surface area 
of the cylinder. Depending on the way x and m are varied the total 
area can increase unlimitedly, tend to a finite limit different from 
2nRi or have no timit at all. 
In fact, simple calculations show that the area of one triangle 
(for given m and nm) is equal to 
2, TU 5 ff \2 1\- 
# sin — yY (=) + RR? (1 — cos =} 


The total number of these triangles is obviously equal to 2um 
and therefore the sum of their areas is 


o. 4 2 
On. m= dfn sin a |/ H*-+ R2m? (1 —cos— ) (3.40) 


If now nm and m tend to infinily so that m increases faster than n? 
expression (3.40) increases unlimitedly. If 2 and m vary in such 


a way that the ratio ~ tends to a finite limit @ we have 


4 


. I . A nm 
lim m{i—coxs—)= lim m2sin* — =-—q 
n n xs 


mt, m—+00 nN. ™—+0o 2 


and, consequently, 
lim On, n— Pn kh V -|- th q" 


f 
wn” Sos eee We va) 
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Selecting g in an appropriate manner we can make the limit be 
equal to any number greater than 2a 2/7 (or equal to it). t-e. lo any 
number greater than the “true” area of the lateral surface of the 
cylinder. The true value of the area is oblained only in the case 
gq = VU. 1.e. If m increases slower than n?. 

Thus. the attempt to determine the area of a curvilinear surface 
by means of inscribed polyhedrons has failed even in the case of 
an ordinary circular cylinder. Hence, this method of delining the are 
length of a curve is inapplicable to the area of a surface. This admits 
of a simple explanation, When the fineness of a partition of a curve 
(which is supposed to be smooth) is small enough the direction of 
the chord joiuing two neighbouring points of division is close to 
the direction of the tangent drawn at any point of the corresponding 
are. But this is not the case for a surface. Indeed. a polyhedral 
plane area of arbitrarily small linear sizes can have all vertices 
lying on a smooth surface and at the same time the angle between 
the wormal to the polyhedron and that of the surface can be large. 
lt is apparent that such a plane element cannot serve as a good 
approximation to the corresponding curvilinear surface clement. 


This is just the case in Schwarz’s example: if q = = is large the 
triangles forming the inscribed polyhedral surface are almost per- 
pendicular to the lateral surface of the evlinder. The polvbedron 
composed of them forms a crinkled surface. This is why the area 
of such a polyhedron can be many times that of the lateral surtace 
of the cylinder. 


>. Compuling Area of a Smooth Surface. ln the foreguing section 
we have introduced the definition of the area of a curvilinear surface. 
We are now going to prove the existence of area for a smooth surhiee 
and deduce a formula for practical computation of the area. 


Theorem 3.f. Let a parametric equation 


r (tu, v) 


determine a smooth surface % bounded by a piecewise smooth contour. 
Then the surface ts squarable and its area is equal to 


o= (| V Bufo — #2, du dv (3.41) 
FD 


where £44, Byo and Zo. are the fundamental coefficients 
(qeantities) of the first order of the surface, ic. the coej- 
ticients of ifs first fundamental quadratic form, and D ts Me range 
af the variables uw and v. 


Proof. Break up the surface 2 into parts 2X; (é eae 2 
Choose a point 7; in each part and draw the tangent plane at it. 
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Next. introduce, in each tangent plane, a local coordinate system 
with origin at the point ./;, the nurmal to the surface at the point 
being taken as a z-axis and the tangent plane as an x. y-plane. The 
coordinates z, y and z of an arbitrary point of Uhe surface +; can 
be written as functions of vw and u: 


xz=xr(u,v) yuyu), c= lu, vr)* 


The projection of the surface 2; on the tangent plane at the point J; 
is determined by the equations 


r=2(l,v), yoyl(uvy. s=9 


Taking advantage of the expression for the area of a plane figure 
in curvilinear coordinates (see Chapter 1, § 6) we can wrile down 
the area of the projection in the fori 
ae \ | dude 

D 


i 


ty Ze 


u v 


where D,; is the range of the variables v, eas the point (2, y, 3) runs 
over the clement 2,;, the sign +- or —being so chosen that the 
whole expression is positive. 

The quantity 
Lave 
Yu Ye 


can be expressed ina form irrelevant to the particular choice of the 
coordinate svslem, namely 


——? 


Zu Fy} : ’ i 
=|I[ru, ry] | 
Ju Yn 


If the surface elements ¥; (and, consequently, the domains /;) 
are sufficiently small we have 


\\ [tras rol [dee ts = {Tras Pel [wang wee; 0) 


D, 


=e 


* More correctly, we should have written z= a; (u, ve), 4 = ye (uy v), 
z= 5; (u, v) because these equations are associated with the ith coordinate 
system corresponding to the tangent plane and the normal at the point As;. 

** Let r; be the radius vector of the point AZ; in the original coordinate 
system in which the surface © has the parametric equation ro- or (Qe. vj). Deno- 
ting the radius vector of a point Af (belonging to an element ©;) in the local 
coardinate system as p we cag write ree or, foo. The vector r, being considered 
fixed (and thus independent of « and cy), we have r,  p,. Pe. = 9, and hence 
indeed 
Tn In 


Ya By 


where xr, y (and z) are the coarndinates of p relative ta the local coordinate sys- 
tem.- -7r. 


-4- 


= [leas Pell = Tbe Ted | 


10- GR24 
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where d; is the area of the domain D,, uv; and uv; are the coordinates 
of the point AJ; and max e; — O when the partition of the surface 2 
isinfinitely refined. Therefore, the sum of the areas of the projections 
of all the subdivisions =, of the surface = on the corresponding 
tangent planes is equal to the expression 


~~ 


¥ 


> {| [Tur Fy] | lu=u,. t=; ait ed; (3.42). 


It is the limit of — expression, as the een of the partition 
of the surface tends to zero, that has been called the area of the 
surface. The limit exists and equals the integral 


\| (ru. re] | duedv 


| aed 


because the first term in (3.42) is an integral sum for the integral 
and the limit of the second term is zero. To complete the proof we 
must show that 


| [Tu, re) | = V £11222 — £2 (3.42) 
Let w be the angle between the vectors r, and r,. Then 
l (re, ry} [=]rul|ro] sino =|r,]] ro] ¥ 1— cos? w == 
and thus the theorem has been proved. 
q 


Note 4. We have already dealt with the vector [r,, ry] (see § 3, 
Sec. o). As has been shown, its projections are 


Oy oz Jz Ox Nr Oy 
Ou du @u du © ou dtl 

= ed . cd = 
A Oy dz’ dz @ as C | Ox Oy 
Gv vt |] dv at | | vy oe 


(where zx, y and 2 are now the coordinates of r in the original 
coordinate system) and hence the length of the vector is equal to 


Consequently, formula (3.41) for the area of a surface can be 
rewritten as follows: 


=} VY A? + B21 C* du dv (3.41°). 
D 
Nole 2. The geometric meaning of forniula (3.41) lies in the fact 


thal the aieniont of integration V gy,f0.— #22, du de coincides. to 
within jofinilesimals of higher order, with the area of an “infinitesi- 
nel parallelogram” cut ant of the surface Y by two nairs of coordi- 
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nate curves &% = Uo, WU = Up + du and U = Uo, V = Vo + au drawn 
infinitely close to each other (see Fig. 3.22). In fact, the vertices 
Po, Py and P., of the parallelogram have the curvilinear coordinates 


: 9 
Fig. 3.22 


(9, Vo), (Ug + du, vo) and (to, Vo -i- de), respectively. Therefore, 
we have, to within infinitesimals of order higher than the first, 
the relations 


PoP; = 1r,du and Pols = r,dv 
The area do of the parallelogram constructed on the vectors Po? 
and PoP, is equal to the absolute value of their vector product: 


do = |[r,, r,] | du dv 
Finally, by virtue of formula (3.43), the last expression can be put 
down as 
do = V 811822 — &, au dv 
Let us consider some important special cases of formula (3.41). 
If a surface 2 is given by an equation 
z= f(x. y) 
expressing z as an explicit function of z and y we can write, as has 
heen shown (see Sec. 2, example 4), the formulas 
2 ee 2 
Brits, geHfefy and go=1+fy, 
whence 
— ara aoe | 
V éng2— 82, = V1 thx thy 


Thus, the area of a surface z=/(z, y) is expressed by the formula 


Ga || V 14 /04+f) dxdy (3.44) 
“D 
where D is (for this particular case) the projection of the entire 
surface 2 on the zx, y-plane. 
Note 1. Since we have 
fe ee 
VV 1+ fr 4- fi eC 
{L¢ 
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(see § 3, Sec. 5), formula (3.44) can also be written in the form 


a { dz dy 
= cos(N, 2) 
D 


This formula admits of a simple geometric interpretation: the area 
of a surface clement is equal to the area of its projection on the 
x, y-plane divided by the cosine of the angle between the nermal 
to the element and that to the x, y-plane. 


Note 2. f a surface Y is composed of a finite number of pieces 
each of which is representable by an equation of the form z = 7 (zx, ¥) 
its area can be found by applving formula (3.44) separately to each 
of the pieces. 


Example. Find the area of the part of the paraboloid z = x? -j- 1? 
cul out by the cylinder 2* + y? = a?. 


Solution. Vhe sought-for area is equal to 


o= V 1-422 + 4y?dedy 


abdee 
Passing to polar coordinates we obtain 


2n 


=sy J 4a?" — 1 dg -- 2 4a? 4 1° = 1) 
0 


Suppose now thal a surface is determined by an equation 
F(z, y, 2) = 0 expressing an implicit functional relationship bet- 
ween zg and the variables z and y. If the surface is such that it is 
possible to solve Lhe equation tn 2, which is equivalent Lo the require- 
ment that every vertical (i.e. parallel to the z-axis) straight line 
has at most one point in cominon with the surface, we can apply 
the rules for differentiation of an implicit function and thus write 


OF oF 
a “Oz OL “Oy 
art a ae 

2 92 


Substituting these expressions for f; and fj; into formula (3.44) 


we derive 
- (oy Hae et 
( |. 5.) dy } NN @z 


|| 


sta 


' 


D 
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tlLere again. as in formula (3.44). the integrand is nothing hut the 
reciprocal of the cosine of the angle between the normal to the surface 
and the z-axis. 


Exercise. Determine the area of the part of the conical surface 
x? -|- y? — 27 = 0 lying inside the cylinder z? + y? == a’. 


Answer. 6 = 2 V2 na’. 


§ 5. CURVATURE OF CURVES ON A SURFACE. 
SECOND FUNDAMENTAL QUADRATIC FORM OF A SURFACE 


In the foregoing Sections we deduced the formulas for computing 
lengths of curves on a surface, angles between the curves and areas 
of surfaces. But these quantities do not completely characterize 
the shape of the surface. For instance. a cylinder and a plane are 
obviously different surfaces allhough a cylinder can be rolled out 
on a plane so that all the angles, lengths and areas are preserve. 
To investigate the shape of a surface we shall apply the following 
method: we draw all the possible plancs passing through the normal 
lo the surface at a given point and consider the shape of the sections, 
i.e. the plane curves (called normal sections) thus obtained. 


{. Normal Sections of a Surface and Their Curvature. Let us take 
a sutface 2 determined by an equation 


r= _r (tu, v) 


Here and henceforward the vector function r (wv, v) will be suppos- 
ed to be doubly continuously differentiable. Choose a point Aly 


Fig. 3.23 


on the surface and define a certain direction on the normal to the 
surface % at the point AZ, i.e. draw a unit vector n along the normal 
line. Let y be one of the normal sections passing through the point 
Mfg. Then the curve y lies in a plane passing through unit: normal 
vector nto & at the point J7, (Fig. 5.23). Thus. y is a plane curve, 
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its shape in the vicinity of the point Av, being completely charac- 
terized by its curvature #& at the point and by its direction of con- 
cavity (relative to the chosen direction of the normal, at the point 
My, specified by the vector n). To compute the curvature of the 
curve y write the equation of the curve in the form 


r=r(u(l), v(2)) (3.46) 
Where / is ils arc length and apply the first Frenet-Serret formula 
hd Fe 
ai an °* 
It follows that 
oo — 
k=(S5, v) (3.47) 


The unit vector v is apparently in the direction of the normal to 
the surface 2 at the point A/, and, consequently. it coincides with 


Fig. 3.24 


n in case the direction of concavity of the section y coincides with 
the direction chosen along the narmal to XS or differs from n in its 
sign if these directions are opposite. In order to take into account 
both the value of the curvature and the direction of concavity of 
the section y we introduce the quantily 


k= (+. n) (3.48) 


which will be referred 10 as the normal curvature of the surface 2 
at the point Af, in the direction of the section y. Jt is clear that 
k= |k |. If the plane in which the section y lies is rotated about 
the vector n the normal curvature & = k (y) may vary. Its varialion 
indicates not only the shape of the norimal section but also the 
direction of its concavity. For instance, if a surface is of the form 
of a saddle in the vicinity of the point AZ), as shown in Fig. 3.24, 
we have a positive normal curvature A, fur Lhe seclion y, since the 
veclor v, of the principal normal to y, coincides with n and a negative 
normal curvature ky for the section ye. since vz = —n. 


CH. 3. ELEMENTS OF DIFFERENTIAL GEOMETRY 1951 


In what follows we shall always consider normal curvature (3.48) 
but not the curvature defined by formula (3.47). This normal cur- 


vature will be denoted by the letter / instead of &- 
The quantity 
{ 

R= 
is known as the radius of normal curvature of the surface = (at the 
corresponding point and in the given direction). The nonnegative 
quantity | 22 | is obviously the radius of curvature of the corres- 
ponding normal section. Since A&A may vanish the quantity 2 may 
assume infinite values. 

Let us now derive a formula for computing the normal curvature h. 
For this purpose we take advantage of equation (3.46) of the curve y 


d2r 
ancd calculate — 


za For brevity, we introduce the notation 


o-e a 0-r = dr 
27 uv" du dv ' Co du 


From equation (3.46) of the curve y we deduce 


d*r sd (r dis dvy 

diz dt eG tear) = 
du\2 du dv . re \ du a"y ; 
=tuu(Gr) +200 Gear tte (ar) trae tig 3-49) 


The vectors r, and r, lie in the tangent plane and hence they are 
orthogonal to n, that is 


(tus n) = (rp, n) =0 


Therefore, substituting expression (3.49) for x into formula (3.48) 
we obtain 


du\2 ud dv \2 
== (uu, n) (=) +2 (Tuo; n) —-+ (Too; n) (=) (3.90) 


2. Second Fundamental Quadratic Form of a Surface. Let us 
transform formula (3.50) for the norinal curvature to another form 
which is more convenient. Introduce the notation 


Oy = (Cun, 1), O42 = (Kuo 1), Ong = (Foy, M1) (3.51) 
and rewrite equality (3.50) as follows: 


4 by, due .|-2by. du dv +- boy dv ae 
a .. et 2 
noel ee di? (3.92) 
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Here we have the expression di’, i.e. the first fundamental quadra- 
sic fori of the surface, in the denominator. The numerator is also 
a quadratic form (in the variables du and dv). It is called the second 
fundamental quadratic form of the surface and plays a very impor- 
tant role (together with the first fundamental quadratic form) in 
the theory of surfaces. In what folluws. the second [fundamental 
quadratic form of a surface will be deneted by the svinbol qs. 

Thus, we have 


po = Oy; adi? -- 2by5 du dv aie bos dv" 
Where 6:;, &:2 and boo are determined by relations (3.51). 
Nranmple. ‘lake a surface defined by an equation 


a4 => i (x, y) 
or, in vector form, 
r=czi+yj+/f/({z, y)k 
liere we have 


Pia J.k, Pey=fxyk and ryy= fpyk 
Consequently, 
bi, — Fixx COS (ND, 3), big = fay, cos(n, 3) and bye =f, cos (Nn, 5) 
that is 
Qo = (fyx dx? + 2fry dx dy -:- fy, dy”) cos (n, 3) (3..0:3) 


Thus, in this case the second fundamental quadratic form is, lo 
within the factor cos (n, 2). the sum of the second-order ternis in 
the expansion of the function z = f (x, y) by Taylor's formuta. 


Note. As has been chewn, the first fundamental quadratic form 
of a surface determines its “metric”, i-c. such quantities as lengthis, 
angles and areas which are found by means of the form. The compu- 
tation of these quantities is in fact based on the replacement. mi the 
first approximation, of an infinitesimal surface element by the 
corresponding element of its tangent plane. The second fundamental 
quadratic form of a surface characterizes the measure of the rate 
at which the surface turns out of the tangent plane drawn through 
its point in the vicinity of the point. 

To prove this, let us find the distance from a point 7, of a surface 
x, lying close to a given point Af,, through which the tangent plane 
to 2 is drawn, to the plane (see Fig. 3.20). Consider a normal section 
passing through the points WM, and AZ. The sought-for distance is 
apparentiy equal to the distance AZP front AY to the tangent line 
to the curve y. This distance is equal, to within infinitesimals of 
higher order (see § 2, Sec. 6), to 


ks hk di? = - (f4, dia” ; + 2b 40 du dv + bys du*) 
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the sign of the last expression indicating the direction in) which 
the surface is turning out of the tangent plane. 

It. is possible to give a definition of the second fundamental quad- 
ratic form of a surface (equivalent to the definition given above) 


Fig. 3.25 


proceeding from the problem of calculating Lhe distance from a point 
of the surface to the tangent plane drawn through another point 
taken close to the former. 

Exercises 

1. Prove that the second fundameutal quadratic form of a plane 
is identically equal to zerv for all the possible parametric repre- 
sentations of the plane. 

2. Find the second fundamental quadratic form of a torus in 
coordinates ~ and y (see Example 1 in § 3, Sec. 1). 


| 
k 
responding lo a normal section yp ata point Af, depends on the diree- 
tion in which the section y is drawn. To represent the dependence 


3. Dupin Indicatrix. ‘The radius of normal curvature 2 = cor- 


Fig. 3.26 


in a visual manner we can apply the following technique. Lav off, 
from the point 179, in all the directions on the tangent plane, a radius 
veclor p whose length is equal to V | #@ | where & is the radius of 
normal curvature of the surface in the corresponding direction. 
The vector can obviously be written in) the forn 


o=V [Rit 
where tis the unit tangent vector to the normal section in question. 


The locus of the tips of the vectors is a curve Iving in the tangent 
plane to the surface = at the point WW, (Fig. 3.26). Tt is called Du- 
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pin’s* indicatrix of the surface & at the point. Let us deduce the 
equation of the Dupin indicatrix. 
Take the vectors r, and r, as base vectors of the coordinate system 
in the tangent plane. We have 
Ln du , ‘ du 
al ar Oe 
and therefore 
dtu 
e=ViRi Sau+ViRIS 
Lhat is each point of the Dupin eudieatvns has the coordinates 


E=VIR[S and y-VIRIS 


relative to the basis we have chosen. 
Next Wwe “me advantage of the relation 


du\2 duodev, du \= 
a = bu (SF a) {+ 2byo St + bas (| 


Multiplying it _ | 22] we see that 
du ye ; ————~ fit (ae 
by (WTR SA) + 2b (Vi RI) (VIR IS) + 
/TR Mey =e 
+ be (VIR |G) = 5! 
which implies that § and y satisfy the equation 
Die t.. 2b yesy -*- bao)" cay + | (4.5-4) 
This is an equation of a central curve of the second order with 
centre al the origin of coordinates.** 


Thus, Dupin’s indicatrix is a central second-degree curve with 
renlte at tlie corresponding point of the surface *** 


Principal Directions and Principal Curvatures of a Surface. 
Equation of Euler. The Dupin indicatrix being a central curve of the 
second order, we can pass to its principal axes, i.e. replace the 
base vectors r, and r,, if necessary, by a pair of anil base vectors 
lying in the tangent plane which are inutually orthogonal and such 
that the equation of the Dupin indicatrix in the new coordinates 
does nol contain the terms with the product of the coordinates. 
The new base vectors must be in the directions of the principal 
axes of the Dupin indicatrix. We shall call the latter the principal 
directions of the surface (at the point tn question). 


* Dupin, Frangois Pierre Charles (1784-1875). a French rnathematician. 
** This is implied by the fact that there are no first-order terms in the 
equation. 
**«*« More precisely, there are bwe such curves here. namely 4), 5° 2h oty -- 
baer? = bo and bypst  Qypasy baa? = 1 whose eqnations only dilfer 
in the signs of their constant terms. For more detail concerning the shape ol 
the Dupin tndicatrix see See. 7. 
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lor such a choice of the coordinate system in the tangent plane, 
the equation of the Dupin indicatrix takes the form 


px? -- qy® = 4! (3.95) 


Let @ be the angle between the principal directron taken as the 
direction of the z-axis and an arbitrary normal section. Then we 
ohviously have 

z-=V|R {[cosg¢, y=V[R [sing 


where /? is the radius of curvature of the corresponding normal 
section. Substituting these expressions of z and y into equation (3.55) 
and bearing in mind that the right-hand side of the equation is 
equal to the ratio of | #R | to R we obtain 

2 . 1 = 

pcos’ @-{-gsin’ p= a =k (3.96) 
1 1 

Denote by 4, = he and ky = aR the normal curvatures correspond- 

e e e 1 e e 2 ° o s e e 
ing to the principal directions of the Dupin indicatrix at the point 
under consideration. These quantities are referred to as the principal! 
curvatures of the surface at the point. The principal directions are 

Z o) : 

determined by the values @ =: Gand p = + in the coordinate system 

we have chosen in the tangent plane. Consequently, we have 


Ky =p, ke = 
Therefore equality (3.60) takes the fori 


ki = k, cos? :p-i- hk. sin? ¢ (3.57) 
or 

1 t a aeree ees 

= Rr 98" P+ z-sin® (3.57') 
Formula (3.57) or (3.57') is known as the equation of Euler*. It 
expresses the normal curvature in an arbitrary direction in terms 


of the principal curvatures. From the equation of Euler it iminedia- 
lely follows that the principal curvatures are the extremal values 
of the normal curvature. Indeed, if A; = 42, the quantity A is inde- 
pendent of @m, and all the directions can be regarded as being extremal 
in this case.** But if A, 4 ke we can put, for definiteness, ft, 7>- Ao, 
and then &, — ky >> O and the equation of Euler can be rewritten as 


ke == (hk, — ke) cos? q + ke (cos* m + sin? yy) = 
= (hk; — ko) cos* :~ 7- Ke 
which shows thal A, 2 & 2 ke for every w. 


* Euler, Leonard (4707-1783), a great Russian mathematician (a Swiss 
by birth). 
*«* A point on a surface at which &,; = 4, + 0 is said to be an umbilical 


(circular) point of the surface. It can be shown that the only surface whose all 
points are umbilical is the sphere. 
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The extremal properties of the principal curvatures provide 
a convenient practical method for computing them. 

5. Determining Principal Curvatures. Equation of Kuler (3-97) 
makes it possible to visualize the dependence of the normal curvature 
A (~) on the direction specified by the angle g¢. This functional 
relationship is represented graphically in Fig. 3.27. It shows that 


& | 


2 

: rs4 ft Ii Lit # 

Pig. 3.27 2 — 

for every given Ay. A, >= hy A. there exist four values of the 
angle q@ for which & (q) = Ay. Since the angles which differ by x 
define the same direction. there are two normal sections corresponding 
to each &> for which the normal curvature is equal to 49. But when 
hig = ky or kg = kk. the two normal sections merge into one. 

In other words. the principal curvatures are the values of the 
normal curvature such that to each of them there corresponds one 
and only one normal section of the surface. Formula (3.52) defining 
the normal curvature as a funclion of the direction can be rewritten 
as follows: 


(bi, — Agyy) du? + 2 (bye — hgy.) du dv -- (on — Aves) dv? = 1 


Now. dividing by dv? and putting = ?¢ (where the value f 


UY 


determines the direction of the section) we obtain 
(Dy, — Keeyy) 2 — 2 (by2 — heya) t+ (bon — keen) = 0 (3.58) 


According {o the above discussion, this quadratic equation (in 2%) 
has a stngle root and not two distinct roots if and only if the para- 
moter A entering into (3.58) takes on the values of the principal 
curvatures. Then the corresponding values of the single root ¢ deter- 
mine the principal directions, Furthermore, for this being so it 1s 
necessary and sufficient that the discriminant of equation (3.58) 
turn mto zero. 

Thus, to find the principal curvatures we must solve, in ik, the 
following equation: 


(Dy2 — Agya)® —- (by, — kegys) (O02 — kf22) = 0 (3.59) 
OV 


Oa “> KBs Or — N12 — (} (3 59°) 


bia — hgie bos — KB oe 
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6. Total Curvature and Mean Curvature. In many cases il is more 
convenient to consider the product 
A =k ko (3.60) 


ana the half-sum 


H = 5 (ey + ha) (3.61) 


instead of the principal curvatures hk, and kz. The quantity A’ is 
called the total (or Gaussian) curvature of the surface, and // is 
referred to as ils mean curvature. 

Quadratic equation (3.59) imuinedialely implies the formulas 


byyb22 — bjs if __ §snb22 — 212012 + k22P 11 (3.62) 
811800 — Bits : 2 (811822 — £72) 


iHa2ample. Compute the total and the mean curvatures for the 
hyperbolic paraboloid z = z* — y?. 


Solution. We have gy, = 1 -+ 427, go = —4zy, goo = 1 + Ay’, 
by, = 2. bye =O and boo = —2. Ilence, 
4 4 (r*— y*) 
K= — 1-422 -|-4y2’ 4 Ax? t- Ay 
In particular, we have A = —4 and 4 =O at the origin. 


7. Classification of Points on a Surface. We lave attributed a 
certain plane curve, namely the Dupin tndicatrix, to each point 3/4 
of a surface = delined by equations involving doubly differentiable 
functions. “As has been shuwn, the equation of Dupit's indicatrin 
can be transformed to the form 


Aya* + hey? = +1 (3.00) 


where k, and #&, are the principal curvatures of the surface at lhe 
point AZ,. The type of curve (3.63) depends on the sign of the pro- 
duct k,k,. Let us consider ihe pussible cases. 

(1) Akg SO. We can put, withont loss of generality, &, ~~ 0 
and A, o> 0, because, if otherwise, we can reverse the direction of 
the normal vector n and thus change the signs of 4, and A» to the 
opposite. Equation (3.63) determines an ellipse for A, => 0 and 
ko 2 O if we have -; 1 on its right-hand side and does not define 
any curve at all when we have - 1. 

The points for which 4k. > 0 (i.e. when the Dupin indicatrix 
is an ellipse) are called elliptic points of the surface. 

(2) fy. <2 0. In this case equation (3.63) delermines a hyperboia 
or, more precisely. two hyperbolas with common asymptotles. One 
of them corresponds to the term --1 on the right-hand side and the 
other to —1. A poiut at which 4,4. < 0 (when the Dupin indicatrix 
is a pair of hvperbolas) is called a hvperbolie point. 
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(3) kyk2 = O. If one of the principal curvatures is different from 
zero equation (3.63) determines a pair of straight lines intersecting 
at the point. The points at which A&A. = 0 (but one of the prin- 
cipal curvatures is nonzero) are said to be parabolic. 

[If hk}, = ko = OQ the notion of Dupin’s indicatrix becomes sen- 
seless. A point for which k, = k, = Ois referred to as a planar point 
of the surface. 

Thus, the type of the point is specified by the total curvature A = 
= Ah, al the point. Since 

__ Oy1b22— 7, 
#1829 — Bia 
and the quantity £1,802 — gj, is always positive, the type of the point 
is determined by the sign of the discriminant of the second funda- 
mental quadratic form. 

We can easily visualize the shape of a surface in the vicinity of 

its point belonging to each type. Let Af, be an elliptic point. Then 


LESS [of CEP 


Fig. 3.28 (8) (t) 


k, and k», are of the same sign and hence, by virtue of the equation 
of Euler, all the normal curvatures have the same sign at the point. 
This means, geometrically, that all the normal sections at the point 
have the same direction of concavity. In the vicinity of an elliptic 
point the surface resembles a piece of an ellipsoid and looks as is 
shown in Fig. 3.284. 

Consider now a hyperbolic point. The principal curvatures are 
of opposite signs at the point. Therefore in this case there are normal 
sections of dilferent directions of concavity. The surface is of the shape 
of a saddle in the vicinity of such a point (see Fig. 3.280). 

The structure of a surface in the vicinity of its parabolic point 
can be of a more complicated nature. In this case there is a direction 
in which the normal curvature is equal to zero, and the normal cur- 
vatures are nonzero and of the same sign in all the other directions. 
A typical example of a parabolic point is any point of an ordinary 
circular cylinder (sce Fig. 3.28c) but there are many other possible 
configurations which we shall not discuss here. 

Consider an example. Let a surface be determined by an equation 


z= f(z, y) 


and let the well known necessary conditions for extremum be 


fulfilled at a point (2, Ya). i.e. a = Qand id = Q. Then the normal 


f 
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to the surface at the point coincides, in its direction, with the z-axis, 
and, as it can be easily shown by means of simple calculations. the 
coefficients of the second fundamental quadratic form at the point are 


bi = fexs Oia = On = Ixy boo “I hay 
Consequently, we have 
bi,D22— 0%, = fishy — fey (3.64) 


We see that the type of the point is determined by the sign of expres- 
sion (3.64). But, as is well known, the sign of the expression specilies 
the existence or nonexistence of an extremum at the point. Thus, 
we have established the following relationship between the type 
of the point and the existence or nonexistence of an extremum at it: 


elliptic point. The condition fixfiy — fey > O holds and there 
is an extremum; 


hyperbolic point. The condition fixfyy, — fry <2 U is then fullitled 
and there is no extremum; 


parabolic point. The condition fisfyy — fxy = O which takes place 
here indicates the case when the question of an extremum at the 
point (zg, Yo) remains open and requires further investigation. 


“xercise. Determine the type of the points lying on Lhe following 
surfaces: (1) an ellipsoid, (2) a hyperboloid of two sheets, (3) a hyper- 
boloid of one sheet, (4) an elliptic paraboloid and (5) a hyperbolic 
cylinder. 


8. The First and the Second Fundamental Quadratic Forms as 
Invariants of a Surface. We have introduced the first funcamental 
quadratic form of a surface and shown that it determines lengths, 
angles and areas on the surface. Furthermore, we have proved that 
the second fundamental quadratic form specifies the shape of the 
surface in the vicinity of each point. Now it is natural to ask as to 
what extent a surface is determined by its two fundamental quadra- 
tic forms. The answer to the question is given by the following 
theorem. 


Theorem 3.2. If it is possible to introduce a curvilinear coordinate 
system u, vona surface X anda system u*, v* on a surface X* so that 
at the points where u = u* and v = v* the corresponding fundamental 
quadratic forms also coineide (in the sense that ithe equalities 


8 = Bh £12 = Zio: foo = Boo 
Oi; = Lee Dio = ee Do» — ON. 


hold at these points) the two surfaces are congruent, i.e. they 
can only differ in their positian in snace. 
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Thus, the first and the second fundamental quadratic forms of 
a surface play the same role for surfaces as the intrinsic equations 
for curves, and hence they form a complete system of invariants 
Which uniquely species the surface to within its position in space. 

We shall not present the proof of the theorem because it can be 
fuund in many courses in differential geometry.* 


§ 6 ENTRINSIC PROPERTIES OF A SURFACE 


1. Applicable Surfaces. Necessary and Sufficient Condition for 
Applicability. In the foregoing sections we regarded a surface as 
arigid body which can move in space but cannot change ils shape. 
Bul it is soumelimes convenient to consider a Surface aS ah inexten- 
sible but absolutely Wesible lm. This leads to studying the pro- 
perties of a surface whieh: do wot vary as the surface 1s subjected to 
a bending. i.e. to a deformation which is not connected with stret- 
ching or shrinking. 

If a surface can be made coincident with another surface by 
means ofa bending, Lhe surfaces are said to be applicable (isometric). 

In other words, two surfaces are called applicable if it is possible 
to establish a ogue-lo-one Correspondence between their points so 
that the curves, lying om Chem, which are transformed into cach 
olher by the correspondence, are of the same length. 

It scems natural to raise the question as to what are the necessary 
and suflicient conditions for two surfaces to be applicable. The 
answer is given by the fellowing theorem. 


Theorem 3.3. For two surfaces % and =* to beapplicable it is neces- 
sary uta sufficient that if he pessihle to introduce a narametrizatian 
of the surfaces by means of the same parameters uand v so that their 
fundamental quantities of the first order (the coefficients of their first 
fundamental quadratic forms) should coincide at the points AL € & 
and M* € X* having the same values of the coordinates u and v. 


Proof. \f the condition of the theorem holds we can establish 
a one-to-one correspondence between the points of the surfaces 
having the same coordinates u and v, and then their fundamental 
coefficients of the first order will coincide at the corresponding 
points: 


a + $2, > _— 1 
Ri, = Bp 812 = Br B22 = La 


This makes it nossible to introduce parametric representations of 
the curves, lying on the surfaces, which are mapped onto each other, 
hy means of a conmmon parameter /such that the values of the para- 
meter are the same at the points of the curves which correspond 
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to each other. This implies 


ee a ee 
: f du\2 , 9 du dv , dis \ = j 
\ bi (=) T “812, Gp TT 22 { ——) dt= 


Fi 
t ——_——$$_—_ _ ___—__——__—_. 
; © (uy? oe du dv , du - 3 (5 
= S11 ( =) T “812 OP Wy 7 gn (s- f (2.00) 
ty 


i.e. the arcs are Of equal lengths. 

Conversely, if two surfaces © and >* are applicable they can be 
represented parametrically with the help of the same parameters 
by introducing an arbitrary coordinate system uv. tion the surface 2 
and attributing to each point .17* € &* the values of the coordinates 
wand vof the point 1 € 2 to which .W* corresponds. Take now an 
arbitrary curve on the surface > and the corresponding curve on 
the surface ©* and introduce a parameter ¢ on them in such a way 
that the points which coincide when the surfaces are applied lo 
each other have the same values of the parameter. The arc lengths 
of the curves heing equal. we can write relation (3.63) for them. 
Since the relation must hold for all the possible values /, and fo 
of the parameter it follows that 


By; du? + 2g, du dv + goo dv* = g™ du? + 2g* du dv -- g* dv* 


The last equality is an identity in du and dv since it is fuliilled 
for any two curves corresponding to each other and passing through 
anv point in any direction. An identical equality of (two quadratic 
forms implics the coincidence of their coefficients and hence 


Bry [; Baa Li2 —~ 8423 bd22 °° °#»#&©«Xbae 


which is what we set out lo prove. 


2. Intrinsic Properties of a Surface. The description of the pro- 
perties of a surface which are invariable under a bending (i.e. are 
preserved under an arbitrary isometric, length preserving, mapping) 
constitutes the intrinsic geometry of the surface. Such properties 
are referred to as intrinsic (absolute) properties of the surface. We 
have proved that two surfaces are applicable if and only if if is 
possible to introduce a first fundamental quadratic fern: cominon 
sor them. Ilence. a property belongs to the intrinsic geometry of 
a surface if and only if il is expressible in terms of its first funda- 
mental quadratic form.* Thus, the intrinsic geometry of u surface 
is determined by its first fundamental quadratic form. Consequently, 
the lengths of the curves I¥ing on a surface are relevant to its intrin- 


* Here we mean, of course, the properties which are related te the surface 
itself but not to the particular wav of intradueipa norameters cr it, 


11—0824 
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sic geometry. Further, since the angle between two curves on a sur- 
face and the area of a surface are expressible in terms of the funda- 
mental coefficients of the first order (see Secs. 2 and 4 in § 4), these 
quantities also belong to the intrinsic geometry of the surface. 

A remarkable fact is that the intrinsic geometry of a surface 
includes its total (Gaussian) curvature A. Indeed, there is a formula 
obtained by Gauss which expresses the total curvature in curvilinear 
orthogonal coordinates in the form 


| a ae {= (——— 4) Bia (—._— eu) | 
c V 811822 Ou V 811822 Gu ' Ov V e11k22 dv 


which involves only the fundamental quantities of the first order. 
At the same time, neither the mean curvature nor the principal 
curvatures are preserved under an arbitrary isometric transformation. 

The term “intrinsic geometry” means that the properties under 
consideration, preserved under an arbitrary isometric mapping, 
pertain merely to the surface, not to its position in the surrounding 
space. 

We can illustrate this by means of the following “mental” expe- 
riment. Imagine that there are some intelligent creatures inhabiting 
a two-dimensional surface and that they cannot leave it and go 
out into the surrounding space. They can construct the geometry 
of their “world”, introduce the notion of a “straight line” passing 
through two points by defining it as the shortest curve entirely lying 
on the surface that joins the points (for instance, in the case of a 
sphere such “straight lines” are the arcs of the great circles) and 
so on. They can introduce the notions of a “triangle”, “polygon” etc. 
and study the properties of these figures (without going out into 
tie space surrounding the surface}. Theac hypothetical creatures 
cannot distinguish between this surface and any other surface 
applicable to it.* 

The geometry thus obtained is nothing but the intrinsic geometry 
of the surface. For instance, the intrinsic geometry of the plane is 
ordinary planimetry studied in elementary geometrical courses. 
Bul all the theorems of planimetry remain true if the plane is replaced 
hv any surface applicable to it, say by a parabolic cylinder. But the 
intrinsic geometry of the sphere essentially differs from that of 
the plane. For example, the sum of the angles of a spherical triangle 
is always greater than a. 


* The considerations coucerning the possibility of distinguishing between 
rectilinear and curvilinear geometric configurations on the basis of studying 
their intrinsic properlies make sense not only for two-dimensional geometric 
nbjects, i.e. surfaces, but alse for the objects of higher dimensions. in particulier 
for the theee-dimensional space. These questions are very important for investi- 
gating Lhe general geometric properties of the universe but we cannot dwell in 
mare dotail an these nroblems here. 
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3. Surfaces of Constant Curvature. Consider a surface whose total 
curvature K is the same at all its points. Such surfaces are called 
the surfaces of constant curvature. The total curvature being inva- 
riant under a bending, it follows that two surfaces of constant cur- 

vature are applicable to each other if and only if their total curva- 
tures are equal. It can be shown that, cony ersely, any two surfaces 
of the same constant total curvature are always applicable. Hence, 


dn ca a ceo an -} 


| 


Fig, 3.29 


such a surface is completely characterized, from the point of view 
ol its intrinsic geometry, by a single number, that is by its total 
curvature A. 

The geometric properties of surfaces of constant curvature essen 
tially depend on the sign of the curvalure. and therefore we must 
separately consider the surfaces of a posilive, negative and zero 
curvature. 

The plane is a surface of zero total curvature. [ts intrinsic geo- 
metry, as has already been mentioned, is ordinary planimetry. Any 
other surface of zero total curvature has the same intrinsic geometry. 

A sphere of radius 7? can be regarded as a “canonical model” of 


a surface with positive constant curvature K = The intrinsic 


he 
geometry of this surface differs from planimetry which is familiar 
to us. For exaimnple, if the arcs of the shoriest lengths joining two 
points (these are the arcs of the great circles in the case of the sphere) 
are understood as being ' ‘straight lines” wo can assert that any two 
“straimht lines” intersect when infinitely continned, the sum of the 
angles of any triangle exceeds x ete. 

The so-called pseudosphere depicted in Fig. 3.29 is an example 
of a surface of a negative constant curvature A < (0. This is a sur- 


11* 
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face generated by revolution of a tractrix, i.e. a plane curve described 
by the parametric equations 
z=a(cost--Intanz) ; y=asinl 

where z and y are Cartesian coordinates, about its asymptote y = 0. 

The surface, as seen in Fig. 3.29, is not smooth and has a cuspidal 
edge. It is possible to prove that there cannot exist an infinitely 
continuable smooth surface of constant negative curvature in the 
three-dimensional space. The intrinsic geometry of the pseudosphere 
differs from ordinary planimetry and from the intrinsic geometry 
of the sphere. It coincides with the so-called Lohachevskian geomet- 
ry* in which the sum of the angles of every triangle is less than x. 
for each point there exists an inlinitude of straight lines passing 
through the point and not intersecting a given straight line etc. 

We cannot discuss these problems at length here although they 
are very important and closely related to modern ideas of physics 
and, in particular, to the theory of relativity. For these questions 
we refer the reader to special monographs**. 


* N. I. Lobachevsky (1792-1856), a famous Russian mathematician, the 


founder of non-Euclidean geometry. 
** E.g. see [(18}. 


A Line 
Integrals 


Such problems as determining the mass of a material line from 
its density, computing the work of a field of force along a path and 
many others require the introduction of the so-called dine uttegrals 
that is the integrals of functions defined over curves. The present 
chapter is devoted to this notion which is important for me hemati 
cal analysis and its applications ta physics. 

Various physical problems involving integration of function: 
detined along curves lead to two types of line integrals usually 
referred to as line integrals of the first and of the second type. A: 
will be shown, the integrals of these two types can be reduced te 
each other. 


§ 14. LINE INTEGRALS OF THE FIRST TYPE 


1. Definition of Line Integral of the First Type. Let A# be : 
smooth or precewise smooth* plane curve and f CV) be a funetior 
defined on the curve. 

Consider a partition of the curve ito parts slzoy¢l; by means o 
points of division 

A, SSrchds Sits eae ae Sh (4.5 


and choose an arbitrary point J/; on each are «Aj;2.4;. Now forr 
the sum 


>! f (Mj) Al; (4.2 
i=} 


where Ac; is the length of the are Aj;_yz1; (Fig. 4.1). We shall refe 
fo sich sums as integral sums. Let us introduce the following defini 
lion. 


“ A curve represented by equations r = q (2). y =- 4 (t) is Said to he smoot 
if the functions q (t) and a (2) are continuoxs and possess the continuous der 
vatives q(t) and y'(f) which do not) vanish simultaneously. i.e. if the curs 
has a tangent at each point and the position of the tangent continuously depenc 
on the point of tangency. A continuous curve composed of a finite number + 


, tecane Qa TVs 33 4 olde il prkard e\\ ide sanvulla. 
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Definiton. If integral stans (4.2) tend toa finite limit*® J, as max Al; 
approaches zero, the limit is called the line integral of the first 


A=8 


Fig. 4.1 


type of the function f (M) over the curve AB. We shall denote 
the integral by the symbol 


\ {(M)dl (4.3) 


AB 


The points of the curve 4B being determined by their coordinates 
(x, y), we shall also designate the function f (AZ) defined over AB 


by / (z, y) and write the integral \ f (A7) di in the form 
AB 


\ f(x, y) dl 


AB 


But the reader should bear in mind that the variables 2 and y are 
not independent because the point (z, y) belongs to the curve AL. 

We can easily show that the notion of a line integral of the first 
type doce not in fact essentially differ from that of a definite integral 
of a function of one independent variable and can be reduced to it. 
Indeed, let us take the arc length ? reckoned from the initial point 
A as a parameter for the curve AB and write down the equations 
of the curve in the form 


z=2z(), y=y), OStISL (4.4) 


where L is the length of the entire curve AB. Then an arbitrary 
function f (zx, y) defined on AB reduces Lo a function f (zx (l), y (2) 
of a single variable 2. Let 2 be the value of the parameter / cor- 
responding to the point .17;, i = 1, 2. ..., m. Then integral sum 


* As in the case of the definite integral (e.g. see [8], Chanter 10, § 1), a num- 
ber J is said to be the limit of the integral sums if, for every e¢ > 0. the ine- 


if 
quality |J — “! #¢ (.M/;) Al; | <¢ holds when max Al, becomes sufficiently 
i=1 


acu a ll 
aleooveded. 
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(4.2) can be rewritten in the form 
De), yy Al (4.5) 


which is nothing but an integral sum corresponding to the definite 
integral 
L 


f(z(l), y (I) dl 


Integral sums (4.2) and (4.5) being equal, the integrals they are 
velated to are also equal. Thus, we have 


AB 


L 
| f(anydt= | F(x (), y(d)) dl (4.6) 
0 


and both integrals exist or do not exist simultaneously. Consequent- 
ly, if the function f (VM) is continuous* (or piecewise continuous and 
bounded) along a piecewise smooth curve ABZ line integral (4.3) 
is sure to exist because, under these conditions, the definite integral 
on the right-hand side of equality (4.6) exists. 


Note. Although, as has been shown, the Jine integral of the frst 
type can be directly reduced to the definite integral there is a dis- 
tinction between the two notions. The matter is that the quantities 
Al; (the lengths of the arcs A,;_;.4;) are necessarily positive irrespec- 
tive of which of the end-points A or &, of the curve AS, has been 
chosen as the initial point. Hence, the orientation of the curve AB 
(i.e. the choice of a certain direction on it from its initial point 
to the terminal one) by no means affects the value of integral (4.3) 
and consequently we have 


\ f(M)dl= ) 7) dl (4.7) 
BA 


AB 
b 
But, as is known, the definite integral \ } (x) dx changes its sign 


a 
When the limits of integration are interchanged. 

When reducing a line integral of the first type to the corresponding 
definite integral we can as well use any arbitrary parameter ? instead 
of the arc length. Suppose a curve AB is given by parametric equa- 
tions 


z=mp(t), y=p (ll, <t<f,) (4.8) 


* We say that a function f (M) defined on a rectifiable curve is continuous 
on the curve if it is continuous as a function of the parameter I. 
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where the functions q (¢) and y (4) are continuous, their derivatives 
ye (t) and y" (¢) are piecewise continuous and bounded and ¢’? (4) + 
— 4°? (¢) > 0. Then we can introduce. as a new parameter. the arc 
length 2 of the curve -18 reckoned from a fixed point. Let us choose 
the direction in which 27 is laid off so that the are length / 
increases When the parameter ¢ increases. Then 7 becomes a monotone 
increasing function of ¢. and we have 


di =| p(t) ap? (0) dt (4.9) 


Taking advantage of equality (4.6) and formula of changing variable 
in the definite integral we obtain 


d (4 

f(D dt =) FeO. yO dl=\ GO. ¥O)V O° OV Oat 

AB 0 la 

Where ?o << ¢;. Thus. we arrive at the following theorem. 
Theorem 4.1. Let AB bea smooth curve represented by equations 


zr=op(t), y=w(t) (t€ It, &)) 


and f (x, y) be a junction defined along the curve. Then we have the 
equality 


Ly 
\ f(x. y)dl= \ f(v(). ¥@) 1 p(t) fap? () dt (4.10) 
48 to 


provided the integrals entering into it exist; the line integral on the 
loft-hand side erists if and only if the definite integral on the right hand 
side exists. 


In particular, if the curve .{8 is determined by an equation of 
the form 
y=y(zt) (@xazrabsd) 
expressing y as an explicit function of 2 formula (4.10) for reducing 
the line integral to the delinite integral takes the form 
be 
\ f(M)dl= \ flay (z)) V 1-fy dx (4.14) 
AB a 
frercise. Consider the line integral of a function f (z, y) over an 
are 1/7} represented by its polar equation 
roorty) qi Se S 2) 


in the form of a definite integral with respect to @. 
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Answer. 


V2 
\ j(z, y)dl= | {(rcosg, rsing) VY r?+ r’” dep 
e 


AB 
Note. As is well known, the definite integral 


a) 
| /(@)az 


of a nonnegative function can be interpreted as the area of the cur 
vilinear trapezoid (see Fig. 4.2a@). Similarly, the line integral 

| 7(M) dl 

AB 
can be thought of, on condition that f (J/) 2 OQ. as the area of 
piece of a cylindrical surface composed of the perpendiculars to th 


! 


| 
Fig. 4.2 (a ‘B a 


r. y-plane erected at the points of the curve 18 and having a vari 
able length f (1/) (Fig. 4.26). 


2. Properties of Line Integrals. The basic properties of the lin 
integral of the first type are almost completely analogous to thos 
of the definite integral and are directly implied by formula (4.6 
Which reduces the line integral to the delinite one. Let us enumerat 
them. 

1 (linearity). If{k = const and / GV) is integrable over AB we hav. 


{ kj (AL) dl—k \ f(A) di 

AB AB 
and the integral on the left-hand side exists. 

2 linearity). Uff (VW) and g (A/) are integrable on 1 the expres 
sion f (M/) -& g CA/) is also integrable and the relation 
fans e(M)ydl= (sande | gana 

AB AH AB 
takes place. 
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3 (monotonicity). If f(Af) is a nonnegative integrable function 
we always have 


\ {(M) dl>0 


AB 


4 (additivity). If an arc AB is composed of two ares AC and CB 
the equality 


| 7nd = \ s(myal+ | tana 
‘ AC CB 
holds when the integrals entering into it exist, and the integral on 
the left-hand side exists if and only if both integrals on the right- 
hand side exist. 

uv (estimation of the modulus of the integral). lf f (.W) is integrable 
over 48 the function | f (A/) | is also integrable and there ts an 
inequality of the form 


| | semyai|< | [spat 
AB AB 


6 (mean value theorem). If {(M) is continuous on a curve AB 
there is a point M* belonging to the curve such that 


| f(M)dl=f(M*)L 
AB 
where ZL is the length of the arc AB. 
7 (independence of the line integral of the first type of the orientation 
of the path of integration). As has been mentioned, we always have 


\ f(M)dl= \ f (Af) dl 
AB BA 
and hence the choice of the direction of the arc 48 does not affect 


the value of the integral of an arbitrary scalar function f (7) taken 
along the arc. 


3. Some Applications of Line Integrals of the First Type. We 
shall point out some typical problems whose solution naturally 
involves line integrals of the first type. 

(1) Determining the mass of a material line from its density. A mate- 
rial line will be understood as'a piecewise smooth curve along which 
a mass is distributed. The linear density p (AZ) of a material line 
ut a point A is the limit to which the ratio of the mass Ay, carried 
by an arc MM’, to the length of the are 4M’ tends on condition 
that the arc length tends to zero. In other words, if / is the length 
of an arc AAT and p(A7) is the mass of the arc we have p(A/) = 


= ont) . It follows that the mass pag of the arc AB is expressed 
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t 
by the integral \ p di, that is by the line integral 
0 


{ o(M)dl 
AB 
of the density op taken along the curve AB. 

(2) Finding the coordinates of the centre of gravity of a material 
dine. Let a mass be distributed, with density p (z, y),* along a curve 
A&. After the curve has been broken up into parts of lengths A/;, 
i=1, ..., ”, and an arbitrary point (z;, y;) has been taken on 
each part we can approximately represent the material line as 
the system of mass points o(z;, y;)Al; placed at the points (z;. y;). 
The centre of gravity of such a system of material points has the 
coordinates 


fl Tr 
>) 21 (zi, yt) Alj >) ye (zi yd AL 
i= 1 i=] 
Ze = —___-_______., ve. = 
S) p (za yi) Ads S) 0 (ze, ya) Ali 
=] i=i1 


These expressions can be regarded as approximate values of the 
coordinates z, and y, of the centre of gravity of the material line A/. 
To obtain the exact values of the coordinates we must pass to the 
limit as max Al;-+ 0. The passage to the limit results in 


xp (x,y) dl \ ye (z, y)dl 


Le = -{—____, -= “8 ___ 4.12 
"  f p(z.y)dl ' \ e(z,y)dl ( 
AB AB 


In particular, for a homogeneous material line with p—const 
we obtain 


\ zdl ( yd 
wee a 4.13 
Le j dl ? Ye ° dl ( ) 
AB AB 


(3) Computing moments of inertia of a material line. The moment 
of inertia of a system of mass points m; (i = 1, ..., m) about 
a straight line is equal to 


TN 

>! r: Wt; 

i= 
where r; is the distance from the ith mass to the straight line. In 
particular, for a syslem of material points lying in the z, y-plane 


* Were and henceforth it appears natural to determine the points of a curve 
by their Cartesian enordinates x and y (see Sec. 1). 
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the moments of inertia about the z-axis and the y-axis are respec- 


tively equal to 
Tm 


va 
Ie= dyin; and J,= > aim; 

i=) i=1 
where (z;. y;) are the coordinates of the mass point w;. To get the 
Iuments of inertia. about the coordinate axes, of a material line AB 
afong which ao mass is distributed with density o (z. y) we must 
perform the passage to the limit similar to the one in the preceding 
problem. Then, for the moments of inertia of the curve AB about 
the coordinate axes, we deduce the expressions 


z= \ yo(z,y)dl, Iy= ( x*p(z,y)dl (4.14) 
AB AB 


(4) Gravitational attraction of a omass point by a material line. 
Let AA be a material line with mass density p (z. y). We now consi- 
der the expressions of the projections on the coordinate axes of the 
gravilational force F with which the material line attracts a mass 
point wy having the coordinates (zp, Yo). Applying the argument 
analogous to the one presented above we find that the projections FF, 
and /, are given by the formulas 


i. —- Hg ( So dl, F, = ply \ EE LR dom dl 
AB APB 


where y is the constant of gravilaltion andr -= V (x -- £9)? -- (y— Yo)". 

If integration of a vector is understood in the sense that each 
projection is integrated (see § [ tn Chapter 3) we can replace 
the two scalar forniulas by a single vector relation and thus the 
lurce Fo owith which the material point ag is attracted by the mate- 
rial line AJ? is equal to 


(7, y) : 
F ying J Pe dl (4.15) 
AB 
where ris the vector whose projections are (xt — zp») and (y — Yo). 


4. Line Integrals of the First Type in Space. The definition of 
a line integral of the first Lype over a plane curve is directly trans- 
ferred to the cuse of a function f (Af) defined’ along a space curve. 

If a space curve is represented by parametric equations 

er gM, y=pd, 2= 41 % SESh) 
the fine integral of the first type of the function f (\/) taken along 
the curve is reduced to the definite integral by means of the formula 


ty 
\ACM)al V £66), FO AOD) VFO FO Xx? @ at 
AR fx 
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The conditions for the existence and basic properties of line 
integrals in space are completely analogous to those for the case 
of a plane. The line integrals of the first type in space are naturally 
encoultered in such problems as determining the mass of a space 
curve (material line) from a given density, finding the coordinates 
of the centre of gravity and the moments of inertia of the curve and 
the like. By analogy with the arguments presented for the case of 
a plane curve, the reader can easily write the corresponding formulas. 


§ 2. LINE INTEGRALS OF THE SECOND TYPE 


{. Statement of the Problem. Work of a Field of Force. Now we 
introduce integrals of another kind, the so-called line integrals 
of the second type. 

To begin with we shall take a concrete physical problem. Consider 
a plane field of force. that is a domain ina plane at whose each point 
AJ a force F (.1/) is determined. The projections of the force on the 
x-axis and y-axis will be denoted, respectively, as P (A/) and @ CW). 

Let us hnd the work of the force held when a point moves along 
a curve AZ. 

If the force F is constant (both in its absolute value and direction) 
and the path AF is rectilinear the corresponding work is equal to 
the produet of the value of the force by the path length and by the 
cosine of the angle between the force and the direction of displace- 
nent, i.e. to the scalar product 


(F, 4”) 


Let us now lind the expression of the work in the general case 
when the foree F mav he variable and the trajectory of motion cur 
vilinear. Let AB be a smooth curve lying in the domain where the 
field of force is defined. Divide the curve AB into parts by means 
of points 


A= Mo: Mi; e © ey AM, = §£ 


and cansider the broken line with vertices at the points j/; (see 
Fig. 4.3). We can approximately consider the force F to retain 
a constant value along each segment Af,_,47; of the broken line. 
say equal to F (M;). and compute the work corresponding to the 
motion along the broken line. If (z;, y;) are the coordinates of lhe 
point JZ; and 


Ar; = Xj; — Z1_4, AYi = Yi Yi-s 


the work corresponding to the displacement along the segment 
AMI, -).Miy is equal to 


(POM ;), Mp1.) = P (AF,) Az; + @ (Vj) Ay; 
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and the total work corresponding to the motion along the whole 
broken line is equal to 


2s (P (My) Axi + Q (ALY) Ayn) (4.16) 


The last sum can be approximately taken as the expression of the 
work performed by the held of force F (J) along the curve AB. To 
derive the exact value of the work we must pass to the limit in sum 


(4.16) by making the maximum of the lengths of the arcs M;_;]1; 
tend to zero. We now consider such a passage to the limit in the 
ceneral form. 


2. Definition of Line Integral of the Second Type. Let AB be 
a smooth curve and F (A/) = (P (Af), O (47)) be a vector function 
defined on the curve AB. Break up the curve into parts by means 
of points 

ch = AS, 1L,. ..., My, = B 
acl lip ica are, respectively (2, Yo), (Zir Yi) - © +1 (Eno Yn): 
Take the sum 


T = a [P (AT ;) Azi4+-Q (ATi) Ayt] (4.17) 


Where Ag, = 2; — #;_, and Ay; = yi — Nie. 

If all such sums tend to a certain finite limit when the maximum 
of the lengths of the arcs M,.,A%; tends to zero the limit is called 
the line integral of the second type of the vector function F = (P, Q) 
and is denoted* by the symbol 


( P (M) dz+0(M) dy (4.18) 
a Alt 
“ We shall sometimes write P (z, y) and @ (zr, wu) instead of P (Af) and 
Q (Af) where z and y should be understood as Cartesian coordinates of the moving 
point AZ. We shall also simply denote the functions P (Af) and @ (M) by P 
B 


and Q and write line integral (4.18) in the form { Pdr + Ody or ( Pdzx-+ 


AB A 
+ Qdy unless this leads to misunderstanding. 
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The integral is obviously the sum of the two integrals 


| P(A) dx and ( Q(M)dy 
AB 


AB 


corresponding to the vectors (P, 0) and (0, Q), the components 
into which the vector (P, Q) is resolved. 


Note. The line integral of the second type must not be confused 
with an integral of a vector with respect to a scalar parameter (which 
has been encountered in § 1, Sec. 5 of Chapter 3 and at the end 
of Sec. 5, § 1 of the present chapter) when the projections of the 
vector are integrated separately (e.g. we have had such a situation 
in the computation of the force of attraction of a material point by 
a material line). 


3. Connection Between Line Integrals of the First and the Second 
Types. The line integral of the second type can be easily reduced 


to the line integral of the first type considered in § 1. The relation- 
ship between the integrals is described by the following theorem: 


Theorem 4.2. Let AB be a smooth curve determined by equations 
r=<£(l), yoy (d) (4.19) 


and F = (P. VY) be a vector function defined on the curve and bounded* 
on il, Then we have the equality 


| Pdx+@Qdy= | (Pcosa+Qsina) dl (4.20) 
AB AB 

where a=a (ll) is the angle between the tangent to the curve APB 

aé thee pucmt Wl und the positive direction of the z-axis, provided that 

the integrals entering into (4.20) exist. Furthermore, the integral 

on the left-hand side exists if and only if the line integral of the first 

iype on the right-hand side of relation (4.20) exists. 


Proof. Let us prove the equality 


\ Pdx= \ P cosa dl 
AB AB 
The equality 


\ Ody= \ QOsingdl 
AB AB 
is proved similarly. 


* A vector function (P, Q) is said to be bounded if the scalar functions 


P and QO are bounded. 
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The integral 
| Pdx 
AB 
is, by definition, the limit of the sums of the form 
T= >) P(M;) Axi 
imi 
Let us compare the sum with the integral sum 


nr 
7*= >, P(M;) cosa (Mi) Al; 
¢=1 


associated (for the same partition of the curve AS) with the 
integral 


( Pcosa dl 
AB 
If x=2z(l) the relation 
d 
— = cosa (A) (4.21) 


holds for each point AZ of the curve AB and, consequently, we 


have 
I 


i 
Az;= ( cosadl 
| 
Applying the mean value theorem we thus obtain 
Ax; =cosa (VW) Al; 
where J¥ is a point belonging to the arc M,_,\/7,. ‘Therefore, 


17 —7*)=|™ P(A) [cosa (Mj) — cos & (MP)) Ali | < 
i=! 


< >» |P (Mj) |-|cosa (Mj) —cosa (M4) | Al; 
i=f 


The function cos @ (J7) is continuous on the smooth curve AL 
and hence it is uniformly continuous because the curve is a banded 
closed set of points. Thus, given any e 2> @, the mequalhity 

| cos « (AZ;) — cos a@ (Vi) [|< 


is fulfilled for each partition of the curve 4 whose fineness is small 
enough. This implies 


|? —T*|<Ce > Aly =Cel 


i= 1 
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where C = sup | ? | and / is the length of the curve AA. It follows 
that if the integral sums 7'* have a limit the sums 7 tend to the 
same limit. The theorem has thus been proved. 


Note. ‘VYhe expression P cosa + QOsing is the scalar product 
(IF, tv) of the vector F = (7, () by the unit vector t = (cos @, sin a) 
tangent to the curve 4A/ and hence is equal to the projection of the 
vector F — (?, QY) on the tangent line to AB. Denoting the pro- 
jection by the symbol /, and taking advantage of equality (4.20) 
we can write line integral (4.18) in the form 


\ F,dl (4.22) 
AB 


This abridged notation will often be used in what follows and parti- 
cularly in Chapter 6. The integral is sometimes also written in the 
form 


\ (F, dl) (4.23) 
AB 


Where dl is understood as an infinitesimal vector whose projections 
on the coordinate axes are 


dz =dlcosa and dy =disine 


4. Evaluating Line Integral of the Second Type. Theorems 4.1 
and 4.2 immediately imply the following result. 


Theorems 4.8. Let AP bea smuolle curve represented by equations 


xr=p(t), y=rp () (4.24) 
and tei F = (P, VY) be a vector function defined on the curve. Then we 


have the relation 
\ Pdx+Qdy = | (Pip), PE) e+ 2 (EO, #4) F(A) ee 
AB lo - 
(4.25) 
provided thal the integrals entering into it exist, and the integral on 
the left-hand side is sure io exist if the definite integral on the righthand 


side exists. Here, the value ty of the parameter t corresponds tu the point 
A and ¢t, to the point B. 


Theorems 4.1-4.5 obviously remain true if the cutive -1B is not 
smooth but piecewise smooth. 
Let us consider some important special cases of formula (4.25). 
If the curve A is determined by an equation 
y=y (x). {A O#) 
12—ON24 
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expressing y as an explicit function of the variable z which runs 
over an interval (a, b] formula (4.25) for reducing the line integral 
of the second type to the defnite integral turns into 


( Pdz+Qdy={{P(z, y(z))+ Q(z, y(z)y' (2)ldz (4.27) 
AB a 


where the value x = a corresponds to the initial point A of the 
curve AB and z = 6 to ils terminal point B. In particular, if the 
curve 1B is a segment of a horizontal straight line y = yp we have 
y =O along it and thus the integral 


\ Pdzxr+Qdy 
AB 


taken over such a seyment simply reduces to the integral 
b 
\ P es Yo) ax 
a 


Similarly, for a curve determined by an cquation 
z= x (y) (4.28) 


where y ranges in an interval le. d] we obtain 


Tf 
Pdx+Qdy=\ {P(z(y), vy) 2 (y) +0 (zy), yl dy (4-29) 
AB Cc 

lf A/3 is a segment of a vertical straight line z = zy we have 2” = WV) 
and integral (4.29) takes the form 


( Q (Xo, y) dy (4.30) 
AB 

Hxamples 

{. Evaluate the integral 
( a? dx + xy dy (4.31) 
AB 


taken along 
(a) the line segment drawn from the point (1; 0) to the point 


(O, 1), 
(b) the quarter circle z = cost, y = sint (O<t <>) joining 
the same points (see Fig. 4.4). 
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Solution. 
0 0 
(a) ( atdrt aydy ={ (2*@—2(1—2))dz= | (22*-2)dr = —4 
AB { 


(b) | atdz+ zy dy= (—cos*?¢ sin t+ cos*é¢ sin t) dt = 0 


St ts 49 


AB 
2. Evaluate the integral 
\ 3a7y dx -+- (z* -- 1) dy (4.32) 
AB 


taken along 
(a) the line segment drawn from the point (0, 0) to the point (1, 1), 


y 4 
(Qi) (41) 
Fig. 4.4 a (40) x Fig. 4.5 7 (YO) & 


(b) the arc of the parabola y — zx* connecting the same points, 
(c) the broken line passing through the points (0, 0), (1, 0) 
and (1, 4) (Fig. 4.5). 


Solution. 


(a) \ 3x*y dx + (23-1 M) dy = | (4a"4 1)dz = 2 
AR 
1 


ox7y dx --(z?+ 1) dy (S744. 27)dzx=2 


) 
AB 


(c) \ ox*y dx + (x? -}-1) dy = 
AB 
(1,0) (i, 1) f 
= ( 3xyde+ \ (234-1) dy= | 2dy=2 
(0, 0) (1; 6) 0 
Noite. The reader has undoubtedly noticed that the integral in 
the second example assumes the same value when taken along the 
three different paths connecting the two given points. This fact 
is connected with an important property of the line integrals of 
the second type which will he elucidated in § 4. 


12? 
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5. Dependence of Line Integral of the Second Type on the Orien- 
tation of the Path of Integration. The definition of the line integral 


( Pdz+Ody (4.33) 
AB 


automatically suggests that a constant factor can be taken outside 
the integral sign. the integral of a sum of two vector functions is 
equal to the sum of the integrals of the addends ete. 

Another important property of integral (4.33) should be empha- 
sized here: the line integral of the second type. in contrast to the 
line integral of the first type, defined in § 1. depends on the orien- 
tation of the curve .L% it is taken over, namely. it changes its sign 
when the orientation of the curve is) reversed: 


[ Pdx4+Qdy=— \ P dx }-Ody (4.34) 


(A A 


For, if we change the direction in which the curve 18 is traversed 
we thus replace the quantities Az; and Ay; entering into sui (4.17) 
by —Agz; and —Ay;. This changes the sign of iutegral sums (4.17) 
and, consequently, the sign of their limit as well. 

This property of the line integral of the second type is coherent 
with the physical interpretation of the integral as the work of a 
field of force along a path. Indeed, if the direction of tracing the 
trajectory is reversed the work performed by the force field changes 
its sign to the opposite. 


6. Line Integrals Along Self-Intersecting and Closed Paths. For 
the applications of the theory olf line integrals, it is advisable to 
include in our comsidcration the paths of integration which may 
have points of selfintersection because such cases are encountered 
in’ various problems. Mathematically. this means that when we 
cousider a curve determined by equations 


z=z(t) yoy) (@ast<zd) 


we should not exclude the cases in which there may exist two (or 
more) distinc! values ¢; and fo of the parameter 2 such that 


x (ty) = 2 (fg) andy (44) = y (ty) 


When studying such cases for the line integral of the second type 
we musl take into account that the spccitication of a path of inte- 
gration includes the indication of a sel of points constiLuting the 
curve in question as well as a certain direction im which the path 
is described. If a curve has points of self-intersection the way it is 
traversed is not completely characterized by setting initial and 
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terminal points. For instance, the curves shown in Fig. 4.6@ and b 
should be regarded as being two different paths although they coin- 
cide as sets of points. What has been stipulated here pertains not 
only to the plane curves bul also to the space ones. 

We also deal with line integrals taken over various closed con- 
tours. A closed contour (in the plane) is understood as a curve 


x=2r(t) y=y(), @ats b) 
such that 
z(a)=2(b) andy (a) = y (b) 


ITere we can also have the cases when such a contour intersects itself, 
that is there may exist various values of the parameter ¢, other 
than ¢—= a and ¢ = 6, for which the corresponding values of z 
and y, respectively, coincide. 


gan 


4A~ PX 
Pig. 4.6 (a) (d) 


If a closed contour, in the plane. has no points of self-inlersection 
there are only two possible directions of describing it: the contour 
can be traced counterclockwise (the positive orientation) or clock- 
wise (the negative orientation). 

lf an integral of the second type 


| Pdzt+Qdy 
C 


is taken along such a contour its values corresponding to the two 
different orientations of the contour C are equal in their absolute 
values and have the opposite signs. Jn what follows, we shall, as 
a rule, consider closed contours with the positive orientation and 
replace jine integrals of the second type taken along negatively 
oriented colours by the corresponding integrals taken in the posi- 
tive direction with the minus sign attached to them. 

A line integral over a closed contour is often denoted by the 
symbol 


Ay Pdz+Qdy 
C 
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7. Line Integral of the Second Type Over a Space Curve. We 
have cousidered line integrals, of veetor functions, taken along plane 
curves. Most of the facts of the theory are automatically generalized 
{o the case of a Space curve. 

Let AS be a smooth space curve and F = (P, Q, F&) be a con- 
Linuous veetor function defined on the curve. We divide the curve 
AB into parts by means of points of division 


A = Mo, My, oe ey Mi, = B 


having coordinates (z;, y;, 2). i= 1, 2. ....", and form the 
sum 


of | 


pe {P (Al ;) Axi -+ O(M,;) Ays-b RM) Aza} 
where 
AZ; = Zi — 7%, Ave = ui — Yyi-y and Az; = 2; — 2j-, 
The limit of such sums will be referred to as the line integral ot 


the second type of the vector function F = (7, VG, 2) over the space 
curve AZ} and denoted by 


\ P (AM) dx + O(M) dy + R(M) dz (4.35) 
H 


4 
s 


or* 


\ P(x, y, z)dr-+ O(x, y, 2) dy=- R(x, y, 2) dz 
Als 
Applying arguments completely similar to those used in investi- 
eating the case of a plane curve we arrive at the following formula 
reducing integral (4.35) to the line integral of the first type: 
\ Pdzr! Ody-|-Rdz= | [Pcosa-| CeosB '}- Rcosy|adl 


AB AL 


where a, B and y are the angles formed by the tangent line to the 

curve AS (drawn in the direction of tracing the path of integration) 

with the positive directions of the coordinate axes z, y and 2z. 
If a smooth curve AB is given by equations 


r=o(). y=p(), 2=7(0) 


* For brevity, we shall sometimes write the integral in the form ) P dz =: 
AB 


i 
f- Ody ; dz or \ Pdx 4+ Qdy !- R dz unless this leads to misunder- 
A 


standing. 
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and the value ¢ = ¢, of the parameter ¢ corresponds to the point .l 
and ¢ =- t, to the point B we have the relation 


ey 
| Pdr+Qdyt+Rde= (PW, 4M. x) 6 + 
AB to 


+ Q(P(E) PE), LE)Y OTR (E(t), H(A), 4) X (Olde (4.36) 


which reduces the line integral of the second type to the definite 
integral. 

The expression P cos @ -:- GU cos B i- 2 cos y being the projec- 
tion of the vector F -= (?, GY, 4) on the tangent line to the curve 
AB, we can write line integral (4.35), as in the case of a plane curve, 
in the form 


\ Frdl 

AB 
where /, designates the projection of F on the tangent. All the 
properties of the line integrals in the plane are automatically trans- 
ferred to the spatial case. In particular, line integral (4.35) changes 


its sign when the orientation of the path of integration is replaced 
by the opposile one, 1-e. 


( Pdxit-Qdy+Rdz= — { Pdx—Qdy+ Rdz 

HA AB 
Accordingly, in the definite integral entering into the right-hand 
side of formula (4.36), the lower limit of integration ¢) should be 
understood as the value of the parameter ¢ corresponding to the 
initial point A of the enrve AR and the unper Jimit 7, as the one 
corresponding to the terminal point 8 irrespective of which of the 
numbers fy and ¢, is greater. 


§ 3. GREEN'S FORMULA 


Ilere we shall establish so-called Green's* formula which expresses 
a relationship between a line integral 


& P dx+Qdy 
Cc 


taken along the boundary of a domain and a double integral over 
the domain. The formula is widely used in mathematical analysis 
as well as in its applications. Some of the applications will be con- 
sidered later. 


* Green, George (1793-1841), an English mathematician known for his 
results in the field of mathematical phvsics. 
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1. Derivation of Green's Formula. Let us first take a domain G. 
of a particularly simple form, bounded by piecewise smooth curves 


y= (z), y = y2(Z), (y2 (2) Sy, (2)) (4.37) 
and by vertical line segments 
za, xrc=b (b>Aa) (4.38) 


(see Fig. 4.7). We shall consider the boundary ABCDA of the domain 
as being positively oriented in the sense that when describing the 
contour the domain is kept always on the left (in the particular 


Fig. 4.7 


case of the domain G tlns means that the contour ts traced counter- 
clockwise). Let a function FP (x, y) be delined and continuous 
throughout the domain G including its boundary and = possess the 


: : : OP, : 
continuous partial derivative 37 «1M this region. 


Let us consider the double integral \{ dx dy which we shall 


try to transform into a line integral. Yo this end we reduce it to 
Ls (x) 


h 
the iterated integral \ dz { = dy and perform the integration 
(Tv) 


with respect to y. This yields 


b Ye (xX) 


gf ap 
\{ Ou dx dy = \ ax \ oy dy = 
; a yi (x) 
b 
= (12, ¥2(2))— P(e 1 (dz = 
: ; 
=| P(x, y2(2)) de—\ P (a, yy (x)) de (4.3!) 


iach of the last definite integrals can be regarded as a line inte- 
gral taken along the corresponding are (see formula (4.27)), 
namely as 

b 


\ P (x, Yo (r)) dz = | P(x, y)dxr= — \ P (a, y) dz 
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and 
b 
—{ P(e yw (a))dx=— | Plz, waz 
a AB 
Now adding the two line integrals 
P(z,y)dx and — ( Pix, y)dz 
RC DA 


to the right-hand side of equality (4.39) and taking into account 
that both integrals are equal to zero (since dx=0 on the vertical 
line segments) we arrive at the relation 


\\ S-ardy-—\ pdz—| Pdz—| Paz— | Paz 
'G 4 BC cp DA 
that Is 
| | So dear =— | Paz (4.40) 
G ABCDA 


quality (4.40) has been proved for a domain of a special form 
bounded by the curves of types (4.37) and (4.38). But the formula 
can also be extended to an arbitrary domain which can be divided 
into a finite number of parts of this particular form. 

For, if a domain G with a boundary ZL is broken up into parts G,, 


(a 1. 2... 2, mn, such that. for each part, the relation 
. ? 
| ( 2 dx dy = —| Pde 
“c i; 


holds (where 1; is the houndary of G,;) we can sum up these relations 
with respect to é from 1 lo v# and thus oblain the double integral 
taken over the whole domain G on the left-hand side and the sum 
of the line integrals along the contours 4; on the right-hand side. 
But each contour L; consists of some ares of the boundary of the 
domain G and of soine arcs of the auxiltary curves which divide 
the domain G into parts. Every arc of each auxiliary curve being 
a constituent of exactly two contours of the type £;, we thus see 
that the line integral over such an are is taken twice, the directions 
of integration being opposite (see Fig. 4.8). Therefore, when we add 
together integrals of the form 

| Pdz 

L; 


the integrals taken over all the auxiliary ares mutually cancel out 
snd ohenee only the integral along the soundary of the dumain G 
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remains on the right-hand side. Thus, we obtain the equality 


\ § Soazrdy= —| Paz (4.41) 
G 


Fig. 4.8 @ 


Let us now interchange the roles of the variables x and y and 
lake a domain G bounded by the horizontal line segments 


y=c yd (4.42) 

and by the curves 
x= 2, (y), © = 2p (y) (4.43) 
shown in Fig. 4.9. Let the function O (2, y) and its derivative 
JQ 
Ox 
dary). Taking the double integral 


\ \ as dxdy 


he 
G 


be delined and continuous in the domain G (including its boun- 


in the forin 
d x2(¥) 


\ dy \ Yd 
© xy) 


and performing the same calculations as in deducing formula 
(4.40) we receive the equality 


a) _ , 
\ { 5,7 aa dy = Q dy 
G 


J 
ABCDA 


analogous to (4.40) (with the only distinction that there is no minus 
sign on the right-hand side). Further, following the arguments 


* As has been mentioned, this means that the domain G ts always kept 
on the left of a person walking round the contour / in the chosen (positive) 
direction of traeine the dronndarv of 6. 
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stinilar to the ones given above we tind that the relation 
\ \ S¢ dzdy = \ O dy (4.44) 
G L 


is true not only for the domains bounded by the curves of types 
(4.42) and (4.43) but also for the unions of a finite number of such 
domains. 

N domain G which can be divided into parts with boundaries 
of form (4.37), (4.38) and of form (4.42), (4.43) will be referred to, 
for brevity. as a simple domain. As has been shown, for a simple 
domain, relations (4.41) and (4.44) are fullfilled. Subtracting (4.41) 
Irom (4.44) we derive the formula 


‘. dz+ Ody = j J (<< — ) dxdy (4.45) 


where the line integral is taken along the boundary Z of the domain G 
in the positive direction. This very formula, which we set out to 
prove, is called Green’s formula. Thus, we can state the following 
result. 


Theorent 4.4. Let G be a simple domain and functions P (2, y) 
and O (z, y) and their derivatives be detNned and continuous on the 
closure of the domain G (i.e. on the union of G and its boundary). Then 
Green's formula (4.45) holds. 


Note 7. Vf the boundary Z of a domain G@ is compused uf a lite 
number of separate contours the symbol | P dx + Ody should be 


L 
uuderstood as the sum of the integrals taken over all the contours 


—_——_——" 


Fig. 4.10 


the entire contour is formed of, and each contour is deseribed in the 
lirection such that the domain G always remains on the Jeft of the 
contour (see Fig. 4.10). 


Note 2. lu deducing Green's formula we have supposed that the 


: : JP 
functions ? and QO and their partial derivatives ay and ad are COl- 
Linuous not only in the interior of the domain G but also on its 


heundary Rout ff tens out that tf is sufficicut ty iit pwc Uliee Carta 
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. ; . gP O . 
tion that the derivatives or and ze are continuous and buundecd 


in the interior of the domain G. Indeed, take again a domain G 
bounded by curves y = y,(z), y = y2(z) and vertical line segments 
x: a,x = b (Fig. 4.7). Choose a sufliciently small number 6 > 0 
and consider the domain Gg bounded above and below by the curves 
y = yo(z)—6 and y = y,(z) -+ 6, respectively, and on the sides 
by the vertical line semments x =a + &and z = b — 6. For every 
sufficiently small 6 >> 0 such a domain Gg exists and is strictly 
contained, together with its boundary, within G, and hence all the 
conditions for which the validity of equality (4.41) has been estab- 
lished are fulfilled for Gs. Therefore, 


| ) =—| Pdz (4.46) 
Gs a 
Where Ls, is the boundary of the domain Gg. The difference between 
thi area of the domain Gz and that of the domain G not exceeding 
the quantity 25 where 7 is the length of the boundary Z of the 
domain G, the integral on the left-hand side of relation (4.46) differs 
from 


not more than by the quantity /647 where AJ is the supremum of 
dn —— : : ; 
sa | inside G. Furthermore, the function /f (z, y) is contin ous 


and therefore uniformly continuous and bounded in the closure 
of the domain G. It follows immediately that 


\ Pdx—> \ Pdx  as6&->0 


Le 6 


Ilence, we can pass lo the limit in equality (4.46), for 620, and 
thus prove that the relation 


Saale - Pdz 


is true for the domain shown in Fig. 4.7 and, consequently, it 
applies to any simple domain. The validity of the equality 


\\ i dxdy = \ Udy 
G L 


is established in a similar way. 
It should be noted that the requirement that the derivatives 


0 eo e ? 
y~ and = are bounded in the domain G can be replaced by the 
au 
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oO @P 


condition that the integral {| ( =) dxzdy (understood as a 


Ox dy 

G 
improper double integral in case the derivatives are unbounded 
exists. 


Note 3. Green’s formula has been proved here for the domain 
which we have agreed to call simple. All the polygonal figures belon 
to this class of domains. Applying the technique of approximatin 
a curvilinear domain by polygonal tigures we can easily prove th 
(Green's formula is also valid for any domain bounded by a finit 
number of piecewise smooth curves. 


2. Application of Green’s Formula to Computing Areas. Green 
formula implies some useful formulas for computing the area ¢ 
a domain. 

Let G be a simple domain with a boundary ZL and Jet S be th 
area of the domain. Consider the lne integral 


| zay 


Applying Greei’s formula to the integral we obtain 
{ xdy= a) dzdy=S 
1. “G 
Next, we similarly derive the formula 
sS= — { yds 
L 


Combining these formulas we deduce another forniula for computin. 
areas in which the integrations with respeet to x and y are involve 
symmetrically**: 


pom 
| 


| 
S=z \ xdy —ydz (A. 
L 
Lranple. Compute the area of the domain bounded by the astroit 
xr=acost, y--asini?t 


* The nolion of an improper integral will be discussed in Chapler 9. 
** It is apparent that we can receive infinitely many fermulas of the foen 


ca | Paz + Qdy 
L, 


To this end it is sufficient to take, for P and @, any two functions satisfying 


ts ao) IP 
the condition a eee { 
ide Ou 
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Solution. Applying formula (4.47) we obtain 


2x 
e 1 3 2 - > ° .* 
Yay { x dy —ydxr=s> a> \ Sint cos’? [cos*?t :- sin*¢4] dé = 
| 0 
. 25 
a bite 3 r 
=a | sin 2t dl = > na 
0 


84. CONDITIONS FOR A LINE INTEGRAL 
OF TH SECOND PYPE BEING PATH-INDEPENDENT. 
INFEGRATING TOTAL DIFFERENTIALS 


1. Statement of the Problem. When studying the examples of 
line integrals in § 2 we have noticed that in certain cases a line 
Integral 


\ Pdx-|-Qdy 


AB 


is independent of the shape of the curve -12 and is determined only 
hy the position of its end-points, that is assumes the same values 
for all the paths of inlegration joiuing the fixed poiuts 21 and J. 
Here we are going to establish the general conditions guaranteeing 
such independence of a line integral of the particular choice of the 
path, This question is closely related to the problem of tinding 
a function of two 1udependent variables from its total differential 
which we are also gaing to eonsider here. 


2. The Case of a Simply Connected Domain. We remind the reader 
(see Chapter A) that a plane region (domain) G is said to be simply 
coinected if each closed contour 4 lying im the interior of the domain 
hounds a (jinite) part of the plane entirely belonging to G. 

Theorem 4.5. Let functions P (x, y) and Q (a,y) and their partial 

: ; dP d : ; 
derivatives ar and a be defined and continuous in a bounded closed 
simply connected domain G. Then the following four conditions are 


equivalent to each other (in the sense that the validity of each con- 
dition implies the fulfilment of the other three): 


1. Phe integral 
® Pdz-|-Ody 


taken over an arbitrary closed contour lying within G is equal toe zero. 


2. The integral 


\ PdzrtQdy 


AR 
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is independent of the particular choice of the path of integration con- 
necting the points A and B (which are considered to be fized but can 
be chosen arbitrarily in the domain G). 
3. Phe expression P dx + Qdy is the total (exact) differential of 
a single-valued function defined on the domain C. 
4. The relation 
oP aQ 
ty =e (4.48) 
holds everywhere in the domain G. 


Proof. We shall prove the theorem by following the logical scheme 


1—>2-+-+3>4-—> 1 


i.e. show that the first condition imples the second condition, the 
second implies the third one, the third implies the fourth and the 
fourth, in its turn, implies the first condition. Then the equivalence 
of all the four conditions will be established. 


D B 


Fie. 4.14 A o 


(a) J —+ 2. Take two arbitrary paths ving in the domain G@ and 
connecting the points “land &. say the paths LCB and ADS shown 
in Vig. 4.11. Now consider the closed contour ACBDA composed 
of them. By the Iypothesis. the integral taken along any closed 
contour is equal to zero and thus 


Pdz:. Qdy 9 


ACBDA 
But we have 


Pdr+Qdy= \ Pdx+Qdy+- \ Pdz |} Qdy= 
ACBDA ACR BDA 
— { Pdz+Qdy— | P dx -|- Q dy 
ACK ANB 
and consequently 
| Pdr+Qdy= \ Pde+Qdy 
ACD ADB 
Hence the assertion “f{—- 2° has been proved.* 


* Tf the curves ACR and ADB have some points in common other than 
A and B (seo Fige. 4.12) the same result can be established by applying a little 
more complicated argument. 
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(b) 2—> 3. Let the integral Pdz+ Ody be independent 


AB 
of the path of integration. Then, if we fix the point A the integral 
can be regarded as a single-valued function of the coordinates 2z 
and y of the point B: 


\ Pdz+Ody= U(z.y) 
RY: 
Let us show that the funclion U (x. y) is differentiable and that 
dU = Pda ;- Ody 
og 


To prove this it is sufficient to show that the derivatives ae 


du : : 
and = exist and are, respectively, equal to P?(z, y) and Q(z, y).* 
Let us compute the limit 


z i ‘ tc - & 6 rs ° ao ) 
- aoe (cp Ax. u)—U (x, y) 
= Ax—»0 AI 


The quantity U (2 4- Az, y) -- U (x. y) is equal to the integral 
of P dx + 0 dy taken along an arbitrary path connecting the points 


fy — G (ava, y) 


por 
a=“ AlZy14q) 
Big. 4.12 4 Fig. 4.13 41 2 


& 


(r, yy und (x } Ag. y) sinee. hy the hypothesis, the integral does 
not depend on the shape of the curve joining the two points. [lence. 
we can take the path coinciding with the horizontal line segment 
BR, (Fig. 4.135). Therefore, applying the mean value theorem we 
recelve 


XANAX LH 
AU 1c : by a 
ae | Pdx \-Qdy=— \ P(x, y)dx== P(x+OAqx, y) 
BB: a 


where O CO 1. Consequently, we have 


J , 
f= lim jp? Cr OAc, it) PP (zr, y) 
cnt, Ax-«f 


* As is well known, a function possessing continuous partial derivatives 
is differentiable. 
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: ae : 7 : 
because P (2, y) is continuous. The relation — —~ Q(x, y), is 


proved similarly. 
(c) 3— 4. If the expression ? dx + QO dy is the total differential 
of a fuuction & Cr. y) we have 
wo _ Ww _y, 
On > oy ' 
Then the well known theorem asserting thal the mixed deriva- 


Y ¥ 2os ~ 


: geal ae : 
lives —— anid are equal when they are continuous implies 


Szraty Cu Oe 
OO PU eu oP 
du vxroy dyox ay 
., ¢ vP i 
(d) 4-+ 1. Let the equality © arr be fullitled and let 4 be an 


arbitrary closed contour lying in the domain G. ‘Phe domain being 
(by the hypothesis) simply connected. the part of the plane bounded 
by the conlour £ belougs to the domain G in which the functions 
P and @ and their derivatives are defined and continuous. Therefore, 
by Green's formula. the line integral 


| Pdr tQady 
i 


can be transformed into the corresponding double integral) 


{ Pde: Qdy—j\ | (-3)-) degy 


i, f) 


where Do is the dumain bounded by the contour LZ. By virtue of 
relation (4.48), the integral on the right-hand side is equal to zero. 
Consequently, we have 


\ Pdz-}-Qdy 9 
i. 


for any closed contour “4 lying within G. The proof of the theorem 
has thus been completed. 


3. Reconstructing a Function from Its Total Differential. In proving 
Theorem 4.5 we have ineidentally solved the following problem 
(which will ba again encountered in § 2, Sec. 4 of Chapter 6): given 
an expression 

Pdzx+-OQdy 


it is necessary to find a function whose total differential coincides 
with the expression. In this section we shall limit ourselves bo the 

: : : ; : 7] 
ease when the functions ? and GQ and their partial derivatives = 


t 


13-0824 
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and oe are continuous over a simply connected domair G. As has 
been proved, in these conditions, the expression P dx — UV dy is 
the total differential of a funetion of two arguments if and only if 
the equality 

éP _ aQ 

dy ax 


holds (see Theorem 4.5). 

Furthermore, in the same proof we have shown that if the above 
equality is fulfilled the relation 

dj = Pdxr+Qdy (41.49) 
is satished by the function 
(x, ”) 
U (rz, y)= Pdz+Qdy 

Finally, the formula of finite increments (e.g. see [8], Chapter 5, 


Fig. 4.1% 


$Y) suggests that two fuictions having the same total differential 
may only differ by a constant term. Consequently, the formula 


(x, 37) 
U (2, y) = \ P dz--Qdy—C (4.50) 
(Xp, 0) 


where (7%, Yo) is a fixed point and C is an arbitrary constant des- 
cribes a one-parameter family of functions which contains all the 
functions satisfying condition (4.49). The integral entering into 
equality (4.50) being path-independent, we can take at pleasure the 
curve connecting the points (z9, yy) and (z, y). For example, it is 
convenient to choose, as the path of integration, the broken line 
composed of the horizontal and the vertical line segments shown 
in Fig. 4.14.* When the path of integration is chosen im this way 
equality (4.50) takes the form 


(x, Yo) (X.Y) 
ii (r, y)-- ( Pdxt \ Qdy °C 
(Xy, 7) (x, to) 


# Providod the seaments belong to the domain ©. 
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The initial point (a, Ye) can be arbitrarily taken within the domain 
in which the functions / and @ are defined. A change of the position 
of the point (ty, Yo) iS obviously equivalent to a variation of the 
value of the arbilrary constant C. 

Practically, to determine a funetion from its total differential 
it is convenient to apply tbe following technique. ]f we have 

ag au 

—_—_— J —_—_—_—_— 5 
an =P, Dy ¢ (4.91) 
then, integrating the first equalily with respect to z and considering 
the variable y entering into it to be a parameter, we obtain 


U (xz, y= \ Pdr fi (4.52) 


where /,; is independent of z (but, generally speaking, may depend 
on y, i.e. f,; =f, (y)). Further, integrating the second equality (4.91) 
with respect to y while z, in Its turn, is regarded aS a parameter, 
we receive 


U (2. u)= | Ody t hr (4.53) 


where fo = fo (r). If we now match the functions f; (y) and f, (z) 
in such a way that the right-hand sides of relations (4.52) and (4.53) 
coincide this will result in a function whose total differential 
is equal to the expression 7? dz + @ dy. 


Ezample. Let 
du’ = (2ry + 1) dx -}- (x? + 3y*) dy 
Integrating the coeflicient in dz with respect to z we derive 


\ (2ry |-1)dz=—a*y -+ x4-f,(y) (4.94) 
The integration of the coefficient in dy with respect to y results in 
\ (2? | By?) dy -- ay + y+ fo (2) (4.55) 


The right-hand sides of equalities (4.54) and (4.55) coincide if we 
put 
Ad@)=yacC and fe(z7)=2r4+C 
Thus, we see that 
(= xe*ytaety+C€ 


A, Line Integrals in a Multiply Connected Domain. In the procf 
of Theorem 4.5 we have taken advantage of the fact that the domain 
G has been supposed to be simply connected when, om the basis of 
the condition 

aP ag 
Ou ar 


(4.56) 


13* 
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we have established the validity of the equality 


. Pdx--Ody =0 (4.0974) 
L 


for any closed contour L lying in G. 

Now we shall consider a simple exainple indicating that, gene- 
rally speaking. equality (4.47) is not implied by condition (4.56) 
in the case of a imultiply connected domain. Let 


Ja) Gar aiady (4.58) 


J Pe? ae ae 
C 


The integrand does not make sense at Che point (0. 0) and therefore 
we shall delete a neighbourhood of the origin of coordinates. In 
the plane with the neighbourhood deleted (his plane is now an 
infinite multiply connected domain) the coefficients in dz and dy 
are continuous and possess continuous partial derivatives. Besides, 


we have 
tee) waz (GF) 
oY aT | ~ Ox \ x? -j-y? 


But integral (4.58) taken along a clused conteur turns out to be 
different from zero in the general case. For instance, if C is the 
circle determined by the equations 


r=coast, y= sind 
we obtain 
he 6 
" —y ; w i » | ee 
J= \ ——Z dv -- —— dy == \ dt.- 2a (4.99) 
V. sera elpe dane YO! ‘ 
Cc () 


Now let us investigate the general properties of an integral 
\ Pdc-a-Ody 


in case the functions P and @ satisfy the condilion* 


AP ag 
OY OY 


but the domain G they are defined in is mulliply eounected. For 
definiteness, let us take the domain G depicted in Fig. 4.15, i.e. 
the one naving three “holes”, “lacunas”, G;. Go and G3. Let us first 
consider a closed contour Z which does not contain any lacuna inside 
it. Then we can apply Green’s formula to the integral taken over 
such a contour and thus we see that the integral is equal to zero. 


ap Q 


O : 
* As before, we suppose that the fnnetions P.O, and — are continous 
SX 


inn harachel elaeand feenaim © 
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Now let Z, be a contour enveloping one of the lacunas. say the 
lacuna G, (and not containing the other Iacunas). Green's formula 
is no longer applicable to this case and, generally speaking, the 
integral taken over such a contour is not equal to zero (see the 
above exainple). 

Let us show that the value of this integral is Independent of the 
particular choice of such a contour containing the lacuna. Let Zy 


tif f Wel 7; 
F Ae LZ My 


Fig. 4.15 


and L; be two such contours. Connecting them by an auxiliary curve 
(ab) we obtain the contour 


(ab) + 7, + (ba) — 1 (4.60) 


where the minus sign in front of 4) means that the contour is tra- 
versed in the negative direction. Conteur (4.60) envelopes no lacunas 
and hence the integral over it is equal to zero. But the integrals 
taken along (ab) and (ba) are equal in their absolute values and 
have the oppusile sipos. Thus we obtain 


| Pdz+ Qdy 7 { P dx-+ Ody =0 


Ly -—L} 
that is 


\ Pdzxi-Gdy — | Pdx; Qdy 
Li Lt 
Consequently. each lacuna G; (f = 1, 2, 3) in the domain CG 
can be characterized by a certain number w;, namely by the value 
of the line integral © P dx — QO dy taken round an arbitrary closed 


@ 
contour containing the lacuna inside it and not enveloping any 
other lacuna. Now we can put down the general expression for the 


integral ) P dx + Ody taken over an arbitrary closed contour Z 


lving in G. Suppose the contour 4 passes around the first lacuna 4, 
times, around the second lacuna Ao times and around the third one 
/vg times. Ilere, for &; (@ == 1, 2. 3) we cach time take inlo account 
the direction in which the moving point of the curve L passes around 
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the ith lacuna, and thus every number 4; is understood as an algeb- 
raic sum equal to the difference between the number of times the 
contour passes around the lacuna in the counterclockwise direction 
and the number of times it passes around it in the clockwise direc- 
tion. Then we obviously have 


& P dx + Ody = kya, + koe + kgd3 
L 


If we make the cuts J. 77 and //FI, shown in Fig. 4.16, in the 
domain G we oblain a simply connected domain in which we can 
construct the single-valued function 


(x, y) 
U (x,y) = \ Pdz+Qdy (4.61) 

(xo, Yo) 
But, according to what has been said above, the values of the func- 
tion differ, on the opposite edges of the slit 7, by the quantity @y,, 


if 


Fig. 4.16 i ee 


on the edges of the slit ff by ws. and on the edges of J// by ws. If 
we do not make the cults expression (4.61) again represents a fune- 
tion whose total differential is equal to P dx + Ody but in this 
case the function is multiple-valued. Its values, at a fixed point, 
corresponding to the contours passing around the lacunas several 
times differ from each other by terms of the form 


kya, -+- rows + i303 


where the numbers &;, Ay and &3 can be arbitrary integers (positive. 
negative or zero).* 

It appears clear that all that has been said here is automatically 
extended to the general case of an arbitrary number of lacunas. 


* It may turo out, of course, Uhat all the numbers @; are equal to zero It 
(x,y) 


a particular case. Then the function O (7, y) = ( P dz + Q dy is single 


(XQ, yo) o 
valued even when the cuts are not made. and all the assertions of Theorem 4.5 


eamnin tren for each a multiniv eannaried cdamain 


Surface 


Ct 


Integrals 


In some physical problems we encounter functions defined on 
various surfaces. Ibxamples of such [functions are the density of 
a charge distribution over the surface of a conductor, the intensity 
of illumination of a surface. the velocity of the particles of a fluid 
passing through a surface and the like. The present chapter is devoted 
to studying integrals of functions defined on surfaces, the so-called 
surface integrals, and some of their applications. 

The theory of surface integrals is in many respects analogous to 
the theory of line integrals presented in the foregoing chapter. In 
particular. we shall distinguish between the surface integrals of the 
first and the second types. 

When introducing the definition of a surface integral we shall use 
some notions concerning surfaces which were «discussed in §§ 3 
and 4 of Chapter 3 and, particularly, the notion of area of a cur- 
vilinear surface. 


s 1. SURFACE INTEGRAL 
OF Till FIRST TYPE 


1. Definition of Surface Integral of a Sealar Function. Let > 
he a piecewise smooth surface bounded by a piecewise smooth con- 
tour L.* Consider a bounded function f (A/) defined at the points 
of the surface. Break up the surface 2 into parts Z,, De, ..., E, 
(Fig. 5.4) by means of piecewise smooth curves and denote the areas 
of the parts as o; (@ := 1, 2, ..., 2). Next we choose a point A/,; 
in each part 2; and form the sum 


ria 2 f (AT) O1 (9.1) 


which will be referred to as an integral sum corresponding to the 
function f (AZ) (for the partition {2,;) (i = 4, 2, ..., ”) of the 
surface X amd for the given choice of the points A7/;). 


* In particular, the surface “ may be closed and have no boundary. 


200 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


We introduce the following 


Definition. If the integral sums T tend tae finite limit as the 
maximal of the diameters of the parts X; of the surface £ lends to 
zero the limit is called the surface integral of the first type 
of the frarction f (AD) over the surface = and is denoted by 
the symbol 


\ ( f (AM) do (5.2) 
=z 


The moving point AJ on the surface © can be determined by 
its Cartesian coordinates xz, y and z. Therefore a function f (A/) defined 
on & will also be designated as f (x, y, z) and the corresponding 


surface integral as { | f(z, y, 2) do. But when using the last 
s 


Fig. 5.1 i 


notation one should bear in mind that the variables z, y and z are 
not independent here but connected by the condition that the point 
(x, y, 2) belongs to the surface 2. 


2. Reducing Surface Integral to Double Integral. We have for- 
mulated the detinition of the surface integral of the first type and 
now we are going to discuss the conditions for its existence and the 
methods of its practical computation. 

Both questions are easily answered if we reduce the surface inle- 
eral to the double integral. 

To begin with, we take the simplest case when the surface in 
question is represented by an equation in Cartesian coordinates. 


Theorem 35.1. Let 2 be a smooth surface determined by an equation 
z2—=2z(z, y), (4, y) CD, where D is a bounded closed dumain, and 
let f (xz, y, 2) be a@ bounded function defined on the surface 2. Then 
we have the relation 


J | f@y.2do= ff tyz@ my VT Pe Fa dedy (3.3) 
>> D 
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provided that the integrals entering into it exist. The surface integral 
on the left-hand side of equality (5.3) exists if the double integral on 
the right-hand side does. 


Proof. Divide the surface 2 into vn parts 2; (i = 1. 2, ..., 2) 
by means of piecewise smooth curves. Projecting this partition on 


SEL 
Ce 


Fig, 5.2 


the z, y-plane we obtain a partition of the domain D into squarable 
parts D; (see Fig. 5.2) in which the diameter of each clement D,; 
(§ = 1,2, ..., m) does not exceed the diameter of the correspon- 
ding element =, of the surface 2. 

Consider an integral sum 


T = 2 f (Xi. Yar 22) Gi (5.4) 


associated with the surface integral \ | fe y, z)do. The area o; 
5 
of the element %, can be written in the form 


6; = [ 4 +t 353-4 cl* dx dy 
D; 
where z = 2 (z, y). Now taking advantage of the mean value theo- 
rem for the double integral of a continuous function*® we rewrile 
the formula for o; as 
O,= V 1+ 22 (xf, yf) + 27 (xt, yt) Si 

where (z?, yj) is a point belonging to the domain D; and S; is the 
area of the domain. Consequently, integral sum (5.4) can be put 
down in the form 


T= ps f (x1, ye, 2(zi, yd) V1 ba (2h, yt?) HF (2h, PF) Si (5.4) 


* The surface z = z (7, y) is supposed to be smooth and hence the expres 
sion V1 + 2%? (z, y) + 2,7 (x, y) is a continuous function. 
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Compare this sum with the integral sum 


T= 3 Sal (Fis Yes 2(2H Y) VIF ee a ve) Fay BEY) Se (5-5) 


corresponding to the double integral on the right-hand side of equality 
(5.3) (associated with the partition, of the domain D, generated 
by projecting the partition {2,;} of the surface 2). 

The only distinction between the sums (5.4’) and (5.5) is that in 
each summand entering into (5.5) the values of the function f and 
of the expression V1 + 2; + 2,7 are taken at the same point (z,, y;) 
arbitrarily chosen within the clement D, whereas in (5.4’) the values 
of VWizc? + zy are taken at the point (xf, y¥) whose position 
is preassigned by the mean value theorem. Therefore, in the general 
case, the point (zf, y¥) does not coincide with the point (z,, y;,) 
although it belongs to the same element D,,. 

The function Y1 + 22 + zi? is continuous in the bounded closed 
domain D and hence it is uniformly continuous there. Consequently, 
given any ¢ >>Q, there is 5, 0 such that 


lV {2) (i, Yi )+2, (Tis Yi j)—V 1423 (a7, yf)+2,/ (zF, yf)|<e 
(5.6) 


if the maximal of the diameters of the subdomains JD; is less than 
5,. By the hypothesis, the function f (z, y, z) is bounded, i.e. 


lf (z, vy, 2) |< A = const 


aud therefore relation (5.6) implies the inequality 


| 7 — Tj= | py Sf (ae, Yi, 2(2:, yi) Lb 1-+2 (zi, YF) 4+ Zy Aq yi)— 


—V1 + 25 Lis Ya) + 20° (Zi, Yi ‘)] Sj l< < Ke > j= KeS (9.7) 


where S is the area of the domain D. 

Now we can easily complete the proof of the theorem. If the inte- 
gral on the right-hand side of (5.3) exists, for every ¢ > 0 there is 
5. > 0 such that for any sum 7 corresponding to a partition {D,} 


of the domain D whose elements are of diameters less than 65, we 
have the inequality 


| \ \ f(z, y. 2(z, u))V 1+ 22 (2, y) +23 (z, y)dzdy—T|<e (5.8) 
D 


Let us take the number 6 = min (6,, 6,) and consider the partitions 
{X,;} of the surface 2 for which the diameters of all the elements 2; 
are less than 6. Denote by {D;} the partitions of the domain D 
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corresponding to {2;}. Then the diameter of each D; is less than 6 
and consequently inequalities (5.7) and (5.8) are fulfilled. The ine- 
qualities imply that 


| \ \ f(z. y,2(z,y)) V 14222 (2, y) 4 273(z, y) dxdy—T |< ¢ (14+ KS) 
D 


for every partition of the surface 2% whose fineness is small enough. 
It follows that the limit of the integral sums 7 exists and equals 
the integral entering into the right-hand side of relation (5.3), and 
hence the theorem has been proved. 


Corollary. If the surface = is smooth and the function f (x, y, 2) 
is continuous the integral 


{| re y, z) do 


ud 


is sure to exist. 
For, in this case we have a double integral of a continuous func- 


tion on the right-hand side of equality (5.3) which exists and thus 
the surface integral on the left-hand side also exists. 


Note 7. We have 
1 


are i. 277 i 
V 1+ 22 4-27? = aE 


(see § 3, Sec. 6 in Chapter 3) and therefore equality (5.3) can be 
rewritten as 
dx _ drdy — 


JJ ie, y, 2) do= J Jie y2(z, yu 5.9) 


If a surface = is represented by an equation 
ee (y, z) 
we can interchange the roles of the variables z, y and z and write 


the relation 
_ dy dz dz 


J \ ie. y, 2) do= J MEW DW eesy (5-91) 


where D, is ~ projection of as surface 2 on the y, z-plane. Simi- 
larly, in the case of a surface 2 defined by an equation 
y=y (z, z) 
we have the equality 
dzax 


jr x,y, z)do= | { f(z, y (2, x), 2) ——-——- ORT (9.95) 


where J), is the nroiectinn of . an the 2. zr planc. 
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Note 2. Suppose a surface X is composed of several parts eaclr 
of which can be represented by an equation of the form 


z-=2(y, 2), y=yz, z) or 2 =2(2, y) 


Then we can take advantage of the fact that the surface integral 
over = is equal to the sum of the integrals taken over the parts the 
original surface is formed of and apply formulas (5.9). (5.9,) or 
(9.94) to each of the integrals separately and thus reduce the integral 
over * to the sum of the double integrals. 

In case a surface is represented by parametric equations we can 
apply arguments essentially the same as above and thus prove the 
following result. 


Thearem 5.0. Let = be a smooth surface represented by a (vector) 
parametric equation 


r=r(u, v) 


and f{ (a, y, z) @ bounded function defined on the surface. Then we 
have the relation 


\\ /(z, y, 2) do= 


=|) fe (u,v), yu e), 20, 0) Venke— en dude (5.10) 
"D 


provided that the integrals in (5.10) exist. The surface titegral an the 
right-hand side erists if the double integral on the left-hand side does. 


Ilere D is the range of the parameters u, uv and gi;, §12- 22 are 
the fundamental coefficients of the first order of the surface = (see 
§ 4, Sec. 1 in Chapter 3). The expression V g.;g-. — #7, du dv is an 
element of surface area in the curvilinear coordinates u, v. 

Hence, formula (5.10) means that in order to write a surface 
Intecral \ f(z, y, 2) do, taken over a surface X which is deter- 

a 
mined by an equation r = r (wv, v), in the form of a double integral 
we must replace the Carlesian coordinates z, y and z of the points 
of the surface by their expressions in terms of the curvilinear coor- 
dinates wand v and substitute the above expression of an element 
of surface area for do. 

Formula (3.3) and formulas (5.9), (5.9,) and (5.9.) are obviously 
Special cases of general formula (5.10). [t can be easily shown that 
these formulas are also valid when the surface is not smooth but 
piecewise smooth. 


o>. Some Applications of Surface Integrals to Mechanics. Surface 
integrals of the first type are frequently encountered in’ physical 
problems. For instance, this is the case when we deal with a mass 
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distribution over a surface and find the coordinates of its centre 
gravilv, moments of inertia etc. The corresponding formulas at 
derived by essentially the same methods as those applied to studyin 
mass distributions over a plane figure or along a curve (st 
Secs. 3-5, § 4 in Chapter 1 and Sec. 3, § 1 in Chapter 4) and therefor 
we shall only present the final results and leave the computatiol 
to the reader. 

let a mass of areal density p (z, y, 2) be distributed over a su 
face XL which is smooth or piecewise smooth. We shall suppo: 
that the function 9 (z, v, 2) is continuous on XS and refer to suc 
a surface. for brevity, as a material surface. ‘Then we have the follos 
ing results. 

(1) The mass p of the materia) surface + is equal to 


Lt — | \ o(r, y,s)da 


‘x 


(2) The coordinates of the centre of gravity of the material surfa 
are expressed by the formulas 


\ \ 7) (7, yf, z) da \ \ Yup (Cr. Yu, =) ait \ \ 20 (x, Y. =] av 


ea = ay poe 
i \\ e(r. 9, 2) do "  ({ p(t, y. 2) ae 
. yy 


Ae 2 ee oe ee 
\ \ P(x. Y z) do 


oud r™ j 


In particular, for a homogeneous surface (with p = const) we ha: 


{{ 2do \{ yao \\ <do 
= _ = aes = 


(3) The moment of inertia of the surface X% about the z-axis 
equal to 


{ { (x? -Ly*)o (x, y, 2) da 


e e 
y 


amp 


and the moments of inertia about the other two axes are expressc 
similarly. 

4. Surface Integral of a Vector Function. General Concept | 
Surface Integral of the First Type. We have considered surfa 
integrals of scalar functions. This notion can he easily generalize 
to the vector functions. Let 


EF (M) = Pi + OF + kK 
be a vector function defined on a surface 3. Let us introduce 
integral of such a function over the surface X by putting 


i F(M)do =i \ | P (My) do | | \ [ O(M)do k \ | RM) de 


Ld 
ba Se ae 
a 


(Af 
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i[xpression (5.10) will be called the surface integral of the first 
type of the vector funetion F over the surface 2. The value of such 
an integral is a vector. The question of existence of a surface integral 
of the first type of a vector function IF, the problem of reducing it 
lo a double integral and the properties of the integral are investi- 
gated on the basis of the corresponding facts concerning the integrals 
of the scalar functions ?, V@ and # which are the components (coor- 
dinates) of the vector I. 

To illustrate the application of this notion let us find the force 
of gravitational attraction with which a material surface attracts 
au material point. 

Let p (x, y, 2) be the density of mass distribution over a surface 
= and my be a mass concentrated at a point (zg, Yo, Zo) NOt belonging 


to the surface. An element of area do carries the elementary mass 
0 (x, y, 2) do and, by Newton's law of gravitation, the elementary 
force with which it atlracts the mass point mg is equal tu 


di = yinyp (xz, Y, 3) > da (9.12) 


Ilere y is the constant of gravilation whose numerical value depends 
on the choice of the system of units and r is the vector drawu from 
the point (79, Yy. 2) to the point (z, y, z) (Nig. 5.3). The resultant 
force F of attraction of the material point im, by the entire surfaco & 
is equal to the sum of elementary forces (5.12), that is to the surface 
integral 


Vitlg \ \ p (ec, y, Z) — do 


Le 
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baat | 


Since we have r=(z—2p)i ;-(y— yy) } -+ (2 —29) k, the expression 
of the force can be written in the form 


F = yo! i ) { O(a, 2) = =" dg ~ 


+5 J | oC ya) St ss do -: RY) }e (z,2 y, 2)— 2 do | 


= 


The last integral is sure to exist if the surface = is smooth or piece- 
wise smooth and the surface density 0 (z, y, 2) 1s a continuous 
function on 2. 

An essential feature of the surface integrals of the first type is 
that each element of integration of the form 


{ (M1) do 


depends solely on the magnitude of the element of area do and on 
the value of the function f (47) (which may be scalar or vector) at 
the corresponding point AY but is independent of the orientation 
of the surface element do in the surrounding space. This is the case 
in the physical problems we have considered here because the mass 
of an element of a material surface at a point ™ or the force with 
which the element attracts a material point does not vary if we 
arbitrarily turn the clement about the point JV. 

Rut there are problems of another kind in which the orientation 
of the element do plays an important role. Such is the problem (to 
be considered below) of computing the amount of liquid passing 
through a surface in unit time and some others. These problems 
lead to another concept of a surface integral, namely to the so-called 
surface integral of the second type which we shall deal with in $ 2. 
As will be shown, there are simple formulas expressing the rela- 
tionship between the surface integrals of the first and the second 


types. 


§ 2. SURFACE INTEGRAL OF THE SECOND TYPE 


{. One-Sided and Two-Sided Surfaees. To give the definition of 
the surface integral of the second type we must first discuss the 
question of choosing a side of a surface which is analogous to tlie 
problem of introducing an orientation of a curve. 

Let 2 be a smooth surface. ‘Take an interior point A/, on +. draw 
the normal line to the surface at the point and choose one of the two 
possible directions on the normal. This can be achieved by fixing 
a certain unit normal vector n to & at the point Avy. Next we con- 
sider an arbitrary closed contour C lying on the surface © which 
passes through the point 417, and has no points in common with 
the boundary of the surface. Imagine that we are carrving the unit 
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vector n along C (starting from the point AZ) in such a way that 
the vector always remains” perpendicular to XZ, i.e. perpen- 
dicular to the tangent plane drawn to the surface through the origin 
of n (which lies on 2 all the time), and so that the directiou 
of n continuously varies in this motion. The vector n always 
remaining normal to the surface *, there are only two possibilities 
here: (1) after the contour C has been traversed and the moving 
point (the origin of n) has returned to the point AJ, the new position 
of the vector n coincides with the original one; (2) after the contour 
C has been traversed the vector n changes its direction to the oppo- 
site. Aceordingly, we introduce the following 


Definition. A smooth surface % is said to be teca-sided if after 
an arbitrary contour. lying on the surface X% and having no conmon 
points with its boundary. has been described the normal vector io the 
surface does not change its direction. 

{f there is a closed cantour such that after it has been traversed the 
normal vector changes ils direction to the opposite the surface is called 
one-sided, 


If % is a two-sided surface we can choose a unit normal vector 
n(.W/) at each point VW of the surface so that n(/) continuously 
depends ou the point AZ. To construct such a vector function 
n(A7) we can choose an initial point Af, on X and one of the two 
possible directions of the normal vectors n(j/,) at the point. Then 
we take an arbitrary point AZ on X, connect it with 7%, by a curve 
i tying on % and carry over the vector n along £L from Af, to M 
so that il always remuins normal to the surface and its direc- 
lion continuously varies in this motion on. The vector n(.¥) 
at the point AZ thus obtained is independent of the choiee of the 
curve £L joining the points Af, and Af. For, if two different curves 
L, and Le yielded different results we should have formed a closed 
coulour consisting of the curves £, and L», and thus oblained a closed 
path C lving on X such that after C has been traversed the direction 
of the normal vector is reversed. But this means that the surface 
is not two-sided which contradicts the hypothesis. 

Jt clearly follows that, on a two-sided surface 2%, there exist 
exactly two functions of the type n(A7) continuous throughout 2. 
Indeed, each function is completely specified by choosing one of the 
two possible directions of the normal at an arbitrary initial point 
on the surface. A funclion n(Af) of this kind will be referred to as 
a continuous field of normals on S. In the case of a one-sided surface 
iL is obviously impossible to construct any continuous field of nor- 
mals. 

When we choose one of the two possible continuous fields of nor- 
mals on a two-sided surface = we thus choose a certain side of the 
surface (which is seen from the tip of the normal vector). 
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ram ples 

1. A plane is a simple example of a two-sided surface. Any part 
of a plane, e.g. a circle, is also a two-sided surface. 

2. Every smooth surface determined by an equation z = f (z, y) 
is two-sided. In fact, if, at each point of the surface, we take the 


ig. a4 


normal vector whose direction forms an acule angle with the posi- 
tive half-axis z we obtain one (upper) side of the surface, and the 
other (lower) side if the orientation of the normal vector is reversed 
(Fig. 5.4). 

3. Any closed surface without self-intersections is two-sided, 
c.g. a sphere, an ellipsoid etc. For instance, if we take, at each point 
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Fig. 5.5 Fie. 5.6 


of such a surface, the normal vector directed toward the interior 
of the solid bounded by the surface we thus indicate the inner side 
of the surface. 

4. The so-called Moébius* strip depicted in Fig. 5.5 is the simplest 
example of a one-sided surface. It can be obtained by taking a rec- 
tangular strip of paper ABCD (fig. 5.6a) and pasting its two ends 
together after giving it half a twist, i.e. so that the point 4 
coincides with the point © and the point #£ with the point 
(ig. 5.60). It is easily seen that after we traverse the centre line 
of the Mébius strip the direction of the normal to the surface is 
reversed. which means that the surface is in facl one-sided. 


* Mobins, Aneyet Ferdinand (790 1863), « Gelaai miatuematiqoan. 
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Note f. The two-sided surfaces are also called orientable and 
the process of choosing a certain side of a two-sided surface is referred 
{fo as the orientation of the surface. The one-sided surfaces are said 
to be nonorientable. 

The reader should distinguish between the terns “an orientable 
surface” (which means that an orientation can be introduced on it, 
i.e. a certain side of the surface can he chosen) and “an oriented 
surface” for which a certain side has already been chosen. 


Note 2. In contrast to the so-called local properties, such as smooth- 
ness of a surface, which are determined by the conditions thal may 


or may not hold at separate points of a surface, the orientabiltity 
(or nonorientability) of a surface is a global property characterizing 
the surface as a whole. Indeed, a sufficiently small neighbourhood 
of an interior point of the Mébius strip (or any other surface) proves 
orientable. In such a neighbourhood it is always possible to con- 
struct a continuous held of normals although there exists no such 
a field on the entire Mobius strip. 

The concept of a side of a surface is closely related to the notion 
of a coherently (conecordantly) oriented boundary of the surface 
Which we shall need Jater.* 

fet & be an oriented surface bounded by a single or several con- 
tours. We introduce, for each contour “ entering into the boundary, 
its orientation (coherent with the orientation of the surface X) 
according to the following rule: a direction in which the contour L 
is described is considered to be positive (i.e. coherent with the 
orientation of S) if the surface % is always kept on the left of a 


* ‘This relationship is dependent on whether the coordinate system taken 
in the three-dimensional space is right-handed or left handed. Jn what follows 
we chall alwavs choose ai right-handed coordinate svsteim. 
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person who is placed on the surface so that the normal vector goes 
from his feet to his head and who is walking round the contour in 
this direction (see Fig. 5.7). The opposite direction is referred to as 
the negative one. 

If LZ is an arbitrary closed contour bounding a part of an oriented 
surface 2 the positive direction of traversing the contour, coherent 
with the orientation of the surface 2, is again chosen in such a way 


Fig. 5.9 


that this part of the surface (it is shaded in Fig. 5.8) remains 
on the left.* If an oriented plane is taken as & the definition of 
a contour coherently oriented with a surface reduces to the well 
known rule according to which a contour in the plane is regarded as 
heinge positively oriented if it is described in the counterclockwise 
direction and negatively oriented if otherwise. 


Note >. The rule specifying the coherence between the orientations 
of a surface 2 and of a contour / entering inte the boundary of the 
surface can also be formulated as follows: Iet n be the unit normal 
vector to the chosen side of the surface © at. a point AJ belonging 
to L. and Jet v be a vector which is perpendicular both to £ and 
to n and directed toward the surface 2. Then the positive direction 
of traversing the contour Z coincides with that of the vector [v, n]** 
(see Fig. 0.9). 


2. Definition of Surface Integral of the Seeond Type. Let us first 
consider a concrete problem involving the notion of a surface inte- 
eral of the second type, namely the problem of computing the flux 
of a liquid through a surface. 

Let the space (or its part) be filled with a moving liquid (uid), 
the velocity of a particle of the liquid passing through an arbitrary 


* [f we take a left-handed coordinate system the rule changes to the oppo 
site, that is the positive direction of tracing a contour “4 lying on a surface & 
is such that the part of the surface XS bounded by 4 remains on the right. 

** This rule holds irrespective of whether a right-handed or a left-handed 
coordinate system has been chosen in the space. The directions of the vectors 
no and v are independent of the choice of the coordinate system whereas the 
vector product [v, nf changes its direction ta the oppasite when a right-handed 
system is replaced by ai left-handed ane or view vere 


14> 
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point (z, y, z) being specihed by a vector ¥ (zx, y, 2) with projec- 
tions (components) P = P (z, y, z2), QV =Q (2, y, z) and R -= 
= It (x, y, z) on the coordinate axes zx, y and z. Let us find the 
— s If of liquid passing in unit time through an oriented sur- 
ace oa. 

Consider an infinitesimal element of area do of the surface %. 
The quantity of liquid passing through do in unit time is obviously 
equal to dil = V, do where V,, is the projection of the velocity V 
on the direction of the normal! n to do (Fig. 5.10). Expressing 
VY’, as the scalar product of the vector V by the normal vector n to 
do we obtain 


dil = {P cos (n, z) + YU cos (n, y) -+ A cos (n, z)) do (9.13) 
Formula (5.13) gives an elementary flux of liquid. To obtain 


-_ 
yd 
-_ 
-—— 
-_ 
- 


Pig. 9.10 


the resultant flux, i.e. the amount of liquid flowing through the 
whole surface = in unit time, we must sum up expressions (9.13) 
over all the elements do, that is take the integral 


i} =— | [ [P cos(n, z)+ Ucos(n, y)-- A cos(n, 2)] do 


hs 
ae 


According to the definition given in § 1, this is nothing but the 
surface integral of the first type of the function 


P cos (n, z) + Qcos (n, y) + # cos (n, 2) 


taken over the surface >. But an important thing is that here the 
integrand depends not only on the vector function (P, @, /t) defined 
over the surface % but also on the direction of the normal at each 
point of the surface. 

Now we proceed to formulate the general definition. Let = be 
x smooth two-sided surface. Fix a certain side of the surface (that 
is choose one of the two possible fields of normals n(jA/)) and con- 
sider a vector function A = (7/7, V, A) dehned on 2. Let us denote 
by A, the projection of the vector A on the direction of the normal n 
to the surface at an arbitrary point (z, y, 2). The projection can 
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be written in the form 
A, = P cos (n, x) + QG cos (n, y) + Roos (n, 2) 


where cos (n, z), cos (nm, y) and cos (n, z) are the cosines of th 

angles between the direction of the normal and the directions o 

the coordinate axes, i.e. the components of the unit normal vector n 
The integral 


\ \ [Pcos(n, r)+ Gcos(n, y) Mcos(n, s)| do (5.14 


will be called the surface integral of the second type of the vecto 
function A = (P, Q, FR) over the surface = (or, strictly speaking 
over the chosen side of the surface ~) and will be denoted as 


\ | Pdydz+ Qdzde+- Rdedy 


= 
aad 


Thus, by delinition, we have the relation 


\ | Pdyds+Qdedz+Rdardy 


== \ \ [Pcos(n, 2) -+@cos(n. y)+ Recos(n, 2)]} do (4.15 


a? 
-_- 


if we pass to the integration over the other side of the surfac 
the components of the unit normal vector change their signs to th. 
opposite and hence we have the same for integral (5.14). It shoule 
be noted that for a one-sided surface the notion ol a surface integra 
of the second type is not introduced. 

To achieve the gencrality guaranteeing the possibility of applying 
the notion of a surface integral of the second type to a wide variet: 
of problems it is advisable to include the integrals over the surface 
having self-intersections (an analogous silualion was encountere: 
in the theory of line integrals). 


Note 1. 1f do is an infinitesimal element of area of a surface & 
the expressions 


cos(n, x) do, cos (n, y)do and_ cos (n, 2) do 


are, respectively, the projections of the clement du on the y. 2- 


zs, x- and x, y-planes (see Fig. 5.41). This is why we denote then 
as dy az, dz dx and dz dy. 


Note 2. We have defined the surface integral of the second typ. 
on the basis of the notion of the surface integral of the first type 
But the surface integral of the second type can also be defined directl: 
by means of the corresponding integral sums, which is performe: 
as follows. 
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For brevity, let us consider only one of the projections of a con- 
tinuous vector function (?, @, /t), say R. Take an oriented smooth 
surface Z and form a partition of the surface into parts 2;. Choosing 
an arbitrary point (z;, y;, 2;) in each part we compose the integral 
sum 

nh 
Dd Rts yi. 2) Si (5.16) 


j= 


where S; is the area of the projection of 2; on the z, y-plane taken 
with the sign — if, at the points belonging to 2;. the normal to 
the surface forms an acute angle with the positive direction of the 


ae cosiny, 


Jf 
} | 
Wy cos(n, 2) 
x 


Vig. 5.11 Fig. 5.412 


Z 


z-axis and the sign — if otherwise, i.e. if the angle is obtuse at each 
point of the element 2;.* We can easily verify that, for a continuous 
function 22 (x. y. sc) and a smooth surface XY, the limit of integral 
suins (5.16) (as the partitions of the surface are infinitely relined) 
exists and is equal to the integral 


\ \ Riz, y, s)dxdy 


(compare this with the definition of the line integral of the second 
ivpe given in § 2, Sec. 2 of Chapter 4). 


* ON partition of the surface X may inchide “irregular” cle:nents, tee. such 
that the angle (m. 2) is acute al some of its points and obtuse at the other (see 
hig. 5.12). We can either exclude the partitions containing such elements or 
attribute an arbitrary sign to the areas of their projections because this does 
not affect the resull. since the sum of the areas of the projections of these ele- 


iba S So Selene? Cia. 
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We can similarly define, by means of the corresponding Integral 
sums. the integrals 


\ P(z,y,2)dyds and \ O(x, y,z)dzdz 


v 


und, consequently, write the general integral 
\ \ Pdyds—Odzdz--Rdx dy 
y 

as the sum of the integrals of these three forms. 


Nofe 3. The distinction between the surface integrals of the first 
and the second types is that in the latter each area clement do is in 
fact regarded not as a scalar quantity but as a vector do directed 
along the normal on to the surface 2 and having the components 


do cos (n, xz), docos(n, y) and docos (n, 2) 


Accordingly, the surface integral of the second type of a vector 
function A == (27, Q, Zt) ts often written in the form 


\| (A, do) (5.17) 


by 
aw 


which is equivalent to 


\ (A, n) do (5.18) 


oi 


Nole 4. Besides integrals (5.18) we encounter, in some problems, 
inleerals of the form 


\| [A, n]} do (9.19) 


The value of such an integral is not a scalar but a vector. The coin- 
putation of integral (5.19) obviously reduces to the separate inte- 
grvlions of the components (projections) of the veetor [A. nl. Tere 
the integrand also depends, aS in intevral (5.18), on the normal n 
to the surface 2. and therefore integral (5.19) should be naturally 
regarded as a surface integral of the second type (but as a “veetor- 
valucd” one, in contrast to “sealar” integral (5.18)). 


3. Reducing Surface Integral of the Second Type lo Double 
Integral. The definition of a surface integral of the second type 
wil Theorem 5.1 immediately imply the following result. 

Let X be a smooth (or piecewise smooth) surface determined by 
wi equation 

2 = 2 (7. y) 
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and let &R (z, y, 3) be a bounded function delined on &. Then, tor 


the surface inlegral of the second type \ Riz, y, 2) dx dy taken 
over the uppec side of the surface 2, we have the relation 


\\ Riz, y, s) dxdy = \\ R(x, y, 2(2, y)) dx dy (5.20) 
D 


. 
aut 


(where D is the projection of the surface 2 on the z, y-plane) pro- 
vided that the integrals entering into (3.20) exist. The surface inte- 
eral on the lelt-hand side exists if the double integral on the right- 
hand side of (5.20) exists. 

Actually, the surface integral can be written in the form 


\) Riz, y, z) cos (n, 2) do 


vw 


Applying formula (5.9) to this expression we obtain the relation 
we Set oul Lo prove. 


Thus, in order to reduce a surface integral \ \ R (xz, y, 2) de dy, 
= 

taken over the upper side of a surface © determined by an equation 
z=2z(2, y), to a double integral we must substitute the corres- 
ponding function 2 = z(z, y) for z into the integrand and replace 
fhe integratton over the surface 2 by the integration over the pre- 
jJeclion D of ZX on the zx. y-plance. 

If the integral is taken over the lower side of the surface “ we 
vbvivusly have 


{| Rir,y,z)dxedy= —\{ R(x, y,2s(«£, y)) dx dy 
5S D 


We similarly derive the formulas 


\| P (zx, y, z)dydz= +{{ P (x(y, 2), y, 2) dy dz (5.21) 
D> D, 
ancl 


\{ Q(z, y, 2) dzdz= 1: \| Q(x, y(z, x), s)dzdz (9.22) 


x Deg 


where in the former © is understood as a Surface represented by an 
equation © = zx (y, z) and in the lalter as a surface determined by 
an equation y = y (z, r). Accordingly, the plus sign is taken if 
the normal to the surface x = x (y, 2) (y — y (z, x)) forms an 
acute angle with the positive direction of the a-axis (y-avis) and 
the minus sign if the angle is obtuse. The symbols 2, and D. desig- 
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nate, respectively, the projections of the surface “ on the yy. z- 
and 3, x£-aNxes. 

Formula (5.20) can also be applied to reducing a surface integral 
to a double one when an oriented surface 2 is composed of several 
pieces each of which is determined by an equation of the form z = 
= z(z. y). In this case the integral should be written as the sum 
of the integrals correspouding to the pieces and then formula (3.20) 
should be separately applied to each integral. 


Exercise. Rewrite the integral 
J—\\ R (zr, y, 2) dz dy 
taken over the outer side of the sphere 
r2 + y" — ge — gQ 
im the form of a sum of double integrals. 


Answer. 


J = {| R(z,y, Ver—z?—y?) dxdy— 


x24 y2 ai 
— \\ Riz, y, —V a&—z?—y*) dady 
x24-y?- “a2 


Tlere the first summand is equal to the integral taken over the upper 
side of the upper hemisphere and the second. with the minus sign 
prelixed to it, is equal to the integral taken over the lower side 
of the lower hemisphere because the two hemispheres. oriented in 
[his way, constitute the outer side of the entire sphere. 

We have shown the way of reducing a surface integral of the 
second type, taken over a surface determined by an equation in 
Cartesian coordinates, to a double integral. For a surface represented 
parametrically, the application of Theorem (5.1') tmmediately 
implies the following result. 

[f a smooth (or piecewise sniooth) surface XY is represented by 
A parametric equation 

r= r(vu, v) 


and (P, @, #) is a bounded vector function defined on = we have 
the relation 
(| Padydz-+QGdzdr+Rdxrdy= 


e 
uN 
o~ 


— i) [Pcos(n, z)-+Qcos(n, y) + A cos (n, z)] V £11822— £7 dudv 


D 
(2.29) 
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Where D is the range of the parameters mw. uv and g1;, Bie. Hee are 
the fundamental quantities of the first order of the surface +, pro- 
vided that the integrals entering into formula (5.23) exist. The 
surface integral on the left-hand side of the formula exists if the 
double integral on the right-hand side does. 

lux pression (9.23) can be transformed to another form. <As_ is 
known (see § 3, Sec. 5 in Chapter 3), 


cos (n i od ep eee cos (n, y) — = 
C . 
cos (n, 2) = ————————— (3.24) 
V A24- Be 1-C2 
where 
dy 3 02 dx , er ay 
, | du au | du du due ou 
A= Uy Us : Bb Oz ax’ C= de dy 
de Ol dv du Je dv 
anil 


V £ug2— #2, = Y A + B*-} C* 


Vherefore formula (5.23) can be put down as 


({ Pdydz Gdzdza-i R dzdy = \\ (PA! OB J-RC\ dude (5.25) 
D 


where 
P= PP (x (u. vy. y (uv, v). 2 (uy v)). 
O=O (zu, v), y (u,v), zu, vy) and 
R —R (x (nu, vy. y (uy v), 2 Qa, v)) 


equalities (5.20)-(5.22) are obviously special cases of general 
formula (4.23). 


§ 3. USTROGRADSKY ‘FIEORIEM 


1. Derivation of Ostrogradsky Theorem. In the foregoing chapter 
we established a formula connecting a double integral over a plate 
domain with a line integral taken along ils boundary (Green's 
formula). Here we are going to deduce a similar formula expressing 
a relationship between a triple integral over a space figure and 
a surface integral taken over the outer side of the surface bounding 
the heuce. Phe result we are speaking of is called the Oslrogradshu 
theorem Cformiutla).* 


* Ostrogradsky. Mikhail VWasilyevich (1601 1862), a prominent Russtan 
tuathematician. This formula (also called the divergence theorem) was published 
In bis article On leat Theory iu 1828. 1t is sometimes cabled the Ganss theorem 
although Ganss obtained it considerably later (in 1841). 
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For convenience. we introduce the following terminology. A 
spatial domain V bounded by two piecewise smooth surfaces 2, 
and So» determined by equations 


a= 3 (z, y) and z= Zo (x, y) (Zo (x. y) = Zs (x, y)) (9.26) 


and by a lateral cylindrical surface >, with elements (generators) 
parallel to the z-axis will be referred to as a domain regular in the 
z-direction. The surfaces z = z, (xz. y) and = = 2, (z, y) will he, 


Z=Z, (2,9) 


22,12, Y) 


respectively. called the lower and the upper (curvilinear) bases of 
the domain* (see Fig. 5.13). Similarly, a domain bounded by two 
piecewise smooth surfaces 


r=a2,(y. 2) and zs = aZo(y, 2) (ro fy, 2) Sz, (y. 2)) 


and by a cylindrical surface with generators parallel to the x-axis 
will be called a domain regular in the x-direction. A domain regular 
in the y-direction is defined analogously. 

Finally, a domain V will be called simple if it is possible to divide 
it into a finite number of domains regular in the z-direction and 
also into a finite number of domains regular in the other two direc- 
Lian, 

Let now Vo be a domain, regular in the z-direction. with bases 
2, and Xs represented by equations (5.26) and a lateral cylindrical 
surface Ly. The union of the three surfaces X,. %. and 2&3 forms the 
whole boundary of the domain V. We denote the boundary by 2 
and consider its outer side. Take a function 7? (z, y, 2) delined 


* This definition also inclndes the cases where there can be no lateral sur- 


face X,. For instance, a three-dimensional sphere (ball) is considered to be it 
domain, regular in the z-direction, whose bases are ae lower hemisphere XY, 
and upper hemisphere vo and whose lateral surface Yq is degenerated into 


the en AAS ee ho]! s> alee vt Oma. o pea. iT lin thie ei aso e aT Sti ws i's ate age 
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in the domain ¥ (including its boundary) and having the conti- 
nuous partial derivative = in the closure of V. We obviously have 
the equality 
Z2(X. y) aR 
\ —— dz = It (Z, y, 22 (2, y))— R(x, y, 21 (Z, y)) 
zu(x. Y) 


Let us integrate this equality over the projection D of the domain 
Poon the z. y-plane and replace the threefold iterated integral thus 
obtained by the corresponding triple integral: 


iV On dzdy ds— |) R(x, y, 22 (z, y)) dx dy— 


x 


— .) Ai (x, y, 4% (z, y))dxdy (3.27) 
“D 
The first integral on the right-hand side of (3.27) can be written 
(seo formula (5.20)) in the form of the surface integral of the funetion 
RR (z, y. z) taken over the upper side of the surface 


z= Zo (zx, y) 
Similarly, the second integral | \ R(x, y. 2, (xz, y)) dx dy can 


D 
be regarded as the surface integral of the function & (z, y, 2) taken 
over the upper side of the surface z = z, (x. y) or as the integral 


over the lower side of the Same surltace z == Z, (t, y) with the minus 
sign attached to it. Tlence we obtain 
* @ 8 Of _ es e ry 
\\\ Gy, dedydz=j\\ Rdzdy + \\ Rdzdy (5.28) 
V 2 =} 


where the first integral on the right-hand side is taken over the 
upper side of the surface 2», and the second over the lower side of 
the surface X,. Adding the integral 


\| Rdzxdy 


27 


(which is obviously equal to zero) taken over the outer side of the 
lateral surface ©. to the right-hand side of formula (3.28) we obtain. 
on the right-hand side, a surface integral over the outer side 
of the entire surface = bounding the domain VW. Thus, we arrive 
at the following relation: 


\\{ = dxdydz= \| Rdzxdy= || cos (n,2z)do = (5.29) 
ae Js 


ea 
v v 
as 


omni 
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Relation (5.29) is also valid for any domain V which can be broken 
up into a finite number of domains regular in the z-direction. Indeed. 
let us divide such a domain V into parts V; regular in the z-direction 
and write the relation of form (5.29) for each part. Next we sum 
up all the relations. Then we obtain, on the left-hand side. the triple 


integral of - taken over the whole domain V and, on the right- 


hand side. the sum of the surface integrals over all the parts of the 
surface © bounding the domain V and over the surfaces breaking up 
the domain TV into the parts V;. each of the latler integrals being 
taken twice. that is over one side of the corresponding surface ani 
over its other side. Therefore, after the summation has been pev- 
formed all the integrals. taken over the surfaces by which the domain 
lL’ is divided into the parts V;, mutually cance! out and consequently 
we derive the formula 
\\{ Se dzdydz—S\ Ravdy (5.30) 
we a & ~ > 
Let now V bea domain regular in the z-direction, f.e. one bounded 
by piecewise smooth surfaces (bases) 


zr=2,(y, 2) and x = 2 (y, 2) 


and by a lateral cylindrical surface with elements parallel to the 
v-aXxis. Consider a function / (z, y, 2) which is defined and con- 


tinuous together with its partial derivative a in the domain F 


Gaueluding ils boundary). Applying arguments similar to those 
presented above we obtain the equality 


\\\ Sp ezdyde—({ Paya (5.31) 
z 
which also remains valid when the domain V consists of a finite 
number of domains regular in the z-direction. 
We similarly obtain the relation 


\\\ So dzdyaz=[\ ode dx (5.32) 
3 


for an arbitrary domain V which can be divided into a finite number 
of parts regular in the y-direction where Q (a2, y. z) is a funetion 


e . ) @ e e e a] a 
defined and continuous together with its partial derivalive - 1) 
4 


the closure of V. 

Finally, let. us take a simple domain V and consider three fune- 
lions P, O and R which are continuous in this domain (including 
s : : , ; ‘ df? 
its boundary) and possess the continuous partial derivatives ae 


of 
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“ and ia in the closure of V. Then all three relations (5.30). (5.31) 


and (5.32) are fullitled. Adding them together we obtain the equalily 


\\ (f- +2 +) dz dy da — || Pdyds+Qdzdz-i-Rdxdy 
Id ‘ 


(5.33) 


Or 


' oP dQ OR a 
N\) (arty ta) dtdyds= 
\ [P cos (n, r) -; Qcos (n, y) -- Reos (n, 2)] do (-9.3-3°) 


-| 


Formula (5.33) (or (5.33°)) expresses the above mentioned QOstro- 
gradsky theorem. 


Mt —B 


Note. In deriving the Ostrogradsky formula we have supposed 
' ; : ; Ap 

that the functions #, YG, A and their partial derivatives ae 
a aAaR 
dy? U2 
simple domain. But, applying arguments similar to those pre 
sented in connection with Green's formula (see Note J in §& 3. of 
Chapter 4) we can prove the validity of the Ostrogradsky formula 
under more general conditions. Namely, the Ostrogradsky theorem 
remiars {rue if 

1. V is a bounded domain whose boundary consists of a finite 
number of piecewise smooth surfaces. 

2. The functions 7? (r7, y, 2), OG (a. y, z) and & (x. y. 2) are 
coplinuous and, consequently, bounded in the closure of the domain 
\’. 


3. Lhe cderivatives 


are continuous (and, consequently, bounded) in a’ closed 


oP ag aR 
az’ Oy" OZ 
the interior of the domain V (but do not necessarily satisfy this 
condition oo its bouadary) and the integral 


oy 
(fj (Ea AE) eae 


Ox ' Oy C2 


exist and are continuous in 


(which ts understood as an improper triple integral*® in case condi- 
tion 3 is violated on the boundary) exists. 


2. Application of Ostrogradsky Theorem to Evaluating Surtace 
integrals. Expressing Volume of a Space Figure in the Form of a 


* Improper multiple integrals will be treated in Chapter 9, 
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Surface Integral. Formula (5.10) established in § 1 makes it pos- 
sible to reduce a surface integral of the second type to the corres- 
ponding double integral. But there are cases when this way of com- 
puling a surface integral proves to be practically inconvenient. In 
particular. it is sometimes advisable to reduce a surface integra! 
over a closed surface to a triple integral by applying the Ostrogradsky 
theorem. 

Examples 

1. Evaluate the integral 


J = \| atdydz-|-yrydsdxr+sdxrdy 
= 


over the sphere z? ;- y? -b 2? = a?. 
Solution. Taking advantage of the Ostrogradsky theorem we obtain 
t=) \{) (x? --+ y?--+ 3°) dz dy dz 
x24 p27 72<u2 
Now introducing the spherical coordinales we receive 
4 


) 


na? 


on x a 
ye ( dp \ do | r4sin 0dr = 
0 dp 0 


2. Evaluate the integral 
Se sdudz !-xdzsdz }- ydrdy 


ee & 
ae 


laken over a closed surface 2. 

Solution. By the Ostrogradsky theorem, the integral reduces 
to the triple integral (over the domain bounded by the surface ~%) 
whose integrand is identically equal to zero. lence, we have J — 0) 
for any closed surface 2. 

In the preceding chapter we showed that Green’s formula made 
it possible lo express the area of a plane figure as a line integral 
along its boundary (see formula (4.47)). Similarly, the Ostrogradsk vy 
theorem yields an expression of the volume of a space figure V in 
the form of a surface integral over the closed surface = bounding 
the figure. In facet, let us choose three functions /7?, QO and & so that 

gP 8 , aK n 


—=—_ oo aE —_— 


Then we ohtatn the relation 


|| Puy dz-+ Qdzdx + Rdzdy=\\ 
) 


toil 


| dxdydsz:-V 
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where VF is the volume of the domain bounded by 2. The integral 
is taken here over the outer side of the surface 2. In particular, 
pulling 


{ 1 1 
P= x, C= zy and R= 32 
we arrive at a convenient computational formula 


|" == J) adyds--ydzdz-+zdxrdy (3.04) 


§ 4. STUKLS’ THEOREM 


1. Derivation of Stokes’ Formula. Stokes* formula expresses 
a relationship between surface integrals and line integrals. Tt gene- 
ralizes Green's theorem, the latter being a special case of the former 
When the surface in question is a part of the z, y-plane. Like Green's 
formula and Ostrogradsky’s formula, Stokes’ formula is) widely 
applied ino mathematical analysis and its applications, 

Suppuese we are given a smooth oriented surface 2 bounded by 
a coherently oriented contour .\ (see & 2, See. 1). Let a vector fune- 
tion (7. G. AR) be defined in a three-dimensional domain in which 
the surface “ is strictly contained and let the functions 2. (4. 7 
and their hrst-order partial derivatives be continuous in the domain. 
We shall transforin the line integral 


) Pde+ Ody+Rdz (5.:35) 


A 


taken along the contour A into a surface integral over the surface 2. 
We lirst consider the case when the surface Y is represented in 
Cartesian coordinates by an equation 


z= 2z (zx, y) 


Denote by D the projection of the surface 5 un the z, y-plane, and 
let L be the boundary of D, that is the projection of the contour A 
(see Fig. 0.14). The transformation of line integral (5.35) into a sur- 
face integral will be performed according to the scheme 


or ae eae) 


6 


A f. D ¥ 
which means that we shall first transform the line integral over the 


space curve A into a line integral along the plane contour 4. then 


* Stokes, George Gahriel (1819-1903), an English mathematician and phy- 
Licast. 
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reduce it (by means of Green's formula) to a double integral over 
the domain D and. finally. transform the latter to a surface integral 
over 2. 

Next we proceed to calculate. To begin with. let us take an inte- 
gral of the form 


J) Pdzx 


A 
Observe that we have 


J,= | P(e, y, z)dxr— { P(x, y. (0, y¥)) dz 
A 


b 
because the contour \ lies on the surface © determined by the equ- 
ation 3-7 3 (x. y). Now, applying Greens formula we obtain 
ap gP Qt . 
<~~)drdy (5.36) 


J = | P(r, y, s(4, y)) dx = —\{ ea Ge Oy 
i D 


where 7? jis a composile function of z and y and therefore its deri- 
vative with respeet to oy has been computed in accordance with 
{he well known rule for differentiating a composite function. 


Zz 
| 
) a 
3 3 
a ao 
2 ao * 
Fie. 7.14 sd 7 


Using expressions (3.36) for the direction cosines of the normal 
too a surface (represented by an equation 2 — z (xz, y)) we find that 


dz ss cos(n, yy) 
- dy cos (n, 5) 
Chus, 
oP OP cos(n, y) 
7 vy dz cos(n, 2) daedy 
I) 


Now, laking advantage of formula (5.20) we can transform the 
double integral into the corresponding surface integral. This vields 


i IP dP cos(n. 4) 
Ja — J (2280-2) cos (m3) dam 
J. ay vz cas(n, 3) cos (n, 2) do 
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IIence, we have 


\ Pdx - \\ (<- cos (n, y—— cos (n, =)) da (5.37) 
A : 


\ 
e=e 


We have supposed here that the surface = is represented by an 
equation of the form z = z (z, y}. But the same result can be obtained 
for a surface X% determined by an equation y = y (z, z). To this 
end we must consider the projection of © on the z, z-plane (instead 
of z. y-plane) and apply arguments similar to the above. Further- 
more, if S is a part of a plane perpendicular to the z-axis equality 
(0.37) remains valid (although in this case > cannot be projected 
cither on the z, y-plane or on the z. z-plane so that the correspon- 
dence between the points (vz, y. 2) € = and those of the coordinate 
planes is one-to-one) sinee its left-hand and right-hand sides 
are obviously equal to zero (check it up!). Finally, arguments ana- 
logous to those applied to deducing Green's formula and Ostrograd- 
eky’s formula show that if the surface 2 is composed of a finite 
number of parts such that for each of them equality (3.37) holds 
it also holds for the entire surface ©. Thus. relation (5.37) has been 
established for any surface consisting of a finite number of surfaces 
of the above types. Next we similarly derive the following iwo 
equalities analogous to (5.37): 


| (Pdy \ \ (<2 COS (Il, 2) oe cos (n, 2) ) do (5.38) 
_ 


J UE 
A 
anid 
‘ “Lf fOAR alt = 
\ kdz— (5 cox (W. Z)———— Cos (n, y)) do (9.39) 
A 
Adding toeether equalities (5.37), (5.38) and (5.39) we obtain 
way nt) ap 
a ae _wd--- eh eens i, 2) -i- 
(7 da» Qdy = Rd: ~\\ | (-: “—) cos (1, 2) 
A = 
. {ah vQ | yi {eP oh : | - 
uu ae) COS (It, 2) -! ( = = cos (n, yy do (3.40) 


which is Stokes’ formula that we set out to prove. It can be rewrit- 
Yor tn the followine form: 


ke WW) ap 
f) as : - , -_ —_— Ns oan atte 
Pde: Gdy4-Rdz =. \\ ( a 7 ) dxdu 
A y 
uh ag oP OR SS 
Oe deere 2 be Ne ee al o.4] 
ae ( 7 re dy dz ( i = } asda (9.47) 


To rementber Stoles’ fermula one should notice that) the first 
sumtiuand under the integral sien on the right-hand side coincides 
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with the expression under the integral sign in Green’s formula and 
the second and the third summands can be obtained from the first 
by means of circular permutation of the coordinates z, y, z and 
the functions P, O. R. 

lf the surfaee 2 is a figure lying in the zx, y-plane the integrals 
< ‘ o 9 
involving dz dz and dy dz vanish and thus Stokes’ formula turns 
into Green's formula. 


Note 1. Jn deriving Stokes’ formula we have used a Cartesian 
coordinate system. But neither the line integral nor the surface 
integral entering into the formula depends on the way the surface = 


\ 


| 


Hie. 3.13 Fig. 5.16 


and its boundary .\o are represented. Therefore Stokes’ theorem 
remains true fer any ather way cf representing the surface, including 
its parametric representation 


r= r(u, v) 


Note 2. Stokes’ theorem also applies when the boundary A of the 
surface XS is forined of several separate contours. Ja this case the 


Integra! { Pdr -— Ody -~- Redz should be understeod as the sum 


A 
of the integrals taken over the contours coherently oriented with 
the surface 3. For example, if © is the lateral surface of a cylinder 
with an opening (see Fig. 0.15) and if we consider the outer side 
of the surface, Stokes’ theorem expresses the relationship between 
the integral over X and the line integral taken along the three eou- 
lours. forming the boundary of X, in the directions indicated by 
(he arrows in Fig. 5.15. 

2, Application of Stokes’ Theorem lo Investigating Line Integrals 
in Spaee. Stokes’ thearem has various applications sone of whieh 


15+ 
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will be cousidered in the next chapter. Ilere we are only going lo 
take advantage of the theorem in order to establish the conditions 
for a line integral of the second type in space being independent 
of the path of integration. These conditions generalize the results 
(obtained by means of Green’s formula in § 4 of Chapter 4) con- 
cerning the question of path-independence of an integral over a 
plane curve. 
Let us introduce the following 


Definition. A three-dimensional domain V is said to be stinply 
connected if, for any closed contour belonging to V. there exists 
a surface. with the contour as its boundary, entirvly lying in V. 


ISxamples of simply eonneeted domains are a sphere (ball), the 
Whole space, the domain lying between two concentric spheres etc. 
As an example of a domain which is not simply counected (such 
domains are referred to as multiply connected) we can take a_ ball 
With a evlindrical tunnel passing through it (see Fig. 5.16). 

Next we proceed to establish the following result) analogous lo 
Theorem 4.0. 


Theorense 5o2. Tf P (x.y, st). O (x2, y, 2) and FR (a. y. 2) are con. 
finuous furnctious. defined in a bounded closed simply connected demain 
VY. which possess the continuous first-order partial derivatives in the 
domain the following four assertions are equivalent to each other. 


1. The integral Padx ; Ody -|- Rdz taken over any closed 
contour luing inside V is equal to zero. 


2. The integral \ Pdr + QOdy + Rdz is independent of the 
AB 
path of integration connecting two arbitrary fized points A and B. 
Oo. The expression Pde -- Q@dy |- R dz is the total differential of 
a single-valued function detined in VY. 


A. The conditions 


AQ ar OR aQ aP ar (5.42 
Dr — = S=—_— ea ino 


ay’ dy Oz ” OZ Ox 


are fulfilled at vach paint (zx, y, 2) of the domain Y. 


Proof. The theorem is proved according to the scheme 1 —» 2 — 
> 3-4 > 1 which we followed when proving Theorem 4.5. We 
leave Lhe proof to the reader with the only hint that to deduce con- 
dition | From condition + one must take an arbilrary closed contour 
A lving within Voand consider a surface X entirely Iving in Vo whose 
boundary is A. such a surface existing because of the condition that 
Vois a simply connected domain. Then the application of Stokes’ 
(theorem to the line integral taken over A shows that condition (5.42) 
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implies the relation 
\ Pdx-- Udy! Rdz=0 
A 
If the expression # dz -'- GU dy -- Adz is the total dilferentia! 
of a function O (zx, y, z) we can easily derive the formula 
(x. y. 2) 
U(z7,y,3= \ Pdx -~GUdy- Rds--C (0.4: 


(XH, Yn. 29) 


wwe 


analogous to formula (4.50) established in § 4 of Chapter 4 for Ul 
(X,Y, 2) 
case of two independent variables. The symbol designates 
; ; (XQ. Yor 70) 
here the integral along an arbitrary path entirely lying in the domais 
Vand connecting an arbilrary fixed point (ag. Yo. Zo) With a variable 
point (2. y. 2), C being un arbitrary constant. 
If the functions ?, V@ and 2 satisfy conditions (0.42) but the 
domain they are defined in is not simply connected the propertie 
of the integral 


| Pdr -Qdy Rds 


An 


resemble those of the line integral P dx - Ody ina plane mul 
AD 

fiply conneeled domain. da particular, ino the case of a multiply 

connected domain, expression (5.43) is also a funetion whose total 

thilfurentiar corneides with 2 dec - G dy i ft dz bul in the genera 

ease the function may be multiple-valued. 


6 Field 


Theory 


The concept of feld forms the basis for various notions of moderu 
physics. In this chapter we shall present the elements of mathe- 
Inatical theory applied to iovestigating physical fhelds. 

In physical problems we usually deal with quantities of two 
basic types. namely scalars and vectors.* Accordingly, we shall 
consider two types of field, i.e. sealar flelds and vector ftelds. 


§ 4. SCALAR FIELD 


1. Definition and Examples of Scalar Field. Let Q be a domain 
in Space. [TF there is a correspondence which attributes a number 
O (M7) 10 each point Af of the domain we say that there ts a sealar 
field defined in the domain Q. 

Isxamples of scalar fields are a temperature field inside a body 
subjected to heating (Gin this case al each point AZ of the body the 
corresponding temperature Uf (A/) is specified), field of illumination 
produced by a liaht sources cle. 

The density held of a mass distribution we have already dealt 
with is an iniportant example of a sealar field. Let us come back 
Lo this notion. Suppose that a spatial domain $2 carries a conti- 
nuously distributed mass. Associating with every subdomain ¥ 
helonging to Q the mass contained in WV. we arrive ato an additive 
set Tunetion po (bk). Hf at each point Jf € Q, the set function pussesses 
the derivative bet with respeet to volume the function 9 (V/) = a 
is called the density of mass and the values of the derivative form 
aoscalar field referred to as the densitv field of mass distribution. 
Similarly, a continuous distribution of an electric charge yields 
a scalar fietd of charge density. There are many other examples of 
this kind. 


* By the way. only in studying sume simpler problems of physics can we 
limit ourselves to scalar and vector quantities. In many branches of modern 
theoretical pliysics. such as electrodynamics. the theory of relativity, the theory 
af elementary particles ete... an essential role is plaved by the quantities «of 
amore complicated nature. In our course we shall deal with one type of such 
oe namely with the so-called tensors whieh will be studied in the next 
chapter. 


CH. G6. FIELD THEORY ae 


ww 
_— 


Besides the fields defined in spatial domains, we often encounter 
plane scalar fields. An example of such a field is the ilhimiuation of 
a part of a plane produced by a light source. 


2. Level Surfaces and Level Lines. Let G(.1/) be a sealar field. 
If we introduce a Cartesian coordinate system z. y. 2 in the domain 
of definition of the field this field ean be represented by a scalar 
function & (x. y. z) of the coordinates of the moving point 1/.* 
[ny what follows.a function & (a, y. 2) of thistype will be considered 
to be continuous and to bave continuous partial derivatives of 
the lirst order with respeet to the variables 2. y and s. 

The speeifieation of a scalar field by means of a ttxed coordinate 
system and the corresponding funclion U (x. y. z) is sometimes 
Insufficient for visualizing the structure of the field. To get a more 
cumplete description it is convenient to use the so-called Jevel 
surfaces. \ level surface of @ sealar field U (AM) is a locus of the points 
afuchich the tield UCM) assumes a given fired value C. The equation 
Of a devel surface is of the form 


CAts 2) =e (6.1) 


it is clear that the level surfaces (corresponding to all the possible 
values of C) fill the entire dumain in which the held is deltned ana 
thal two surfaces 


(ey. 2) Gy anil 1:45 7. 2) = Cs 


have no points in common for €, 3 Ca. The specification of all the 
level surfaces and Che corresponding values of Co amarked on thers 
is equivalent to the specification of the fleld © CW). The 
disposition of the level surfaces in space enables us ta visuelive 
the structure of the held. 

This method of representing a held is especially convenient when 
the eld in question is detined ino a plane region. In this case the 
held is represented by a function U& (z, y) of two variables. Gere- 
rally speaking, an equality of the form & (x, y) -- C determines 


* Pho character of the function @? (rv. y. s) is of course dependent not 
only on the field in question but also on the choice of the coordinate system. 
If the cuordinate system is regarded as being fixed the notion of a spatial sealor 
fielil coincides with that of a function of three variables. But nevertheless. lo 
stress that our Ciscnssion concerns. as a rule. the quantities whieh have a certain 
physical significance independent of the choice of the coardinate system we 
shall always use the term “field”. 

** tender the above assumptions caneerning the funetions of type 2° ()/) 
equation (G. 1) In fact determines a sranoth surface provided that. for the @iven 


z, Fe ‘ ‘ 2 7 ef af 
C. there exist points satisfying the equation and the derivatives —--. 0 - and 
Fe f be 


rd 


ou : ; ; ae 
— dy not simultaneously vanish at these points (e.g. see [8]. Chanter t4. $4). 
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a curve. Such curves are called level lines of the plane scalar field 
C’ CW). Level lines are widely applied in cartography for represen- 
ling the relief of a terrain. For this purpose. to indicate altitude on 
a topographic map. the certour lines (the horizontals) connecting 
the points of the same elevation are drawn (see Fig. 6.1). This method 
is also used for representing, on special maps. the distribution of 


a 


Fig. 6.1 


lemperature, pressure, amount of precipitation and the Jike. The 
correspouding level lines are then referred to as isoferms in the ease 
of temperature. fsobars in the case of pressure ete. 

3. Various Types of Symmetry of Field. In many physical pro- 
blems we deal with fields possessing various types of symmetry. 
The symmetry properties usually simplify the investigation of such 
elds. let us indicate some important special cases. 

(a) Peeo-dimensional tteld. \f there is a Cartesian coordinate system 
in which a scatar field & (47) can be represented by ai function 
dependent tot an three but on two coordinates (e.@. by a funetion 
Ci (x. y)) the eld is said to be two-dimensional (plane-paralle). 
fis other words. a scadar held €& (4/7) as called phane-paratlebl if there 
isa direction in space suel that the field goes into itself when being 
framstated along this direction. The level surfaces of sneh on teld 
form a family of cylindrical surfaces (Fig. 6.2). ln an appropriately 
chosen coordinate system the family is represented by an equation 
Of the form €f (2. y) =: C. 

(b) elaxrially symmetric field. \f, for a given field U (17), there exists 
i cylindrical coordinate system in which the held is represented by 
a function depending solely on the variables ¢ = Wa? + a and sz 
(but not on the angle gq) the field is said to be axially symmetric. 
This means (hat a held & GW) is axially symmetric if and only if 
iL goes into itsell when berng rotated (through an arbitrary angle) 
about a lined straight line which is the axis of svmimetry of the 
held. Phe level surfaces of suena a teld are obviously surfaces of 
revolution (Fig. 6.5). fn case these surfaces of revolution are circular 
cylinders (see Fig. 6.4), that is if the held U GI) is represented. in 
a specifically chosen coordinate svstem. by a Funetion dependent 
on only one coordinate r (which is the distanee from the point WV 
to the axis of symmetry of the held), @° (VW) is ealled ao cylindrical 
fel. 
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(c) Spherical field. If the values of U (1/7) depend only on the 
distance of the point J/ froma fixed point 1/7, the field is said to be 
spherical. The level surfaces of this field constitute a family of con- 
centric spheres (Fig. 6.5). 


Fie, 6.4 


4. Directional Derivative. The application of mathematical ana- 
Ivsis fo investigating a seadar held & (17) makes it: possible to des- 
cribe ifs local properties, i.e. the variation of ( (V/) in) passing 
frou a given point JW to the points AZ” lying close to J/. 

To this end we shall use the notion of the directional derivative 
ofa field. Vet © (M) bea sealar feld. Consider two points AJ and AV 
placed close to each other and form the ratio 


CM) —U (AM) 


on 
fe ; . 
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where / is the length of the line segment J/17’. Let the point AJ’ 
approach 1 so that the direction of the line segment ASA/’ all the 
time coincides with the direction of a fixed unit vector X. If. in this 
process. ratio (6.2) tends to a finite limit we call this limit the 


derivative of the scalar field 17 (Af) at the point J/ along the direction 
of the vector * (the directional derivative) and designate it as 
gl’ (Af) 


° 


VU). 


r . . al’ ; é 
Phe derivative a characterizes the rate of change of the quantity 


WCW) in the direction &. 
ti . 
To compute —~ WC choose a coordinate system and represent 
GCA) as a funetion l' (xr. y. 2). 

Suppose the direction A (i.e. the vector 2%) forms angles 
x Pand yp with the coordinate axes. Then we have 


WAN —h (icos az ' jeosfR |} k cos 7) 
and 
( (Al) = U(r -) heoos a. y -+ h cos B. z + h cos y) (6.5 


: ; aU Sy : ; ; 
Henee the derivative coincides with the derivative of camposile 


Y 


function (6.5) with respect to ? for kh QO. Differentiating we thus 
obtain 
au(M) au (at’y au ali au : 
eee E= i a eee ’ . —_—_—_—_» 5 S ’ {). 
Ch che i1-=0O Ox ee . vy ee p 3 Gi ee) (b 4) 


J. Gradient of Sealar Field. expression (6.4) can be regarded 
as a osealar oraduct of two vectors, naniely of the unit: vector 


2. -= feos a, cos p. cos v) 


a : : : ’ au, 
determining the dircetion in which the derivalive —_ Is taken and 
rg a 


the vector having the components (projections on the z-. y- and z-axes) 


cnt off: ni 
—. — and —— 


a Co.e i ry 
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The latter vector is known as the gradient of the scalar field U and 
is denoted by the symbol 

grad C 
Thus, we can write 


Jl’ ot au’ 
grad U — (—. i =) (6.5) 
and consequently 
<= (gard U, 2) (6.6) 


Fig. 6.6 visually interprets the expression of the directional deri- 
valive in the form of the projection of grad &/ on the vector 2X. 
Formula (6.6) can also be written as 


a =|gard U|cos@ 


where mis the angle between grad U and the unit vector 2. It follows 
that at every point where grad CU 340 there is a single direction 


Pag. 6.6 


, : ol : : : ; ; : 
for which A «wSsSumes its maximum value, i.e. a Sinale direction in 


which the function U increases with the maximum rate This direction 
coincides with the direction of the vector grad U. Indeed, for this 
direction q@ = 0 and consequently 


a =| grad U | 


whereas for all the other directions we have 


ied =|grad U|cosp<| grad U | 


Thus we see that the direction of the vector grad & is the one 
ino which the quantilv @ inereases with the maximum rate and that 
the magnitude (length) of the veelor grad (7) equals the rate of in- 
crease of the quantity & in this direction. 

but, obvieusty. neither the direction of maxtoum rate of merease 
ofa function nor the value of ils directional derivative in this direc: 
fion depends on the choice of the coordinate svstem. lence we come 
fo the conclusion that the gradient of a scalar held is specitted by 


ve , ee . CS a » ~ & ee Pee Piaf. a wt e e ’ | 
the feasts ilenlh puree te f ie arr Q sakdaet cea ae Cieeed bad egetee SNotCdt padiaodeds 
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this asserlion is not directly implied by equality (6.5) which we 
consider to be a definition of the gradient). 
Jl ol? AU 


As is known, the derivatives —, = and — ata point J/ are 
We Jy Oz 

the eee (projections) of a vector normal to the surface 

Co (x, z) = const passing through the point.* Therefore. the 


FI sutiead ofa held © is directed along the normal to the level surface 
at each point of the domain where the field is defined. 

Isvery curve for which the tangent line at each point 1/7 goes 
along the vector grad G at the point J/ will be referred to as a 
gradient line of the held U.** We can now say that the gradient 
lines of a held © are the curves alone which the rate of change of 
the held is maximal. 

lt ecan be proved that if @ (2. y, sz) is a) function possessing 
continuous partial derivatives ap to the second order inclusive for 
every point J/ of the domain of definition of the field & there exists 
a single gradient fine passing through the point J/. A gradient line 
is orthogonal. at its every point. to the level surface passing through 
the point. 


3 2. VECTOR FERLD 


{. Definition and Examples of Vector Field. We say that there 
ix a vector held defined in oa domain @2 tf a certain vector A (I/) 
is associated with each pommtl VW oof the domatu. 

An important example of a vector field whieh will be many times 
discussed in whal follows is the field of velocities of a stationary 
low of a liquid. Let a domain © be occupied by a liquid (tHhuid) 
owing, at each point, with a velocity vo independent of tine (but 
valving. in the geaeral case. Tron’ point to point). Th we associate, 
with each point 3/7 of the domain @, the vector v = v (1) we thus 
arrive atoa vector field which is a held of velocities. 

The field of gravitation of a mass distribution is another impor- 
lant example of a vector field. Suppose a mass is distributed in 
space. Then a material point with unit mass placed at a point AV 
is subjected to a gravitational foree. These forces (defined at every 
point) form a vector field which is called the held of gravitation 
corresponding to the given mass distribution. 


* Actually, if a straight line 2 lies in the Crogent phine to the surface 
("¢(r, yw, cs) - const at the point uw the derivative of YU in the direction of A 
is Obviously equal ta zero: 

7 
—-.- (yrad C'. 4.) = 0 
a vie } 
Thus, the vector grad (7 is perpendicular tao any vector wing tu the tangent 
plane and hence it goes along the norncal to the surface. | 
' rk aie ces Welle Cine padded GULL Udit Ob ck ber dat cote wiseut ilk go. 
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If there are clectric charges distributed in space they act upon 
unil charge placed at a point J/ with a certain force F (1/). These 
forces constitute a vector field which is referred to as an electrostatic 
field. 

A field of gravitation and an electrostatic field are examples 
of a field of foree. 

Let A (V/) bea vector held in space. Taking a Cartesian coordinate 
system in space we can represent A (VW) as a collection of three 
scalar functions which are the components of the vector. As a rule, 
in what follows these components (projections of A CI) on the 
coordinate axes) will be denoted by /? (a. y. z). GO (x. y. z) and 
R(x, y. z). In this chapter we shall consider the vector helds whose 
components are continuous ahd possess continuous first-order 
partial derivatives. * 


2. Vector Lines and Vector Surfaces. Let a vector field A (CW) 
be defined in a domain Q. A curve Z lying in @ is called a veetor 
line if the direction of the tangent to the curve at each pornt coin- 
cides with the direction of the vector \iat the point. Lu particular, 
if Ais the hetd of velocities of a stationary flow of a liguid its vector 
lines are the trajectories of the particles of the liquid. 

ln some questions related to investigating vector fields the pro- 
blem of finding a vector line, of a field A. passing through a given 
point J/g plays an important role. The problem can be formulated 
analytically: it is necessary to determine a vector function r (/) 
satistving the conditions 

r (4) = AA (8.7) 
r (/9) = To 


where ris the radius veetor of the initial point W7,. éy is he taitial 
iustant of time and A is an arbitrary scalar parameter. [tl can be 
shown that if the components 7. VG and /t of the vector A are con- 
tinuously dillerentiable funetions af the coordinates whieh do not 
simultaneously vanish. conditions (6.7) in fact determine a single 
vector line passing through the point .Wo5.** 

A bounded surface © lying tna part of space where a vector held 
Avis delined is said to be a vector surfaee if at each point of the sur- 
face © the normal to XY is orthogonal to the vector A al the point. 
Thus we can say that every vector surface Lis made up of vector 
lines: each vector tine either entirely dies on XY or has no points in 
conor With it. 


* Tt is clear that if this condition is fullilled for one coordinate system it 
automatically holds for any other coordinate system. 
** This is a consequence of the existence and uniqueness theoreu for a solu- 
tion of a system of differential equations with given initial conditions (e.g. 
sep J5], Chapter i, § 6). : 
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A part of space lying in the domain of definition of a vector field 
A and bounded by a tubular vector surface is referred to as a tube 
of the vector field. Such a tube is entirely composed of vector lines, 
and every vector line of the field A either entirely lies within the 
lube or is place-l outside it. 

Ifa field A is thought of as a fleld of velocities of a stationary 
fluid flow. a tube of the field is the part of space which is traced by 
a fixed volume of fluid in the process of motion. 


g. Types of Symmetry of Vector Field. As in the case of a scalar 
field, the investigation of a vector field is simplified when it possesses 
symmetry properties. Let us enumerate some of the most important 
special cases. 

(a) Plane-parallel field. 1f, for a given vector field A, it is possible 
(0 choose a Carlesian coordinate system in which the components 
of the field A have the form P (z, y), @ (z, y) and R (z, y), that 
is are independent of z, the field A is said to be plane-parallel. 
If, in addition, we have #& (x, y) = U the field A is called plane. 
An example of such a field is the velocity field of a stationary flow 
of a liquid whose particles have the velocities parallel to a fixed 
plane and independent of the distance froin a particle to the plane 
(a plane Now). The vector lines of such a field are plane curves whose 
shape and disposition are the same in each plane parallel to the 
given plane. 

(b) Axially symmetric field. NS vector field A is called axially 
symmetrie if there exists a cylindrical coordinate system r, q, 2 
such that at each point Af the vector A (4/7) depends only on rand z 
aud «dlues not depend on q. Tu other words, such a field goes into 
itself when it is rotated about the z-axis. In case the vector A (MW) 
depends salely aun r the fleld is said ta be eylindrical, 

(c) One-dimensional field. A one-dimensional field is characte- 
rized by the possibility of choosing a Cartesian coordinate system 
in which the components of the lield have the form / (z), O. Q. 
The family of the vector lines of a one-dimensional field obviously 
coincides with the totality of all straight lines parallel to the z-axis. 


4. Field of Gradients. Potential Field. Consider a scalar field 
C? (M). Constructing the vector grad (/ al every point A/ we urrive 
nba vector field which is the field of gradients of the scalar quantity 
Uy. Next we introduce the following 


Definition. A vector field A (AL) is said to be potential if it can 
be represented as a field of gradients of a scalar field U/ (M), i.c. 


A = grad U 


In this case the scalar field U is called Lhe potential (potential func- 
lion) of the veetor field A, 
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Let us take the following example. Put U = f(r) where r = 
= V2? + y? + 2°. We thus obtain the spherical field U. To find 
the cradient of U we differentiate with respect to z and thus obtain 


ou F) Or ’ t 
7a | = 7 (r) — 


and, similarly, 
v7 aan aU __ ¢f : Zz 
wo! ie ae (r) — 


Consequently, we have 
erad U = f' (r) —, r= zi -+ yj + 2k (6.8) 


lf a vector field A lias a potential function this function is 
uniquely specified, to within an arbitrary comstant addend, by the 
field. Indeed, if scalar fields GO and V have the same gradient we 
can write 


grad (U — V) =O 


But then the directional derivative of U — V is equal to zero 
in all directions at each point which immediately implies that 


U — V = const 


The vector lines of a potential field A are obviously the gradient 
lines of its potential OU, i.e. the curves along which the rate of change 
of & is maximal. 

It is now natural to ask what are the conditions for a vector field 
being potential. The answer to the question was in fact found in 
Chapter 5. [ndeed, as was shown (sec Theorem 5.2), an expression 


Pdr+Q@dy4+ Rdz 
(where P, O and # are continuous functions possessing continuous 
pirlial derivatives of the first order) is the total differential of 
a single-valued function UY (z, y, 2) ifand only if ?, GO and & satisfy 
the conditions* 
oP ag oa aR OR OP 
Oy Ox 5 are oe. ae (f.9) 


Bult the relation 
Pdx+Qdy + Rdz=dU 


is equivalent to 


* Hore we of cowrse suppose that the domain in which the vector field A 
is considered js simply connected. 
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and hence conditions (6.9) imply that the held (7, G, /) is poten- 
lial. 

Thus, for a vector Held A = (7, Q@, &) with continuous and 
continuously differentiable components P (2, y. 2), Y (4, y, 3) and 
R (xz, y, 2) to be potential, it is necessary and sufficient that equali- 
lies (6.9) be fullitled. 

If we are given a pulential vector jield A the potential function 
can practically be found from its total differential as was illu- 
strated in the problem considered in & 4 of Chapter o (fermula (9.43)) 
fur the case of three independent variables and in § 4 of Chapter 4 
(formula (4.00)) for two variables. 

The notion of a potential teld will be discussed again in Sec. 3 
of § 4. 


Example. Let a mass m be concentrated at the origin O. If we 
now place unit mass at a point AM (z, y, 2) it will be acted upon 
by the gravitational force 


r= —¥S ro (r=zi-by) ;- ck) 


These forces are determined at all points in space and thus form 
a vector field whieh is the field of gravitation of the mass point nm. 
This field can be represented as the gradient of the function 


Vn 


| 


known as the Newtonian potential of the mass point a. To verify 
that this function is in fact the potential ol the held we take advan- 
tage of formula (6.8) and thus obtain 


32 
orad + —=—y-—.r 


§ 3. FLUX OF VECTOR FIELD. DIVERGENCE 


1. Flux of Vector Field Across a Surface. [nn the foregoing chapter 
(§ 2) we showed that the amount of fluid passing through a given 
(oriented) surface % in unit time is equal to the integral 


| An do 


where -1, is the projection of the velucity vector A = (P. G. #f) on 
the (outer) normal to the surface. 

We called this quantity the fluz of the liquid (hrough the surface 
2). 
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Now let A be an arbitrary vector held and 2 be an oriented surface. 
The surface integral 
) A,do 


a 


will be called the flux of the vector field A across the surface 2. 

Thus, if A is the velocity of a Muid flow the flux of the vector A 
across a surlace is equal to the quantily of the liquid passing through 
the surface in unit time. For a vector field of some other nature the 
flux of the field may have another physical meaning. 


Example. Let U = U (zx, y, z) be a temperature field inside a 
physical body and let A = grad U&. Denoting by & the coefficien 
of thermal conductivity we can apply the fourier* law of heat pro- 
pagalion and express the quantity of heat dQ passing in unit time 
through an clement do of an oriented surface 2 in the form 


aU : 
dQ = —K s, a9 (6.10) 


where ei is the derivative of the field of temperature in the direction 


of the (outer) normal to do. (The minus sign on the right-hand side 
of equality (6.10) is due to the well known fact that heat travels, 
within a heat conductor, from the regions of higher temperature 
to those of lower temperature, i.e. in the direction of decrease of U.) 
Since we have 


Q 
is 


== (grad LC’), 


| 


JO 
equality (6.10) can be rewritten as 
dQ = —k (grad U),, do 
whence it follows that the amount of heat passing in unit time across 
the whole surface % is equal to 


Q=—\\ k(gradU)n do (6.11) 


bY 
i= 


Introducing the vector 
q = —Agprad U 


known as the beat flux vector we obtain 


O=\\an do 


vw 
oad 


* Fourier, Jean Baptiste Joseph (1768-1830), a prominent French matlie- 
matician amd physicist. 


16—082 4 
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Consequently, the quantity of heat passing through 2 in unit 
time is equal to the Hux of the vector g across the surface 2. 


2. Divergence. Let A be a vector field which will be thought 
of as a velocity held of an incompressible fluid. The liquid being 
incompressible, the flux 


n=|{ 4, do 


of the vector -A across a closed surface = * is obviously equal to the 
amount Of liquid which is introduced or removed, within the 
domain Q (bounded by the surface 2) in unit time. This quantity 
characterizes the total capacity of the sources, in case I] > O, or the 
sinks (also termed negative sources), if Il < 0, lying in the domain Q. 
Consider the ratio 

{ § An do 

> 

V (92) 

of the fluid Mux through the surface = to the volume V (2) of the 
domain © bounded by the surface. It expresses the mean source 
(sink) density, that is the amount of the liquid introduced (remo- 


ved) within unil volume of the domain Q. 
Finally, let us consider the limit 


({ A, do 


i 
Q—+ NM V (<2) 


of the ratio where the symbol lim indicates the passage to the 
Q—- Vf 

limit as the domain Q is contracted to a fixed point Af. This limit 

is Uae measure of suurce (sink) density of the fluid at the point JT. 

It is a scalar quantity which is an important characteristic of the 

field. 

Now we can pass lo general definitions. 

Let A be an arbitrary vector field. With every spatial domain Q 
bounded by a smvoth or piecewise smooth surface 2 (lying in the 
part of space where the field is defined), we now associate the quan- 
tily 

| | A, do 


v 


which is the tlux of the vector A across the outer side of the surtace 3%. 
We thus arrive at a set function D (Q) -= [ A, do. It can he 


e 


easily verified that Uhe sel Punetion ts additive. 


* Were we consider the outer side of the surface. 
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Definition. The derivative of the function D (Q) with resnect to 
volume, that is the limit 
( ( Ay do 
in 
oom ¥ (2) 
is termed the divergence of the vector field A and denoted by 
the symbol 


(6.12) 


div A 


Thus, the source density of the field of velocities of a fluid flow 


which has been considered above is equal to the divergence of the 
field. 


Theorem 6.1. 1/A = (P, @, R) is a vector field, defined in a do- 
main Q, such that the functions P, Q, R are continuous and possess 
continuous first-order partial derivatives in Q, the divergence div A 
exists at all the points of the domain and is expressed, in every Cartesian 
coordinate system, by the fermula 
OP, 22 On (6.13) 


Gr oy Oz 
Proof. Let us apply the Ostrogradsky formula 


JJ Ando VN (Ge 4 ay + ae ) 


€y 


o@e 


By virtue of the theorem on differentiating a triple integral with 
respect to volume (see § 1, Sec. 5 of Chapter 2), the derivative with 
respect to volume of the right-hand side of the formula exists and 
is equal to — + - = Consequently, the derivative with 
respect to volume of the left-hand side also exists and is equal to 
the same expression. The latter derivative being, by delinition, the 
divergence div A of the vector field .A, the theorem has thus been 
proved. 


Note. The relation 
oP 00 GR 
SS ers a ins ae 
div A Ox Oy ° Oz 
is often taken as a definition of the divergence. But such definition 
is less convenient than the one given here because it is based on the 


choice of the coordinate system and therefore the fact that the sum 
i | ue 7 es is independent of the choice of the coordinate 
OX ay vz 
system should be additionally proved whereas the independence of 
expression (6.12) of the choice is quite apparent. 

Thus, with every vector held A whose components are continuous 
and have continuous partial derivatives of the first order. we 


16* 
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associate the scalar function div A, the divergence of the vector 
field A. Using this notion we can rewrile the Ostrogradsky formula 
as follows: 


\\ 4, do=\\ | div Adv (6.14) 


= 2 


Hence the flux of a vector A through the outer side of every closed 
surface ZX is equal to the integral of the divergence of the field A 
taken over the domain bounded by the surface 2. 


3. Physical Meaning of Divergence for Various Types of Field. 
Examples. 

(a) As was shown, for the velocity field A of an incompressible 
liquid moving in a spatial domain Q, the expression 


\\{ div Adv 


( an an 
Q 


is the measure of the total capacity of sources (sinks) placed in the 
domain @, and div A is equal to Lhe source intensity per untt volume. 
In particular, if A is a field of velocities of an incompressible fluict 
whose tlow has neither sources nor sinks, we have 


div A = 0 


(b) Let us now consider the field of gravitation of a mass distri- 
bution and elucidate the physical significance of the divergence olf 
such a field. To begin with, we take the fleld produced by a mass stg 
concentrated at a puint (Zp, Yo, Zo). Then the force acling upon unit 
mass placed at a point (z, y, z) is equal to 


r= ( yin = »  YMNo —, ying — — (6.15) 
where r = V (x — 2x)? -r (y— Yo)? | (2 — 29)? and y is the con- 
stant of gravitation whose numerical value depends on the choice 
of the system of units. In what follows we assume that the system 
of units is so chosen that y = lL. 

Let us compute the divergence of force field (6.15). At each point 
distinct from (25, Yo, Zo) we have 


( mo —) = Io ESOT nay Te Toy 


Ox r3 r6 a ro 


and, similarly, 
O Yi r>— 34 — yy)? 
Zz (129 70.) - Mo (y Wy) 
oy ’ re 

and 


oO pe eas r2—3(s— <p)" 
Oz 0 73 ee r? 
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tO 
= 
qc 


Adding together the results we obtain 


° ™ 23 ae mi 23g — 7 — 2 
divF = mg Rake iactak om Jeo eA ee —( 


But these calculations do not apply in the case of the point 
(Zo, Yo. Zo) at which the finite value of the divergence cannot be 
defined. Therefore the value of the integral 


\{ | div F du 
= 


(which is an improper integral in this case, see Chapter 9) cannot 
be obtained by a direct integration if the domain @ contains the 
point (2, Yo, 29). Lherefore the expression on the right-hand side 
of Ostrogradsky formula (6.14) is undetermined in this case. But 
we can easily find the quantity on the left-hand side of the formula, 
that is the flux of the vector F across the surface 2 bounding the 
domain @ (and altribute the nuinerical value thus obtained to the 


integral \ { div F du when the point (z9, yo, 2) is contained 


in 92). 

We now proceed to calculate the flux. Let us first take, as the 
surface %, a sphere of radius @ with centre at the point (2, yo, Zo)- 
The direction of vector (6.15) coincides with the direction of the 
normal to the sphere at each point of the sphere. Therefore, in this 
case, the projection of vector (6.15) on the normal is equal to the 
length of the vector, i.e. to the constant quantily — . Consequently 
we have 

\{ F,do =-} 4na* = 4nmy 
¥ 
Substiluting any other closed surface 2,, containing the point 
(Xo, Yo. Zo) in the interior of the domain bounded by it, for the 
sphere 2 we arrive alt the same result. In fact, we can choose the 
sphere 2 with a sufficiently small radius a =>O so that it is 
entirely contained within 2,. Then we have 


(i F,. do— || F,do=-0 


-— 


ow j 
since the leit-hand side of this equality is equal to the flux of the 
vector F across the boundary of the spatial demain in which 
divEF=0 
lence, we obtain 


\ fF, da \ | Kado 
= = 
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Now we shall consider the field of gravitation produced by several 
mass points. This tield is equal to the sum of the fields corresponding 
to each separate mass. The flux of a sum of fields through a surface 
being obviously equal to the sum of the fluxes of the summands, it 
follows that the flux of the field of gravitation, produced by asystem 
of mass points, across a closed surface is equal to the sum of the 
masses coutained inside the surface multiplied by 42. 

Applying the well known teelinique of passing to the limit from 
a system of material points to a mass continuously distributed in 
Space with a volume density p (z, y, z) we can show* that for a 
continuous mass distribution the flux of the field of gravitation 
through a closed surface 2 is also equal to the total mass, contained 
within this surface. multiplied by 4a. But the total mass can be 
represented as the integral of the density p (z, y, 2) taken over the 
volume & bounded by the surface =. Therefore, denoting, as before, 
the vectorial value of the gravitational field at an arbitrary point 
(xz, y, z) by the symbol F(z, y, z) we can write 


\{ Fin (z, y, 2) do = 4n{\\ O (zx, y, 2) du 
¥ Q 


whence 
({ Fa do 


Amp (x2.y,2) = lim 


Q-+(x, ¥, 2) V (2) 


The integral on the right-hand side is the divergence of the vector 
field I’. Thus, we finally conclude that the divergence of the field 
of gravitation produced by a continuous mass distribution ts equal 
lo the volume density p (z, y, 2) of the distribution multiplied 
by 4a. 

(c) The argument which has been applied to the field of gravita- 
tion can also be used for investigating the electrostatic held. This 
results in the Gauss theorem which is widely applied to 
various problems concerning electrostatic fields, e.g. to the problem 
of deterinining the electric lield intensity in the capacitors of various 
types. The theorem states that the divergence of an electrostatic 
field is equal to the charge density multiplied by 42. 


A. Solenoidal Field. A vector field whese divergence is identically 
equal to zero is said to be solenoidal**. As was scen, the velocity 


* The rigorous justification of such a passage to the limit is dealt with 
in the so-called potential theory and is based on the theory of integrals involving 
parameters. The fundamentals of the theory of integrals dependent on a para- 
meter are presented in Chapter 10, 

** From the Greek word am@szny Gabe. 
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field of an incompressible fluid is an example of a solenoidal held 
in case there are no sources and sinks, i.e. when there are no points 
at which the fluid ts introduced or removed. 

For the solenoidal fields, we have the so-called law of conservation 
of inltensily of a vector lube which we are going to deduce here. Let 
A be a solenoidal held. Consider a tube of the vector held and take 
its part contained between two sections ©, and 2, (see Fig. 6.7). 


Fig. 6.7 


These sections together with the lateral surface 23 form a closed 
surface 3%. The field being solenoidal, i.e. div A = O, the Ostro- 
gradsky theorem implies that 


\| A, do = 0 
But we have 


r Agile \ An do }-\\ Ando+- \| An do (6.16) 


= xy . Y3 
where each integral is taken over the outer side of the corresponding 
surface. The third summand on the right-hand side is equal to zero 
since, by the delinition of a tube of a vector, the vector field A is 
directed perpendicularly to the normal to the surface 23 at each 
point of this surface and therefore, on 2&3, we have 


A, =O 


If we now take the inner side of the section &,, 1.e. reverse the direc- 
Lion of its normal, and retain the ouler side of the surface ©, equa- 
lity (6.16) turns into 


({ A, do=\\ Ande (6.17) 


\ a 
> 


~1 


Le 

lence, the thux of a solenoidal vector lield A across every section 
ofa vector tube has one and the same value. If the vector field A 
is interpreted as the velocity held of a flow of an incompressible 
liquid having neither sources ner sinks, relation (6.17) shows that 
the amonnt of liquid flowing through a cross section of a veetor 
lube ois the same for all the sections. 
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3. Equation of Continuity. As an application of the above notions, 
let us derive one of the basic equations of motion of ftuid. the so- 
called equation of continuity. let A be the held of velocities of a 
moving fluid. We shall suppose that the domain in which the tow 
js considered contains neither sources nor sinks, that is the fluid 
dves not concentrate toward or expand from any point of the domain. 
But in contrast to our previous considerations, we shall not impose 
the condition that the fluid is incompressible and therefore the 
density 9 may depend not only on the coordinates z, y and z but 
also on time ¢. 

Let us investigate the relationship between the velocity of the 
fluid and the variations of its density. For this purpose we pick out 
a closed volume @ and find the increment AQ of the quantity cf 
fluid (contained in $2) corresponding to time period A¢ by applying 
two different ways of computing AQ. Let o (z, y, 2, t) be the den- 
sity of the fluid at moment ¢ at an arbitrary point (z, y, 2) € &. 
Then we obviously have 


sg=arl\\ fray 


On the other hand, the variation of the quantity of fluid contained 
within the volume Q is equal to the flux of the fluid through the 
surface = (bounding the volume) multiplied by At. Therefore it 


is equal to -—-Afg { J (pA), do where n is the outer norinal, the 
minus sign being taken because the quantity of fluid contained 
within a volume decreases when the velocity is directed outward. 
Transforming this surface integral by means of the Ostrogradsky 
theorem we obtain 


AQ=—At \\ div (0A) du 
$2 
Now equating tle two expressions for AQ and cancelling out At 


we recelve 
® : oO 
—\\\ div (pA) du= \ | = dv 
Q Q 
Jhe last equality holding for any domaia , the integrands are 
equal, that is 
78) 7 _ 
=, = — div (MA) (0.18) 
We have thus derived an equation connecting the velocity and the 
density of a moving Jiquid for any region which contains neither 
sources nor sinks. [Equation (6.18) is known as the equation of 


continuity. 
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Introducing the vector J = 0A (called the fluid-Nux density vector) 
we can rewrite the equation of continuity in the form 


oa ~+div J=0 (6.18) 


6. Plane Fluid Flow. Saacsaieesiles Theorem for Plane Field. Let 
us consider a plane vector field, that is one whose components have 


the form 
P= FP (z, 4), Q=@(z, y), rk =0 (6.19) 


in an appropriately chosen Cartesian coordinate system (see § 2, 
Sec. 3). The field can be thought of as a velocity field of a fluid 
whose every particle moves in a plane parallel to the z, y-plane 
with a velocity independent of its distance to the latter (this is 
a so-called plane fluid flow). The divergence of such a fieldis equalto 


Let Q be a right cylinder of unit altitude with base G (lying in 
the x, y-plane) and a lateral surface = (see Fig. 6.8). Now we put 
down the Ostrogradsky formula for the domain @. For this purpose 


Fig. 6.8 
we — into account that the numerical value of the triple integral 
of ail -}- 


over the plane region G and that the flux of vector (6.19) across the 
surface & is equal to the line integral 


Wee cos(n, z)+Qcos(n, y)j dl 

I. 
Where nis the normal (in the z, y-plane} to the contour Z bounding 
the plane figure G. Besides, the fluxes through the upper and the 
lower bases of the cylinder 2 are equal to zero, the latter assertion 
being a consequence of the fact that vector (6.19) is perpendicular 
to the z-axis. It follows that the Ostrogradsky theorem for the plane 
field A and the cylindrical domain @ is expressed by the relation 


\ [P cos(n, x) 4+ 0 cos(n, y)] dl = i (< +=) dzdy (G.20) 
C 


uy 
L 


“ over Q is equal to the double integral of this expression 
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Finally, we disregard the third coordinate z and consider (6.19) 
to be a vector tield delined in the x, y-plane. Let us call the line 
integra! 

| [P cos (nu, z) + Ocos(n, y)| al (6.21) 


L 


the flux of vector field (6.19) through the contour ZL. Then formula 
(6.20) expressing the Ostrogradsky theorem for an arbitrary plane 
field A can be interpreted as follows: the double integral of the diver- 
gence of the plane held A over a domain G is equal to the flux of the 
vector A through the boundary Z of the doinain. 

It can be easily verified that formula (6.20) is equivalent to 
Green's formula (4.45). Actually, if we denote by @ the angle bet- 
ween Lhe tangent to the curve Z and the positive direction of the 
z-axiS we can write 


cos (n, z) = —sina and cos(n, y) = cosa 


Therefore integral (6.21) turns into 


{ (Ocosx—FPsina)dl 
L 
or 


{ Odx—P dy 
L 


Now transforming the last line integral into the corresponding 
double integral by means of Green's theorem we arrive at formula 
(6.20). 

The above argument can be reversed, i.e. if equality (6.20) has 
been established we can derive Green's formula from it. 

Thus, Stokes’ theorem and QOstrogradsky’s theorem turn into 
Green's formula in the case of a plane field. 


§ 4. CIRCULATION. 
ROTATION 


{. Circulation of Vector Field. Let A = (P, G, R) be a vector 
field and & be a smooth or piecewise smooth curve. 
The line integral 


| PdeaOUdy+ hdz 


f, 


avhich can also be written as 


| A, dl 
j 
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where A, is the tangential component of the field A along the con- 
tour £& (i.e. the projection of A on the tangent line to £) is referred 
to as the circulation of the vector field A over the closed curve L. 

As was shown in § 2 of Chapter 4, if A = (P, @, #) is a held of 
force, its circulation over a contour L is equal to the work of the 
force along the path Z. For the fields of other nature the circulation 
may have another physical meaning. 


2. Rotation of Vector Field. Stokes’ Formula in Vector Notation. 
[If Z is a closed path the line integral 


\ Pdxr+Ody+Rdz 
I. 


can be transformed into the corresponding surface integral by apply- 
ing Stokes’ formula (5.41): 


§ Pdzj-Qdy+Rde= wo sa So 5) drdy + 
L 


an = OR\ , 

+(S-— <<) dy dz+(——) dsdz (6.22) 
The integral on the ss Saeed side of equality (6.22) is taken over 
an arbitrary surface 2 “pulled over” the contour ZL (i.e. a surface 
whose boundary is £). This integral can be interpreted as the flux, 
across the surface 2, of the vector 


(Mag (MM (Me 9 


which is called the rotation (curl) of the veetor field A and is denoted 
hy the symbol rot A (or curl <A). 
Thus, by definition, 


rota (SE MO) G4 (a me )i+(S-S)e (5.24) 


UY Jz Jz OL OL vy 


Using the notion of rotation we can rewrite Stokes’ formula in 
the following form: 


& A, dl = | \ (rot A), do (6.25) 
L ys 


aut 


Thus, the circulation of a vector field A over a closed contour [I 
is equal to the flux of ihe rotation cf the vector field across an arbi- 
trary surface (lying in the domain of definition of the field) whose 
boundary is b. 

The above delinition of the rotation of a vector held A involves 
not only the field itself but also a certain coordinate system 2z, y, 2 
Bub the vector rol A does nol in fact depend on the choice of the 
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coordinate system and is uniquely determined by the held A. To prove 
this let us write Stokes’ formula (6.25) for a plane surface { and 
the contour Z bounding this surface and then apply the mean value 
theorem to the surface integral on the right-hand side of equality 
(6.25). This results in 


{ A,dl 
L 
(rot A (\/*)), = ———— 
where jA7* is a point belonging to the surface = and o is its area.* 
Let us now contract the surface = to a fixed point AY so that 
the normal n to the surface all the time retains its direction 
invariable. In the limit we obtain 


{ A, dl 
(rot A(.7)),-= lim + (6.26) 
ST Af 


Since the circulation of the vector A over the contour is independent 
of the choice of the coordinate system equalily (6.26) implies that. 
the projection of rot A on the normal nun does not depend on the 
choice. Dut the direction of the normal n can be chosen quite arbi- 
trarily and thus the projection of the vector rot A on any fixed axis 
is independent of the choice of the coordinate system. Consequently, 
the same is true for the vector rot A itself.** 


3. Symbolic Formula for Rotation. The expression of the rotation 
of a vector held A = (P, Q, A) can be conveniently wrilten as the 
symbolic determinant 


i ik 
v 7] o ? 
P Oo R 


where i, j and k are the unit vectors in the directions of the coordi- 
o 0 , 

= and — are understood in the sense 

OY Oz 

that the multiplication of such a symbol by a function means the 

differentiation with respect to the corresponding variable, e.g. 

d a0 


— () means —. 
or * : OT 


O 
hate axes and the symbols 3 


* flere. as usual, we suppose that the first order partial derivatives of the 
components P, Q, & of the vector fleld A with respect to z, y, 2 are continuous. 

** It is supposed that we take only right-handed coordinate systems. If 
we pass to a left-handed system (in which the positive direction of describing 
the boundary of a surface is such that the surface jis alwavs kept on the right) 
the direction of the vector rot A changes toa the opposite. 
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Indeed, (formally) expanding determinant (6.27) in mtnors of 
the first row we see that 


i jk 
a 0d 6| {¢éR AQ y,, (GP ARy., 00 OP, 
We OF OF =(t 3s Jit+(3--s-) i+ (42-3) & 
PO R 


4. Physical Meaning of Rotation. The physical meaning of rota 
tion can be elncidated in the following way. Let us again interpre: 
a vector field A as the velocity field of a fluid tlow. Imagine that we 
put, in the flow, an “infinitesimal turbine” whose plane vanes (paralle 
to the axis of the turbine) are placed round its circular periphery 1 
{see Fig. 6.9). The fluid flow will make the turbine rotate about the 


Fig. 6.9 


axis with an angular velocity which 1s, generally speaking, depen- 
dent on the direction of the axis. 

lt appears natural to assume that the magnitude v of the linea 
velocity of each point of the circle £ is equal to the mean value o’ 


the projections of the vector A on the corresponding tangents to £ 
that is 


t . 
v=sRY A, dl (6.28 
[. 


By Stokes’ formula (6.25), line integral (6.28) can be transformec 
into the surface integral 


sai || (rot A)n do (6.29 


taken over the surface © of the turbine. The turbine being considerec 
miinitesimal, we can write the integral | \ (rot A), do as the vro 


duet of the area of the turbine by the value of (rot A), at its centre 
le. in the form 


1 i? (rot A),, 
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Relation (6.28) then takes the form 
v= - (rot A)n 


As is known, the projection of a vectur assumes its maximal value 
(equal to the modulus of the vector) when the axis the vector is 
projected on is parallel to the vector and has the samme direction. 
Therefore, if we place the axis of the turbine so that its speed v 
is maximal (i.e. so that the direction of the axis coincides with 
the direction of rot A) we obtain 


BR 


or 


2Umax 


[rotA| = R 


But 7 is equal to the angular speed @ of the turbine and hence we 


have arrived at the following result: if the turbine is placed in the 
flow so that its speed of rotation becomes maximal its angular speed 


is equal to oy | rot A | and the direction of its axis coincides with 


the direction of the vector rot A. 

Consequently, the vector ret A characterizes “the rotational 
component” of the velocity held and is equal to the doubled angular 
Velocity of rotation of an inlkinitesimal particle of the fluid. 


Lzamples 
1. Consider the vector field A with the components 


? = — Yu, Q = LW), R = 8) 


The field can be regarded as the velocity field corresponding to the 
rotation of the entire space (ftlled with a fluid) about the z-axis with 
angular velocity m = (0, 0, ). It can be easily verified that the 
rotation of the vector field is equal to 2wk, that is rotA (A = 
= (P, Q, &)) is directed along the axis of revolution and its mag- 
nitude is twice the angular speed w (see Fig. 6.10). 

The physical significance of this result is that every particle (of 
a fluid which is in a rotary motion about the z-axis) passing through 
a point (xz, y, Zz) al moment ¢ simultaneously takes part in two 
motions, namely in the instantancous transient motion with velocity 
v = (—yo, ww. O) and in the instantaneous rotary motion. [t is 
obvious that the instanlaneous angular velocity of rotation of 
every particle coincides with the angular velocity w of the macro- 
scopic motion of the fluid as a whole. Ilence. the held of the rotation 
rotA is also constant and equal to 2@ and the fluid can be thought 
of as being entirely composed of tnlinitesimal curls (vortices). 
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2. Consider a liquid flowing in a constant direction with a con- 
stant velocity, i.e. suppose that the functions ?, Q and A are iden- 
tically constant. In this case we have rot A = 0. 

3. Let P=y, G@=O0 and R=0. Then 


rot A = —k 


Ilere the rotation is different from zero at each point although 
all the vector lines are straight lines parallel to the y, z-plane (see 
Fig. 6.11). One may think that this result contradicts the assertion 
that rot A characterizes the “rotational component” of the field A. 
But in fact this is not so: in this example the “rotational component” 


rotA =2Zwk 


Fig. 6.10 


is due not to the twist of the vector lines (which are rectilinear here) 
but to the variation of the velocity which is dependent on the distance 
from the z, z-plane. If we place an infinitesimal turbine in this 


Fig. 0.11 


flow whose velocity is equal to (y, 0, 0) at each point (z, y, 2) 
it will not apparently be in a state of rest unless its axis of rotation 
is perpendicular to the z-axis. 

4. Let us take the vector field A with the components 


Pa, «8950S =, 0 (G.30) 

Yrt ee ag a 
This field can be regarded as the velocity field of a fluid whose par- 
ticles move, in the 2, y-plane, along the hyperbolas zy = C (Fig. 6.12) 
in such a way that the magnitude of the velocity is equal to unity 
at each point. Computing the divergence and the ratatian of the 
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held we find 


= 2 , 9@ —Y — yt 2? 
am eee oe Gre ay ( ——=)= 21. y2)3/2 
Vatty YN Y ety (x2-+ y?) 


anc 


a, —y ; : _ 
Oe NYE a oy NV at y? (x2 =- y2)8/“ 


The divergence is positive here for | y |->|2z | and negative for 
ly |<. | zx |. From the physical point of view, this means that the 
motion of an incompressible fluid described by field (6.30) is only 
possible if there are sources in the regions where | y | > | =z | and 
sinks where |[y [<C [az]. The rotation of field (6.30) is directed 
along the z-axis at each point, this being so for every plane feld 
parallel to the z, y-plane. In the case of field (6.30) the vector rot A 
goes along the positive direction of the z-axis in the second and 
fourth quadrants and in the negative direction in the lirst and second 
quadrants. Both divergence and rotation of field (6.30) tend to zero 
as z* -- y* —» oo, that is when the distance from the origin of coor- 
dinates increases. 


Oo. More on Potential and Solenoidal Fields. The notion of rotation 
discussed in Sec. 2 is directly related to the definitions of a potential 
and of a solenoida) held introduced above. 

We have defined a potential vector field as one representable in 
the form of the gradient of a scalar field. As was shown, a vector 
held A = (P, Q, &) is potential if and only if its components 
salisfy* the conditions 


aP  aQ gQ OR an — oP 
ay ~ ag ag atiy lr az 


But these three conditions mean that all the three components of 
the rotation of the field A are identically equal to zero. 

Thus, we can state that for a vector field A to be potential it is 
necessary and _ sufficient that the condition** 


rot A =O 


be fulfilled. Hence, we always have rot grad U = 0 for any func- 


tion U. 
The notion of a solenoidal field introduced in § 2 is also connected 
with the notion of rotation. Indeed, the direct differentialion shows 


* As before, we suppose that the functions P. Q and R are continuously 
differentiable and that the domain in which the field is considered is simply 
connected. 

** In this case we suppose that the components of the vector field A defined 
in a simply connected domain possess the continuous partial derivatives of 
the first and second orders with respect to xr. y and 2. 
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that. for everv vector field A. we have the relation 


ey Oo 7 aR aQ } 1P OR , gQ a~P 
liv wo A)= Se (Se e) ay (SESE) + (Fee) 


OL 


=- () 


and hence any vector field representable as the rotation of another 
vector held is always solenoidal. 

It can be proved that, conversely, every solenoidal lield can be 
represented in the form of the retation of a vector tield. In other 
words, for every vector field A satisfying the condition div A -= 


aE 


vi UZ 


= 


Oy vz 


cy 


Fig. 6.12 


there exists a field B such that A rot B. Such a vector held B 
is not uniquely determined by the held A but only to within a sum- 
mand of the form grad @, @ being an arbitrary function, 

If A = rot B the held B is termed a vector potential of the field A. 

Although the potential and the solenoidal fields do not exhaust 
all possible vector dields ib cam be shown that an arbitrary vector 
field can be represented as a combination of the fhelds of these two 
tvpes. More precisely. it ean he proved that everv vector field A 
can be represented in the form 


where the field B is potential and C is solenoidal. 


§ >. HAMILTONIAN OPERATOR 


t. Symbolic Vector VY. In § 1 we introduced the notion of the 
gradient of a scalar held. The process of obtaining the vector field 
grad 7° from a given sealar field 4? can be regarded as an operation 
which is in many respeets stiilar to dilferentiation with the only 
difference that the latter transforms a scalar into a new sealar 
whereas the former operation applied to a scalar yields a veelor. 

The operation of passing from (/ to gradU is usually designatea 
by the symbol V introduced by Tlamilton*. This symbol is read 


* Hamilton. William Rowan (1805-1865), an rich moathamaticinn 


17—0824 
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nabla (or “del”) and is ealled the Wamiltonian operator, 
Thus, we have, by definition, 

V © = erad U 


It is convenient to interpret the operator VY as a symbolic vector 


; Uv O ut 
e <) ) S =—__ == ‘ eines 7 
with the component ae und ae 
a] e 1 Uv Ad { d 
VY, —= —- _ | --- —— —-- 
Ur ‘ON yi Ua k 


The application of this operator to a scalar function © can be per- 
formed as formal multiplication of the “vector” Wo oby the seatar 
CU 

es 


as 


VU = grad C =~ (i+ = oe k JC = ou a o +k 


OX 
The veetor Y can also be couvenieutly used for writing formulas 
iovelving many other operations of vector analysis. For jnstance, 
if A= (7, VY, A) then 
: 0 U es re 
div A = — Pt—O-'. RR =(V, A) 


4 ay . s Gd: 


that is the divergence of a vector Held A is the (formal) scalar pro- 
duct of the symbolic vector V by the vector A. Similarly, we have 


rot A= { R—-—V)i- (.- p—< kt) ee 


i.e. the relation of a veeluor feld ANois the (tormal) vector product 
ot the vector Y by the vector A. 


2. Operations with Vector VV. The expedience of the introduction 
of the symbolic vector V lies in the fact that it enables us to deduce 
and write various formulas of vector analysis in an abbreviated and 
visual form. There are some simple examples below. 

In Sec. 9 we showed, by means of the direct calculations. that 


rot grad (fF == 


and 
div rol A = 0 


* This term, also introduced bv Hamtiton, originates fro: the name 
nabla (Greek vabac) of an ancient musical tnstrument of triangular form. 
** When writing the rotation as a symbolic determinent, we have already 
seen that it ts convenient to think of the operation of differentiation as the (for- 


7 


} } 
mal) multiplication of the symbol — (or ae — ote. } hy the fiinction whose 
ar ae ds 


derivalive is camputed. 
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These identities can be rewritten with the help of the vector V as 
two relations of the forin 


lv, Vo] =90 
and 
(Vv. V. A) =U 


The left-hand side of the former is the “vector product” of two 
“vectors” Vo and YOO which only differ from each other in the 
scalar factor G, and we have the “triple sealar product” involving 
two equal vectors on the left-hand side of the latter relation. There- 
fore these expressions turn out to be equal to zero in accordance 
with the general rules of veetor algebra. 

We can directly verify that most of the basic operations performed 
on the ordinary vectors can be extended to the symbolic vector V 
which makes it possible to derive formulas of vector analysis 
by applying the rules of vector algebra to expressions involving V. 

But it should be noted that there 1s no complete analogy between 
the svinbolic vector V and “true” vectors. Namely, only the formulas 
(containing the vector V) which do not involve the application of 
the operator VY to products of variable quantities (scalar or vector) 
are completely analogous to the corresponding formulas of vector 
aloebra. But if an expression contains a product of two or more 
variable quantities to which the operator VY should be applied we 
cannot follow the ordinary rules of vector algebra. To establish 
the corresponding rules for application of the symbolic operator 
V to such expressions we shall consider some typical examples. 

1. Let €@ : U (e. ye sc) be a sealar field and A => A (x. y, 2) 
a vector field. We shall find div(WA), ie. (VY, GA). The application 
of the vector operator VY reduces to performing the operations of 
differentiation involved in it. But. as is well known, when diffe- 
rentiating a product we can differentiate the first factor considcring 
the others to be constant. then differentiate the second factor as 
if the other factors were constant and so on and then take the sum 
ol the expressions thus obtained. 

Let us mark by the sien “)” the factor to which the operator V 
should be applied. Then, as it can he easily verified, the expression 
for div(@A) can be written as 


J ) 
(Vv, UN) = (Vv, GA) } (V, ON) 


The factors, in each suinmand, that are not subjected to the operator 
V can be taken outside the sign VY. Consequemly we obtain 


! + 
(7, UN) = (VV. EU ANY ~ (0, UA) = (08, NN) ((V7, \) 
which can be written down in the ordiuary notation as 
div (404) — (A. grad f7) & te div \N 
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2. Consider the expression 
grad (UV) 
which can be written symbolically in the form 
VUV 


Following the above rule we can write 
VUY ee VOY a. VUYV pan VVvvU + cave ( 
or, in the ordinary notation, 
grad(UV) = V gradU + U gradV 

These examples enable us to furmulate the rules according to 
which the operator V should be applied: in the expressions containing 
a single variable quantity the symbol V can be operated on as an 
ordinary vector and in the expressions involving products of several 
variable quantities the operator should be applied in accord with 
the rule for differentiating a product. Finally, the application of 
V to a sum of any summands is performed termwise, i.e. V Is sepa- 
rately applied to each summand and the results are then added up. 

In conclusion, we present a list of formulas connecting the opera- 
tions of computing the gradient, the rotation and the divergence 
with basic operations of vector algebra: 


1. div (UA) = (A, grad U) + U div A, 

2. grad (UV) = V grad U -- 0 grad V, 

3. rot (UA) = Urot A + [grad U, Al, 

4. div (A. BY] = (BR, rot A) — FA. rot B), 

5. rot [A, Bl = (B, Vv) A — (A. V) B+ Adiv B - Bdiv A, 
(. grad (A, B) = (B, V) A + (A, VY) B+ EB, rot Al + 


+ [.A, rol Bj. 
In particular, putting A — Bin the last fermnla we derive 


grad cae = (A, V) A-[A,. rol A] 


The first two of these formulas have already been deduced. The 
other can be obtained by applying the operator V_ in accordance 
with the above rules and ordinary formulas of vector algebra. In 
particular, to lind the expression for rot [A, B] we symbolically 
write it in the form 
Iv, [A, BI 
and apply the well known formula® for transtorming a triple vector 
product: 
la, [b, cll = b (a, c) — € (a, bj 


* Foe a triple vector product of the form |[a, b], ¢] the corresponding for- 
mula is written as 
{la. bd. ch = bla. el —a th. ©) 
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An expression of the form (A. V) B encountered in formulas 3 and 6 
is understood as the vector quantity 


( { vB. , 1 OB, LL { OB ,. JB iy vB, vB, 
Ae dy Gr lea a Gn yg ra 

4 al. { AB. , 43. 

airy . = | ay a a ys 
(where 4A,. -1,. 4. and B,. By. B, are the components of the 


f 
vectors A = (Ax. ely, 12) and B= (Bx. B,. B,)) which can be 
regarded as the result of applying the “scalar” operation 


(A. V) an cl, aye ] : ae Ee 


dx!” Foy * 7" as 


to each component of the vector B.* 


sf REPEATED OPERATIONS INVOLVING Y. 
LAPLACIAN OPERATOR 


1. Repeated Differentiation. In $$ 5.45 we introduced the notions 
of gradient, divergence and rotation. Inapplications of vector analysis 
we deal not only with these basic operations but also with their 
combinations. The most often used operations of this kind are 
these containing second derivatives of the helds. 

We can compose nine different coinbivations of the synibols erad, 
rot and div involving second derivatives but some of thein are 
senseless. For instance, such is the operation 


rol. div 


which cannot be apphied cither to a scalar held or to a vector lield 
because the notion of the divergence has been introduced for the 
vector fields A and the expression div A is always a Scalar quantity 
whereas the rotation was only defined for the vector fields and thus 
it is senseless to speak about the rotation of a divergence. All pos- 
sible combinations are given in the table below, the senseless com- 
binations being marked by shading the corresponding positions of 
the table (see the next) pave). 

We see that, among these operations, there are only two that can 
be applied to a scalar field U7, namely 


rot grad & 
and 
div grad 


te 


* In the formula for (A. FB) we have denoted the conrponents of the vectors 
A and B hy the same letlers A and 2 with subscripts z, y and 2 (designal ing 
the ceordinate ayes) which makes the formala loek symmetric with respect 
tn tha Vettars Ta what Ffallawe wo chall cles sen thie antatian 
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Sealar freld © 


Vector field .v 


Operation = 
grad | div rot 


eet TTA 


div div grad & | | 


ents UTTTTTHT 


div rot AS OU 


| rob grad & — 0 


| | rot rat A 


The former is the rotation of the potential vector field grad 0 
and, as was shown, rot grad 77 is always identically equal to zero. 
The latter expression div grad U/ is not equal to zero in the 
general case. It is called the Laplacian operator* and denoted by 
AU. Taking advantage of the expressions for the gradient and rota- 
tion in Cartesian coordinates (see formulas (6.5) and (6.23)) we 
derive 


—é 


— Ge®  ' dy® 


r ‘ : ; at? 7, oo Jl ate gl! PU 
AG == (div grad U = div (Si :) aa 


Or ' ay AS 


The divergence and the gradient being independent of the particular 
choice of the coordinate system, the quantity AY is thus completely 
specified by the field @ and does not depend on the coordinate system. 
Later we shall dwell in more detail on Laplace's operator. 

The Laplacian operator A can be considered to be the (formal) 
scalar square of the symbolic vector V. In fact. we have 


ie Vix ea (—)'+ (—) = ae oat ca 


Or ay 


and heiuee 


(V,V)U “daz dye 7 de. ACU’, ie. (V, V) =A 


IL is sometimes necessary to apply the operator A not to a scalar 
quaulityw bul to a vector. If 


N= Asi + A,j -+ Aek 


¥ Named after Pos. Laplace (1749-1627), a promineut French mathemationy 
and astronomer. More precisely, the terms “Laplacian operator” ts used not 
for the expression A’ (which ts the result: af applying the operator to a scakar 
fichl OU) but for the symbol 8 = div griul. 
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then, by definition, AA is understood as the vector 
AA,i + AA,j -- A-1,k 


As will be shown later, this quantity does not in fact depend on 
the choice of the coordinate system and is completely determined 
by the vector held A.* 

Let us now proceed to study the operations involving repeated 
differentiation which make sense for the vector fields. There are 
three such operations in the above table. namely 


orad div A 
rot rot A 
div col A 
The expression div rot A was encountered in § 4 when we deduced 
the conditions for a held to be solenoidal. As was shown, we always 
have 
div rol A = O 


On the contrary, the expressions grad div A and rot rot A may 
be nonzero. They are widely applied in) various problems of 
mechanics and electrodynamics. 

Let us derive a formula connecting these quantities. For this 
purpose we first consider the expression 


rot rot A 


which can be written, in svorbolic form, as 
Iv, [v, Al} 


Applying the formula fora triple veetor prodnet given in $4, Sec. 2. 
we obtain 
Iv, Iv, All = v (Ww. A) — (v, V) A 
that is 
rol rot A == grad div A — AA (6.31) 


[n particular, it follows that the quantity AA defined above as 
the result of application of the Laplacian operator to each component 
af the vector fiinetion A is in facet independent of the choice of the 
coordinate system because this 1s the case for the quantities rot rot A 
and gracladiv A. 

Isxpression (6.31) involving only one variable quantity. we have 
applied here the ordinary rides of veeior algebra in operating on 
the symbol V. We suggest that the reader directly derive equalily 
(6.37) without resorting lo the svinbol VY and compare the calculations 


* It should he noted that the original definition of \ as A> div erad only 
applies when we consider an expression of the form AC where & is a scalar. 
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with the above because this will show the advantage of introducing 
the Hamiltonian operator. 


2. Heat Conductivity Equation. To illustrate the possibility of 
application of the concepts of vector analysis let us derive the equation 
for a temperature field inside a physical body subjected to heating. 
Denote by C€ (a, y, 2, ¢) the temperature at an arbitrary point 
(xz, y, 2) of the body at moment ¢. Let us (mentally) pick out. 
within the body. a volume 8 bounded by a Surface = and compute. 
by means of two different ways, the variation of the amount of 
heat, contained in the volume. during an infinitesimal time period df. 
In every infinitesimal element of volume dv taken inside the body 
the increment of the temperature corresponding to the time interval 


dt is eqaal to sac dt, the mass of the clement being equal to o dv 


where p is the mass density. Consequently, the variation of the 
quantity of heat in the volume element dv is expressed as 


ou 
Cc Ts dito dv 


where cis the specittc heat. the quantities c and 9 being considered 
constant. Accordingly, the variation of the quantity of heat. con- 
tained in the whole volume ©, during time df is equal to 


al. 
dJ=dt \\\ = €P dv 
Q 


Qn the other hiand, the quantity dV can be found by computing 
the amount of heat passing through the surface ©. bounding the 
volume ©. during the time period from ¢ to t-: dé. By Sec. 1 of 
§ 2, the amount of heat passing during the time interval dt through 
an clementary area do (in Uhe direction of the ouler uormal io >) 
iS equal to 


— dtkh (grad 0), do 


and consequently the resullant increment of quantity of heat con- 
tained within the volume Q bounded by the surface 2 is given by 
the surface integral 


d= dt \ { (grad U), da 


? 
amt 


Transforming this integral into the corresponding volume integral, 
by applving the QOstrogradskyv theorem, we receive 


a a 8 e 6 
= 


—_ 


dt \ k (grad ©), da ~. dt 1\{ kdiv(grad U)de dl | \\ kAl dv 


cH. 6. FIELD THEORY OE 


Now equating the two expressions obtained for dt and cancelling 
out dt we deduce the relation 


\\) epdv a || rae de 


which is valid for any spatial region Q taken within the body. It 
follows that the integrands on the left-hand and right-hand sides 
are equal. that is 

a 9° id > bk pgs Sp dyn 

ath (a?-- —) (6,52 

vt cp) ‘ 
We have thus derived the equation, called the heat conductivity 
equation, for the function O desertbing distribution of tenipera. 
ture in a heat conductor. 


3. Stationary Distribution of Temperature. Harmonic Functions 
We have shown that a distribution of temperature inside a physica 
body must satisfy equation (6.32). In a particular case it mav turr 
out that the body is in a state of thermal equilibrium. i.e. its lempe 
rature does nol vary either on the boundary or in the interior of the 


: U : 
body. Then we must have — = 0, and equation (6.32) takes the form 


AU =0 
or. in Cartesian coordinates, 


a7 aa Po | ge 
dc? '  gy® | ox 


=|) 


A state of thermal equilibrium can be thought of as follows. Sup pose 
that a constant temperature (independent of time) is kept at eacl 
point of the boundary of the body (but the temperature mav varv 
in the genera! case. from point to point on the boundary). Then 
after a sufficiently large time period has clapsed (strictly speaking 
an intinite time period) there will he a stationary. time-independent. 
temperature distribution. Such a distribution retains a constant 
value (which may be different for different points) at each point 
of the body. Apparentiv, such an cquilibrium temperature distri 
bution is uniquely determined by the temperature conditions on the 
boundary of the body. 
The equation 
AG =) 


is hnown as Laplace's equation, There are various stationary proces: 
ses distinet from heat conduction which are also described by this 
equation. Por instance, these are ano emputlibrinm  distributior 
of eleetric charge over the surface of a conductor, a stationary fluid 
flow in a closed region and the like. A sealar funetion U (7. yo 2 
satishving the eanation AZo = 0 is ecatled a harmonic  tiunetion 


266 MULTIPLE INTEGRALS, FIRED THEORY AND SERIES 


(field). Thus. a stationary distribution of temperature within a 
physical body is described by a harmonic function. 
The function 


£ (ra VPRFH a,b =const) 


is one of the most important examples of a harmonic funetion. It 
can be interpreted as the potential function of the field of gravitation 
(the electrostatic lield) produced by a material point (point charge) 
placed at the origin of coordinates. Let us verify that this is in 
fact a harmonic function everywhere except the origin at’) which 
it is not defined. Indeed, we have 


7 ee ha v- Ok | rb 2 $y 322 — re 


and. similarly. 


a> ok 34° — re v- 3s° — r- 
remeete A . —— —--/ 5 
vy or ro dst or ) 
whence 
hi 
A function of the forny ——— is also harmonic for each haved 


lr—ry| 
ro at every puint whose radius vector ris distinet from Ve. Conse- 
quently, any linear combination of the form 


nm 
hij 
> tr ae! 
it 
isa harmonic funetion (for ef or;, i - 1, 2. ..., m) which can be 


jnlerpreted as the potential function of the held of gravitation (the 
electrostatic field) produced by a systein of material points (point 
charges) located al the points with radius vectors rc, Gi =~ 1. 2. 
..., RR). The tteld of gravitation produced by a mee continuously 
distributed in space with volume density iu (z, y, z) can be obtained 
by performing the passage to the limit in the above expression from 
the system of mass points to a continuous inass distribution. The rigo- 
rous mathematical justilication of such a passage to the limit, which 
looks ae natural from the point of view of plivsies, would involve 
integrals dependent on parameters (see Chapter 10). We shall not 
present such a proof here beeause these questions fall outside the 
framework of Our course and are considered in the textbooks an 
mathematical physics. 


fcerctses 

1. Write down the expressions for the potential function of the 
field of gravitation produced by a mass continuously distributed 
in space with density ou (zz. ye 3). 


CH. G. FIELD THEORY 267 
2. Find the potential of the electrostatic field produced by an 
infinite thread carrying a uniformly distributed charge. Is this 
potential a harmonic function? 


$7. EXPRESSING FIELD OPERATIONS 
IN CURVILINEAR OR FHOGONAL COORDINATES 


1. Statement of the Problem. Such quantities as the gradient. 
divergence, rotation ete. of a field are widely applied in various 
problems of theoretical and mathematical physics. In many cases 
it appears necessary to express these quantities not only in Cartesian 
coordinates, as has been done in $$ 3-6. but also in curvilinear 
coordinate systems. For instance, if we deal with a spherically sym- 
metric field, t.e. if. at every point tn space, there is a scalar or vector 
quantity dependent only on the distance from the point to the 
origin of coordinates, it is clear that all the formulas related to 
such a field are essentially simplified if we write them in spherical 
coordinates instead of Cartestan ones. Of course. in) various pro- 
blems some other coordinate syslens may prove to be more con- 
venient. 

Here we shall derive the formulas for the gradient. divergence. 
rotation and Laplace’s operator in general curvilinear orthogonal 
coordinates and also consider the special cases of sphericaland cylin- 
drical coordinates. 


2. Curvilinear Orthogonal Coordinates in) Space. Suppose we are 
given a curvilinear coordinate system* g,. qo. Ga in space and let 
the formulas connecting g,. ga and g3 with the Carlestan coordinates 
x,y and 5 be of the form 


X= =X. Jar Wa). UH Udy. qa. Ga). 5 = 2 (qy. go. Ga) (6.33) 


We shall confine ourselves to the simplest case of orthogonal 
coordinate systems which are particularly important for practical 
applications. “A curvilinear coordinate system is said to be ortho- 
gonal if at each point the three coordinate curves passing through 
the point form right angles with each other. i.e. the tangents to 


* The notion of curvilinear coordinates was discussed ii Chapter 2. We 
shall suppose that the functions expressing curvilinear enerdinates in terins 
of Cartesian ones salisfy the conditions enumerated in §& 4 of Chapter 2. We 
shall change the notation introduced tn Chapter 2 and designate the curvilinear 
coordinates by the single letter q with the subseripis t. 2 and 3 so that the 
formulas take symmetric form. Similarly. for the same reason, the com- 
fonents of a veetar field A Qwith respect to the coordinate syste in question) 
will le LsploarlVered Iya: Ae. ) sueval 1 
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the curves are mutually orthogonal at the point. In particular. the 
Spherical and the cylindrical coordinate systems in space whieh are 
widely used in various problems also possess the orthogonality 
property. 

First of all. let us tind the expressions fur the elements of length. 
area and volume in orthogonal coordinates. For this purpose we 
cousider an infinitesimal curvilinear parallelepiped cut out of space 
by three pairs of coordinate surfaces corresponding. respectively. to 
the values g,. gy + dqy. qo. go — dys and q3- gg -- dgs of the coor- 
dinates g,. g. and q, (See Fig. 6.13). 

Consider the edge WA, of the parallelepiped. The point J/ lias 
the curvilinear coordinates (q;. qe. g2) and the point 1/7, has the 
coordinates (q,; -'- d¢y, go. qx). Denoting the Cartesian coordtnates 
of the point 1 as 7. y, 2 and those of the point 17, asx + dr. y =. dy, 
Z dz we can write the expression 


_— 


V dat dy? de 


for the length d/, of the vector ASf1/,;. The coordinates x. y and 3 
are functions of a single parameter gq, along the edge WAs, since 
go and g, are constant on VW1/,. Consequently. in this case we have 


Ux OY Uz 
dzr==—dgq,. dy——dy,. ds=— de 
da, f1 Y Oa fi Od fs 


ana 


“1 ae \2 jy \2. gz \2 
nies (sa) : ani +i] dq; 
similarly, for the lengths dl, and dl, of the edges J/ Ao. and 
ATVI, we derive the expressions 


a Or \- vy 
dla = [ ( an ( ai } 


Fr a ge | eng en aS ge ee 
, NZ \e~ as ~ 4 
dlq = | (= (<7) +( d 
3 | Odq3 ds ‘ 


Introducing the notation 


; “ er )" 
I: Og; 


LY the XD 3 ole XD 
te= (Ga) + (gee) + 


er a a | a ae | EO any ny, EY 
_ Ox < , ct c , Oz Bu 
a V cs x ( ung | ( On 


we can rewrite the formulas for dé,, dl. and dl3 as follows: 


ay — fT. la. Td. — fT. da. al. == Hadas (5.555) 


4e -_ 


and 


If, 


It 
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The quantities Hy, HM. and //, are referred to as seale_ factors 
(Lameé's® coeflicieris) associaled with the curvilinear coordinates 
Gi, Jo, G3. A coordinate curve along which only one of the parameters 
Gi. Jz OY Gg Varies can be thought of as a curve on which the scale of 
the corresponding parameter g; (i = 1, 2 or 3) is marked. The 
multiplication by the factors //,, H. and //, transforms infinitesimal] 
increments of the parameters q,, go and q3z into the corresponding 
increments of the parameters J,, é, and 23 which are the are lengtlis 
of the coordinate curves. 

by the hypothesis, the coordinate svslteny being orthogonal, the 
area do, of the face WAIN, M3 of the parallelepiped is equal to the 
product of als by dl3. i.e. 


da, = Ite 11, dqe daddy 
and similarly the areas do. and do, of the other two faces are expres- 
sed as 
do, = H, Il, dq, dq, and do, — II, IT, dy, dq (6.36) 
Finally, the volume of the infinitesimal parallelepiped is equal to 
dv = dl, dl, dl3 = IH, Jl, Hs dy, dq. dq; (6.37) 


Let us introduce. at each point AZ. the orthonormal basis (i.e. 
one whose base vectors are mutually orthogonal and have unit 


Fig. 6.12 


lengths) determined by the three unit vectors e,. e,. e3 tangent tc 
the coordinate curves passing through the point Al. It should be 
noted that, unlike a Cartesian coordinate system specified by three 
constant (both in direction and magnitude) unit vectors i, j and k 
the coordinate system determined by the basis e,, e., e3 may vary 
from point to point in the general case. that is the vectors e,. e. 
and ¢, are functions of the coerdinates g,;. g2and q3. But this does 
not prevent us from vesolving an arbitrary vector given at any 
point AZ as a linear combination of the corresponding unit vectors 
€;, @, and e 3. Tlence, every vector held can be (locally) resolved 


* Lame, Gabriel 1795-1870). a French scientist 
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Into components along the directions of the vectors e,;. e. and e, 
at each point J. 


3. Cylindrical and Spherical Coordinates. Let us compute the 
scale factors for the cylindrical and spherical coordinate systems 
which are the most important special cases of curvilinear orthogonal 
coordinates. 

Cylindrical coordinates r, gy, 2 are connected with Cartesian 
coordinates z, y, < by the formulas 


z=rcosg, yoersiny. sc=s3 


n-) (EY + EYE) ver a 


vt vr or 
 futy\2 . faye us \2 
If. ~ Vv (=) + (<5) a ea = ‘ . 
AG } [ i (9.38) 
== Vr sin? qe. cos? y =r | 
Wl ye Uz \e (2) , (= )"=VI-= 
3 I. ( Oz sil Js Bi UZ _ _ } 


Taking into account the geometric significance of the scale factors 
fy, Ha, Hy, wecan directly derive formulas (6.35) without differen- 
liation. Indeed, consider an infinitesimal parallelepiped bounded 
hy the three pairs of the coordinate surfaces corresponding to the 
values rand r —- dr. q and @ -- dg, 2 and z + dz of the cylindrical 


Five. 6.14 


coordinates r. ¢g, 2 (rig. 6.14). The lengths dé,, dl. and dla of the 

edges 143, AC and AD of the parallelepiped are respectively equal 

to dr, rdp and dz, which immediately implies formulas (6.58). 
Similarly, for the spherical coordinates determined by the relations 


z=ocosgsin 9, y=psingsin®0, z= pcos 8 


we find. by differentiating the formulas, the equalities 
HW, =1, He=p, Its =p sin 0 (6.39) 


This result can again he obtained directly from Fig. 6.15 since the 
lengths df, dl. and dlzof the edges AB. AC and AD of the paratlele- 
piped bounded by the coordinate surfaces speeihled by the values 
pando : do, g and g¢ 4- dq, O and O -!- dO of the spherical coor- 
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dinates 9, ¢, 8 are respectively equal to 
do, 9 dO and o sin 0 dg 
whence formulas (6.39) immediately follow. 


4, Gradient. Let us find the expression of the gradient in curvi- 
linear orthogonal coordinates. As is known, the projection of the 
gradient of a scalar function U' = UY (q¢,, go, gz) on an arbitrary 


Fig. G10 


axis coincides with the derivative of GO along the direction of the 
axis. Consequently, to compute the components of the vector grad f- 
with respect to the basis e,, es, e3 we must find the derivatives 
of & along the directions specihed by these vectors. Let AU be the 
ditference between the values of the function (’ at the points JV, 
and Af. Then 


AC 
(grad (7, e;) = hm ——= lim 
= dl 
ll y—> 0 l Ugy-+0 


MO 1 8 
da, thy on 


Similarly, the other two components of the gradient are equal to 


1 gu and i wl 
Hy Udo fhig Ode 
Ilence, we finally obtain 
! Bled : { al} | cu 


grad i == (49.40) 


Ht, dq, “! } Ty Oa. “27 Thy Gq © 

o. Divergence. \WWe now procecd to calculate the divergence of 
a vector field A in coordinates q,, go, g3. The expression of div .A 
at a point Af was defined in § 2 by the formula 


. l Ys 
fea a | AS 
div ae 719) \ do 


» 
Ses 


Consequently, we can computo div A at an arbitrary point 1/ 
by evaluating the ratio of the flux of the vector A through the surface 
of an infinitesimal parallelepiped shown in Fig. 6.13 to the volume 
dv of the parallelepiped. Let A,, A. and A, be the components 
(coordinates, or projections) of the vector A in the basis e,, e.. e3, 
i.e. Tet 

A = se, + Aeoe, -! Age, 


Lo begin with, we find the flux of the vector A through the two 
faces perpendicular to the edge MaAl,. The outer normal to the faee 


ie MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


MAIN, Ms coincides with the vector —e, because the vector e, 
goes in the direction of the increase of the coordinate g, whereas 
the outer normal to this face is in the opposite direction. Ilence. 
the flux of the vector A through this face is given, to within infini- 
tesimnals of order higher than the first relative to the quanlity dq» dq, 
by the expression 


(A, —e,) dao, = —A,H,H, dq dds (6.41) 


Where the values of :1,, 45 and //, are taken at the potnt (gy. Ge. 4). 

The face WyN3VN.. opposite to the face WAM2N yA 2. differs from 
the latter in the value of the coordinate g, Which is now equal to 
G, -— dq, instead af gy. Consequently, the quantity .1,//,//3 takes, 
on the face I,V,NN.,, the value which differs from that on the face 
MMAN.VU, by the increment 


0 
se (AMM) de 


Furthermore, the outer normal to the face 1J,NV,NN. is in the direc- 
tion of the vector e,. Therefore the flux of the vector A through the 
face JWyN3gN N. is equal to 


AHH, 4- ro (A, Hells) dq, | dqo das (6.42) 


Adding together expressions (6.41) and (6.42) we find that the flux 
of the vector field A through the two opposite faces A1I/,N,A/, 
and WN NN. is equal to 


»m 


uv 
dq (cL, //o/f 5) dd: dgs dq 
the List expression being correct to within infinitesimals of higher 
order relative to dv = H,H.H, dq, dq» dq3. 
Similarly, taking the other two pairs of opposite faces we find 
the following expressions of the flux: 
O(Asf/ 3/14) | 
——dqn dq, TP dq; and Os 
Adding up the three quantities thus found, dividing the sum by 
dv and passing to the limit as © — M we finally obtain the formula 
1 HAM Hy), A(AgM gy), 2 (AgIT Ia) (6.43 
MM yllHy - I Oy, a 
4. Rotation. As was shown in § 4, the projection (rot A), of 
the rotation of a vector fieid A on the axis specified by an arbitrary 
lixed vector n at a point M is expressed hy the formula 
{ A, di 
oo, ae 
(rot A), = lim ——— 


¥ + AI 


oe) day din ds 


div A = 
Ody ue Jy 
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where 2 is a surface perpendicular to the vector n at the point A/, c 
being the area and Z the boundary of 2. Thus, we can find the pro- 
jection of rot A on the axis of the vector e, by computing the ratio 
of the circulation of A over the contour MiA1,N,\M 3M (shown in 
Fig. 6.13) to the area o,. Let us present the circulation as the sum 
of the four terms corresponding to the line segments MAf,. M.N,. 
NiM,, Ms, and compute each sumimand separately. We first 
take M.\l.. The projection of the vector A on the line segment Af A. 
is equal to A, and consequently the line integral of the projection 
along the path J/AJ, is given, to wilhin infinitesimals of order of 
smallness higher than the first relative to the length of A/AL,, by the 
ex pression 


Ag dl, = Agll, dq (().44) 


where the values of the quantities -1, and H, are taken at the point 
(fs. Go. Gy). The integral over W,Al, differs from the above expres- 
sion in the third coordinate. which assumes on NV,A/, the value 
Ga -- dq, (instead of the value gz taken on VA/,), and in the direc- 
tion of integration since the direction of the line seginent VY, A, 
is opposite to that of the vector e,. Therefore the integral of the 
projection of A on V,M, over the path N,V, is equal to 


| Oo a 
— | Aells oF pga (Ag/f >) dqs | dqo (6.45) 


Similarly. for the integrals taken along A/.N, and A/3,17 we obtain 
the corresponding expressions 


Agll s+ —— (Ag/ls) dq, | dds (6.46) 
Y2 
und 
—A il; dys (6.47) 
Adding together expressions (6.44), (6.45), (6.46), and (6.47) we 


find that the circnJation of the vector A over the contour ALAIN, AT. M 
is equal to 
— Ae qa das 4- XS din das 

the last expression being correct to wines infinitesimals of higher 
order relative lo dg, dgg. Dividing this expression by /1,+f, dq. dq;, 
i.e. by the area of the face AZM,N Ay. and passing to the limit as 
> — AMI owe see that the component (rot. A), of the vector rot A 
in the direction of the base vector ¢; 1s equal to 


{ 0 (Agll4) 0(Ag/f)) > 2 
Tiglis \ oqz ay Sf earns 
The other two components are computed analogously: 
Re A(AGIy)  A(As 2(Astia) | ag 
(rol A). = HoH, ‘foe Ou (lb). 485) 


18—0824 
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"OU ee —— 1.4 ‘ 
Ore); HH, | i, ae J paral 
Finally we can write the resultant expression of the rotation in cur- 
vilinear orthogonal coordinates q1, qo, 43° 
— | 0 (Agf7 3) ok: | ¢ | 2) (A,/f)) __ Assy 
ela 7 TT { Og, aN 7 ar; { O03 on J 
[O(AglMe) met mm 
Tv Ws Hy Ti, Lag AUN eg 
7. Laplace’s Operator. poe on the expressions of grad l 
and div A, we can write the following formula for Laplace's 
operator in curvilinear orthogonal coordinates q;, go, Q3: 
7 ‘ 1 7] flolls au? 
a Yeas q = oOo —_ : —_———_ me 
AG =: div grad U I ThelT, 13a ( iW, omg 
7 (= a ) + dO (44: al. ) (5.49) 
092 fle qe Ud ily ogy IJ 
To memorize this formula note that the scale factors //7,, ff, and 
fl, entering into the denominators of the expressions written in 


r 
front of the derivatives ped (i = 1, 2, 3) are due to the gradient. 


qi 
the factors M/f,, [f,H, and H,/7, in the numerators are generated 
by the expressions of the areas of the faces (which have been taken 


when computing the fluxes) and the factor TR Wall’ has appeared 
! 


when we have divided the resultant flux across the faces by the 
volume of the inhnitesimal parallelepiped. 

8. Basic Field Operations in Cylindrical and Spherical Coordinates. 
In Sec. 5 we found the scale factors fur the cylindrical and spherical 
coordinates. To write down the formulas expressing the gradient, 
divergence, rotation and Laplacian operator it these coordinates 
we must only substitute the corresponding scale factors into the 
general formulas obtained in Sees. 4-7. This yields the following 
results: 

(a) In cylindrical coordinates we have 


je — ft a . oo ‘ 
& Sa Op Ce To, © 
ee eds 1 IAG OA. 
Se tg ee 
1 0A, = ING fad, aA 
a (-- eT Oz : aa Vz ar -)eq 
4 9(rA,y) 1 @A, 
(> or or Og “z 
. 1 0 ou . tt oe a 
NG ee pe iets hae Ts (ease 
AU r or (r or ) r? aq? - az? 
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Where e,, @€g and e, designate, respectively. the vectors e;, ¢, and e3 
corresponding to the cylindrical coordinates r, g, z and A,;, Ag 
and Al, are the projections of A on ¢,, ¢g and e,. 

(b) In spherical coordinates we obtain 


1 aU OV 
grad U= Te et oe 9 °8T Dein’ and wg ? 
div A — a jun.) 1 Asin OB Ap) 1 OAg 
— dp p sin U a0 psin® a’ 
aunt (2s) an (ae Sere 
; posing JO Up eT Vosiné o¢ Oo dp a 
f aeee al \e 
p ap p gf ™ 
1°04 [4 wv 1 a7... eV Law 
AU = ae Op (p a5) a p?sinO ot) (sin 0% )= p2sin?@ dg? 


where e,, €9, ¢, denote the base vectors of the spherical coordinate 
system and A,, Ag, Ag are the corresponding projections of A. 
In some problems related to the Laplacian operator, besides the 
whole expression of AU in spherical coordinates, we encounter its 
part of the form 
i @ (si wu) 1 g2U 


p2sind J0 ' 92 sin2 0 dg? 


involving only the derivatives with respect to the “angular” variables 
@ and q. 


Nole. In § 7 we systematically used such terms as “an infinilesimal 
parallelepiped”, “an clement of volume” and the like. ]t is clear that 
here, as in many olher similar cases, the real sense of this termi- 
nology is that we first take the corresponding geometrical and phy- 
sical objects of finite sizes and then perform the passage to the limit 
makinu the sizes tend to zero. We believe that the reader can easily 
perform all the passages to the limit we are speaking about and 
which have not been written in full in the foregoing sections. 


§ 8. VARIABLE FIELDS IN CONTINUOUS MEDIA 


So far, in studying various flelds we investigated the dependence 
of the corresponding quantities (scalar or vector) on the spatial coor- 
dinates. Tlere we are going to consider some «questions related to 
the dependence of fields on time. 


{. Partial and Total Time Derivatives. Let us consider a fluid 
motion Whose velocity depends not only on the coordinates at each 
point but also on time. Suppose there isa variable quantity @ related 
to a fluid flow, for instance, temperature, pressure etc. The variation 


15+ 


2716 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


of the quantity can be studied by means of two different approaches: 
we can investigate its variation at a given point, i.e. for some fixed 
values of z. y and z, or consider the values of the quantity connected 
with a certain fluid particle whose coordinates are time-variable. 
For example, if we deal with the temperature of a flow of fluid we 
can measure it with a thermometer fixed at a certain point or with 
one going downstream with the fluid. 

The variation in time of a quantity @ (AJ, t) at a fixed point 
is characterized by the partial derivative (also termed explicit partial 
deriva tive) 

= ee o(M, aot mae Aik t) (G 50) 
Ait—0 A 


expressing the local rate of change of q, the coordinates x. y and z 
of the point A/ being regarded as constant parameters when compu- 
ting (6.50). 

The time-variation of the quantity g (M, ¢) connected with 
a certain particle of fluid is specified by the éofal partial derivative 
(particle derivative) of @ (M, 2) with respect to ¢ which is defined 
as follows. 

Let a particle be at a point Af atl moment é¢ and at a point A’ 
at moment ¢ + At. The total partial derivative of g with respect to ¢ 
is the limit 


dy 4. (MS, t + At) —@ (iM, 2) = 
a ia 


To establish the connection between the partial and total time 
derivatives we note that when computing the total derivative we 
must consider the coordinates z, y and z of the point AJ to be fune- 
tions of ¢ whose derivatives with respect to ¢ are the components 
of the velocily of the fluid flow at the point: 


dx =, dy =; dz 

dt ed; di “—— “yy? at —= Uy, 
Therefore we must differentiate m = @ (z, y, 2, t) as a composite 
function of ¢, which results in 


, og vp 
Se etd eo Coe iy Bits ae 
dt vl q on US ay yt ag. 2 
that is 
¢d , 
=< +(v, grad 9) (01.92) 


The notions of a partial and a total derivative with respect to lime 
can be analoyvously introduced for an arbitrary vector quantity 
A (M, 2) connected with a moving fluid. ‘These derivatives are deter- 
mined by the formulas 
Ny ACM, EL AQ—A (MD) (6.53) 
Uf Al-+0 At 
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atic 
JA _ A(M, t4-A0—A(M, t - 
Pat Vig nea a al | (6.04) 
dt At—0 At 


which are similar to formulas (6.50) and (6.51). The relationship 
between the derivatives is given by the formula 
dX dA OA 0A ‘ vA ; > 
eae era ee alt 
which is obtained hy differentiating A (2, y, 2, 4) as a composite 
funclion of ¢. Equalities (6.52) and (6.55) can be conveniently re- 
written in the form 


dq _ Gf ‘ " 

= s+ (v, 9) 9 (6.96) 
and 

dA 0A | 

“ade =e +(v, V)A (6.57) 


where the expression (v, VY) is understood as the operator 


0 0 v 
bs Ge ty ay TUE ae 


i.e. as the (formal) scalar product of the velocity vector v by the 
symbolic vector V. 

The expressions (v, V) ¢ and (v, V) A entering into formulas 
(6.56) and (6.57) are convective terms because they are connected with 
convection of the particles. They only appear when we deal with 
a moving medium. 

As an example, let us consider the acceleration of the particles 
of a moving tiquid. It can be obtained as the total (particle) deri- 
vative of the velocity with respect to time. Taking advantage of 
formula (6.56) we derive 

oa bv, VY (6.58) 


or, in the coordinate notation, 


dv». Jy 0vUx OV ; OV» 
dt ~— at + Ux OZ Ty ay Te 
duy Ovy L Ovy Ovy Ou y 
dt at OX Ge ON ay 
dv; Ov, , dv, , oR 2 Ov, 
dt ot oe vy Oy 1 Ue Oz 


2. Eulerian Equations of Motion of Ideal Liquid. Let us apply 
the notions of partial and total time derivatives to obtaining the 
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equations of motion of an ideal liquid. We shal! consider the so-called 
Eulerian specification of fluid motion playing an important role 
in hydrodynamics. 

Take a volume @ bounded by a surface 2 lying inside a moving 
liquid. An element of area do of the surface is acted upon by a force 
produced by the pressure. This force is directed along the normal n 
to do* and is equal to —pn do. (ere n is the unit vector in the 
direction of the outer normal to = and p is the pressure, a scalar 
quantity.) The resultant force F acting upon the whole surface > 
Is expressed in the form 


r= — | pndo (6.59) 


where, as before, the integral of the vector 
pn = pcos (n, x) i + peos(n, y) j -|- pcos (n, z) k 


is understood as a vector whose components are 


(n, x) do, s(n, y)do and (n, 2) do (6.60) 
\} pcos(n, x) do \ J pcos(u, y)do an jj pcos (n, 2) do 


\ 


Surface integral (6.59) can be reduced to the corresponding volume 
integral over 2 by applying the Ostrogradsky theorem to each com- 
ponent (6.60) of the integral (which, as has been mentioned, is a 
vector). This yields 


=f fmanm af ff saa if ff Seam - 
© 2 Q 


c= 


= 


—k \ | \ a dw == — \ \ \ grad pdw 


fy oO 


and consequently an element of volume dw of the liquid is subjected 
to the force 
—grad p dw 


On the other hand, if o (Af, ¢) is the mass density of the liquid 
at an arbitrary point AJ at moment ¢ and w is the acceleration of 
a particle passing through the point A/, the quantity wp (A/, 4 dw 
is the product of the mass contained in the volume dw by the accele- 
ration and hence, by Newton’s second law, we obtain the equality 


wodo = —grad p dw 


* We suppose that the liquid is ideal which means that its viscosity factor 
is considered to be equal to zero. Therefore the force acting upon au infinitesimal 
aren placed inside the liquid is only produced by pressure and is directed) per- 
PemMUIC MLAs ee STC ROT 
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ee 
wo = —grad p (6.61) 


This very equation yields an Eulerian description of motion of 
an ideal liquid.* Ilere w is understood asthe acceleration of a particle 
ehh as ; : d : 
of liquid, that is as the total derivative w = = of the velocity v 
with respect to time ¢. Using the expressions for the components of 
the acceleration found in Sec. 1 we can rewrile equation (6.61) in 

coordinate form: 


Ue. Ot ov Ul'x Op 

( a a: eS r “y rT + Uz ie Jp= en 
ot var ' Yay 29, P= vy? 
Gey, Ov, Ov, Ov, ap 

( gt | “* ax Fy Oy Uz Ge )e= On 


3. Derivative with Respect to Time of an Integral Over a Fluid 
Volume. Let us consider a volume & of a moving continuous medium. 
We shall refer to Q as a fluid volume if il constantly consists of the 
same particles of the fluid. A fluid volume thus may move and change 
its shape in the process of motion. Consider the integral 


im \j \ ¢ du (6.62) 


Q 


of a scalar function ¢@ (A/, ¢) taken over such a volume. We shall 
compule the derivative of this integral with respect to time. 

In performing the computation we must take into account that 
the variation of integral (6.62) in time is specified by two factors. 
namely by the variation of the integrand connected with the incre- 
ment of time ¢ and by the change of the shape and position of the 
spatial domain &2 the integral is taken over.** 

If the volume 2 were invariable the function @ would gain the 


: 7) ; : ;: : 
increment dl in time dé and integral (6.62) would acquire the 


* The minus sign on the right-hand side of equation (6.64) has an obvious 
physical significance. namely it indicates that the acceleration of every particle 
of liquid: is in the direction of decrease of the pressure, i.e. opposite to the 
gradient of p. 

** Expression (6.62) is the so-called integral dependent en a parameter, the 
parameter heing ¢. (in (6.62) hoth the integrand and the domaia of integration 
depend on ?.) ‘fhe fundamentals of the theory of inteyrals involving a para- 
meter Will be presented in Chapter 10. llere, without resorting to the general 
theory, we shall only consider the question of finding the derivalive of integral 
(6.62) with respect to time. whichis tmportant for various vbvsieal annlications. 


280 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


og 
dt \ \ { a, a! 
{2 


Now consider the increment of integral (6.62) produced by the 
Variation of the domain Q. Let 2 designate the surface bounding 
the volume @ at moment ¢. The variation of the volume 2 during 
lime interval from ¢ lo ¢ + dt is obviously due to the fact that some 
particles of the fluid flow into or out of the volume © through the 
surface 2. The volume of the fluid flowing out through an clement 
do of the surface < during time dt is equal to v, di do where uv, 
is the projection of the velocity of the fluid on the outer normal 
to do. This variation of the volume gives, to integral (6.62), the 
increment 


increment 


qu, di do 


The resultant increment of integral (6.62) due to the variation of 
the volume ® in time dé is equal to 


dt \| (Vv, do 
z 


Thus, the total increment of integral (6.62) during time period dt 
is equal to 


v 


isa (ff 22 dw rae ff yeado 


and, cunsequently, we have 
dJ : 0 
a= \\jae -\ | pen de 6-88) 
22 : 


Transforming the second summand on the right-hand side by the 
Ostrograudsky theorem we obtain 


= \\f pedo = {Vi | 3 + div (pv) | de» (6.64) 
ry % 


Finally, taking advantage of the equality 
div (gv) = @ div v + (v, grad ) 
(see formula (6.29)) and applying expression (6.52) for the total 
derivalive we receive the resulting fortiula 
d 7 * _ > |» 2 dy ) ; er 
A (fjede=f{f (Me teaivv)ae 8 


£2 2 


eae 


In particular, if div v = 0, i.e. if we consider a motion of an 
incompressible liguid without sources and sinks, formula (6.60) 
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takes a simpler form 


Note. The problem of differentiating an integral taken over ; 
fluid volume is analogous to the following one-dimensional problen 
(which we shall again deal with in Chapter 10): given an integra 

b(t) 
J (i) = \ (p(x, () dz 
a(t) 
it is required to find the derivative of J(¢) with respect to ¢. Regar 
ding J (¢) as a composite function of ¢ (dependent on ¢ because bot! 


{he integrand and the limits of integration a(t) and b(t) involve t 
we easily find that 


b(t) 
riy= | Sars (6. 00 —9@, Ha’) 
a(t) 
u(f) 
Ilere again J‘(t) is a sum of two terms (| <o dx and [ (6, t) b’ — 
a(t) 


gy (a, t)a')) , the former being duc to the variation of the integranc 


and the latter to the change of the interval of integration. 

We have studied the integral of a scalar function over a fluic 
volume. Similar techniques can be applied to studying an integra 
ofa vector function A (VF. 0). The same arguments yield the following 
expression for the derivative of such an integral with respect lo ¢ 


= i Adu = \\) | ae +A div v | do (13.665 


Q 


The above discussion concerns integration over a volume of fluid 
But in hydrodynamics and some other divisions of physics we alse 
deal with surfaces and curves formed of particles of fluid whicl 
change their position in Space and their shape in accordance witl 
the motion of the particles. Surface and line integrals o. 
functions over such Quid surfaces and curves are again expressions 
whose dependence on time is specified by two facturs, i.e. by the 
variation. in lime, of the domains of integration and by that of the 
integrands. Using arguments similar to those applicd lo investi. 
gating integrals (6.62) and (6.66) we can easily establish the corres. 
ponding formulas for differentiating these surface and line integrals 
With respect Lo time. 
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4. Application to Deriving Equation of Continuity. Formula (6.63) 
immediately implies the equation of continuity obtained in § 3, 
Sec. 5. Indeed, let p (M7, 0) be the density of a moving liquid (which 
may be compressible in the general case). The mass of the liquid 
contained in a volume © is equal to 


i{foas 


If 92 is a fluid volume which is thought of as consisting of the same 
particles of the fluid in the process of motion, the mass it contains 
remains constant. Consequently, by formula (6.64), we have 


ar \\j p do = \\ | sO div (py) | dw =0 


82 


~ 
Ow 


The volume © being taken quite arbitrarily, we thus obtain the 
relation 


 -i- div (pv) =0 


which is the equation of continuity. 


Tensors 


—~] 


The investigation of phenomena in natural and engineering sciences 
involves various mathematical quantities. The distinction between 
these quantities lies in their analytic expressions and the laws of 
transformation of the expressions when the coordinate systein is 
changed. 

From the point of view of mathematics, the simplest physical 
quantities are scalars (such as the mass of a body, the volume of 
a body, the length of a vector elc.) which are invariant wilh respect 
to the transformations of coordinates. Every scalar quantity is 
characterized, in any coordinate System, by a single numerical 
value independent of the choice of the coordinate system. 

The vector quantities, e.g. velocity, acceleration, force etc., 
are of a more complicated mathematical nature. A vector quantity 
is specifed, in the three-dimensional space, by a triple of numbers 
with respect to each coordinate basis, namely by thethree projections 
of the veclor on the coordinate axes,which are also referred to as the 
coordinates (or components) of the vector. When a coordinate basis 
is replaced by another one the components of a vector are transformed 
according to a special law. 

Still more complicated quantities, from the point of view of the 
laws of their transformation, are the so-called tensors which. in 
certain particular cases, are analogous to linear operators applied 
lo vectors (the notion of a litear operator is discussed in Sec. 1 
of § 2 in the present chapter). 

As an example of such a quantity, let us consider the so-called 
conductivity tensor characterizing electric properties of an aniso- 
tropic conductor. In an isotropic medium the current density vector 
j and the clectric intensity vector E are collinear. that is connected 
by a relation 


where 0 >0O is a scalar factor known as the specific conductivity 
of the medium. Bul in the general case of an anisolropic body the 
vectors j and E are no longer collinear and therefore the factor 9o 
should be regarded as a linear operator transforming the vector Ie 
into the veetor j. This operator is referred to as the conductivity 
tensor. 
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If we choose an arbitrary fixed basis e,, €5, e3in space and resolve 
the vectors j and E with respect to the basis we can write 


y= Mey A Je€e2 + 733 (7.2) 
k = Eye, 4- FE .e5 + E3e3 


and then replace relation (7.1) by the equivalent system of three 
scalar equalities 
= 
Ire » Cail i, k= 1, A 3 (7.1°) 
i= 1 
Thus, the conductivity tensor ¢ is specified, in every basis ey, Cy, €3. 
by the nine numbers 0;;, k, t = 1, 2, 3, termed the components 
of the tensor oO relative to this basis. 
The delinition of the notion of tensor should obviously include the 
rule for transforming its components when the basis is changed. 
In $§ 1-9 we shall only restrict ourselves to the orthonormal 
bases (i.e. the ones consisting of mutually orthogonal unit vectors) 
and their transformations connected with the notion of an orthogonal 
affine tensor. In § 10 we shall briefly discuss the general tensors. 


§ ft. ORTHOGONAL AFFINE TENSOR 


1. Transformation of Orthonormal Bases. Let us consider two 
arbitrary orthonormal bases e;, €,, e3; and e|, e,. ¢, ina three-dimen- 
sional Euclidean space. The bases being orthonormal, we have the 
following relations for their sealar products: 

5 —- § 5 QO for isk 73 
Ci, Ci) —= VU; Ci, Cx) — OF ik ° 7% 
( é } thy ( t? ) ths i 1 for i=k ( ) 


(6;. is called the Kronecker* delta). We shall conditionally refer 
LO Cy, Ca, &; as the “old” basis and to ej, ¢), e, as the “new” one. 
Resolving the base vectors of the new basis with respect to the 
old basis we obtain the equalities 


C= hry, T- Hype@2 + Hq363 
Cy = Loy + Lee@q + A203 (7.4) 
er — CL (> oe Lh e ze CL q. 

3 gi, “i Aagly, TT A33h3 


or, in the contracted notation, 
3 
0 4 s ; ry ¢ —_ 7 
ej= > Ai jlj, i= I, 2s 3 (7.4°) 
j=i 


* Kronecker. Leopold (1823-1891), a German mathematician. 
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The matrix 
iy Ay2 Wy 
| eas |= |] @o1 G22 es (7.9) 
O31 X32 133 


is called the transformation matrix fram the old basis e,, e., e, 
io the new hasis ¢,, ¢,, ©. 

Let us investigate the properties of this matrix. Multiplying 
scalarly the veclor ej = @,,e@, + @jo€@2 — Aye3 (6 = 1, 2, 3) by the 


@ 
. 


vector ©; = @j,e, + &;.e, + &jse3 YG = 1, 2, 3) we receive 
Q for ji 


civtn Patent aint =51)~ | 1 for jai (7.0) 

Ilence, the sum of the squares of the elements of every row of 
the matrix || ca,;,; || is equal to unity and the suin of the products of 
tle corresponding elements of two different rows is equal to zero.* 
Next, computing the scalar products of expression (7.4’) by e, 
(i; = 1, 2, 3) we obtain** 


(¢}, Cy) = Kin L, k = 1, nae 3 (7.7) 
We now proceed to find the expressions for the elements of the 
inverse Of matrix (7.9). For this purpose we expand the base vectors 
of the old basis e,, e2, e; with respect to the new basis and thus derive 
C, = Bare; + Pree, a Bayes 
C2 = fae, + Bases | Bost y (7.8) 
Ci fr sie) -|- Boots as Base: 
vr, in the abbreviated notation, 
a 
en, = » Bn je} (7 .8°) 
" 


J= 
The matrix 


Bir Bio Bus 
| Bir |=] Bet Bea Bes (7.9) 
Bar Bae Bas 


is apparently the inverse of matrix (7.9). Performing scalar multi- 
plication of expression (7.8’) by ej (& = 1, 2, 3) we obtain 


(ej, C;) = Bais i; ke — i Z 3 (7.10) 


* A matrix |] 2,; i] for which relations (7.6) hold is called arthogonal. 
Thus, a transformation malrix from one orthonormal basis to another is an 
orthogonal matrix. 


’ 
** We obviously have Os. = (ez, oe. = ene Ie! ie A 


- = 4 
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Comparing formulas (7.7) and (7.10) we find the following rela- 
lionship between the elements of matrices (7.5) and (7.9): 


Lin = Bia (i, k or a Zz. 3) (7.11) 


Thus, matrix (7.9), the inverse of matrix (7.5), is the transpose 
of matrix (7.5). It follows that the columns of an orthogonal matrix 
possess the same properties as its rows (see formula (7.6)) since the 
inverse Of matrix (7. 2) is the transformation matrix from the ortho- 
normal basis cj, ¢,, ¢,; to the orthonormal hasis ¢,. eg, e¢3; and hence 
it is an orthogonal matrix. 


2. Definition of Orthogonal Affine Tensor. In constructing the 
formal theory of tensors it appears expedient to include the invariant 
scalar quantities and vectors into the class of tensors. Thus, a scalar 
quantity [L invariant with respect to the transformations from one 
orthonormal basis to another is called an orthogonal affine tensor 
of rank zero. 

Such quantities as temperature, mass, the length of a vector etc. 
are examples of orthogonal affine tensors of rank zero. On the other 
hand, although the projection of a vector on the ith (i = 1, 2, 3) 
coordinate axis (i.e. the axis determined by the ith base vector e,) 
is specified by a single number in each basis e,, eo. e3, it changes 
in a certain manner when the basis is replaced and thus it is not 
a tensor of rank zero. 

To include the vectors into the class of tensors we define them as 
tensors of rank (order) one. 


Definition ¢. Leta quantity L be determined, in every orthonormal 
basis, by a triple of numbers, say by numbers Ly, Lo, L3 in a basis 
C), C4, 3. by numbers Li. Ly. L. in a basis ej, «3, e, ete. Suppose that 
under the transformation from an gemsbad sd orthonormal basis ¢,, 


Co, €3 lo any other orthonormal hasis e). e.. e, these numbers undergo 
the irindiormealion determined by the pa 
3 
# NX) ~~ 1 
Lj= ap lini (Les ts: 2. 3) (7. 2) 
k=1 


where || a;, || is the transformation matrix from the basis €;, Ca, €3 
fo the basis ev), e, ey. Then the quantity L is said to be an orthogonal 
affine tensor of rank (order) one and is denoted by the symbol 
(1.;), ies yc (L;). 

The numbers £;, i- 1, 2, 3, are referred to as the compenents 
(coordinates) of the tensor L, relative to the basis e,, @., e3, the 
numbers Li, & - 1, 2, 3, as the components in the basis e,, e., €; 
etc. 

Let us prove that every vector is an orthogonal affine tensor of 
rank (order) one. Indeed. every vector x is determined by a triple 
ef onobers in each orthonormal basis e,, ¢5, e3. these numbers being 
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its coordinates relative to the basis, i.e. its projections on the cor- 
responding coordinate axes. Besides, when the orthonormal) basis 
is changed the coordinates of the vector x are transformed according 
to formulas of type (7.12). For, if we resolve x with respect to two 
bases €;, C2, ¢3 and e), e,, e, we obtain 


N = D1Cy + Bog + XgC3 = Te, + Ze, > Tye, (7.13) 


Multiplying scalarly equality (7.13) by ej (& = 1, 2, 3) we find, 
with the help of formulas (7.3) and (7.7), that 
3 
Li = hj Hy He Kinde + highs = > Mintn, i-1,2.5 (7.14) 


—=s 
Cd 


lorinulas (7.14) being of type (7.12), we thus see that every vector x 
is in fact an orthogonal affine tensor of rank one. 


Note 7, It is obvious that, conversely, every orthogonal affine 
(ensor of rank one can be interpreted as a vector. 


Note 2. Since the inverse of the matrix || o;; || is its transpose, 
relations (7.14) imply that 


Li = —. Ajirj, i=1, 2,3 (714°) 


We now proceed to define a tensor of second rank. 


Definition 2. Leta quantity lL be determined by nine numbers in 
every orthonormal hasis, these numbers being L,,;, i. f=1, 2, 3, ina 
basis ¢), Co. €3, Lij, i, j = 1, 2, 3. in another basis ¢), ef, e) ete. 
Suppose that when an arbitrary orthonormal basis @,, Co. 2 is trans- 
jormed tu any other orthonormal basis e), €,, ©, these numbers are 
changed according to the formulas 

3 
Lij = S Otho. 69 224,2:3 (7.15) 
m={ n=} 
where ||a;; \l is the transformation matrix from the basis e,, e,, 3 
lo the basis e, ©), ej. Then the quantity Lis called anarthogonal 
affine tensor of secon vank (order) and is denoted by the sym- 
bal (Li;), ie. L= (155). 

The numbers 4;;, é, j= 1, 2, 3, are referred to as the components 
of the tensor Lin the basis es, C2, 3, the numbers Zj;, é, j== 1, 2,3, 
as ne components in the basis e,, ¢), e, etc. 

Ir) §§ 2-9 we shall dwell in ore detail on the properties of the 
orthogonal affine tensors of second rank and on exaniples of such 
tensors. 

Now we give the definition of an orthogonal affine tensor of an 
arbilrary cvank (order) p > 1. 
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Definition 3. Let us be given a quantity L which is specified by a 
collection of 3° numbers Liii, seedy tg = Ve, Ze:-aoe. See Ds Sa, os hea DP 
in every orthonormal basis e;, @2, ¢3. lf these numbers are transformed 
according to tke formulas 

3 
; ae ~ ee ee eae gee 1(; 
higia sty Ft hisjings - ++ Cipi Lisia ... 5p (7.10) 
3192... Pgs} 

when an arbilrary basis €4, Co, €3 ts transformed to any other orthonoar- 
mal basis ej. 3, e; by means of a transformation matrix || a;; ||, the 
quantity Lis called arn or be id ad affine tensor of rank p 
and is denoted by the symbol (Li ees i)» that is L= (Li, i eee p) 

The numbers Lieb yrrrip are called the components of the tensor L 
relative lo the basis e,, €2, e3, the numbers Lini, ... 4, are its com- 
ponents in the basis ej, e,, e, ete. 

Note J. ‘The definition of an orthogonal affine tensor of order p 
(py == 1) can also be gtven in the following equivalent form. 

We say that we are given an orthogonal affine tensor of rank 
p = 1 (denoted as Lb; teal ) if to every orthonormal! basis e,, Co, ©3 
there correspond 3? numbers hii, 2 « bo ds, (2c BS SS 4. 2. 


p 
.. Pp, Which change in accord with the heciagiting 


e es e 


Ligss.. =, \ 
Jiv2... 5 pi 
when an arbitrary orlhonormal basis ,, @y, e, 1s transformed to 
another orthonormal basis ¢), ¢,, e; by means of a transformation 
matrix || a;; |. 
We shall sometimes apply the latter form of definition to thre 
case p = 1 and also to the case p = Z. 


Note 2. Delimitions 1, Z aud 3 have been given for a three-dimen- 
sional space. But they can be rephrased in a completely analogous 
manner for an AN-dimensional space whose orthonormal! bases 
Cr, ©n, - 2 65 Oni ©), Oh, . ~~, en elc. contain N mutually orthogonal! 
unit vectors, the transformation from a basis e,, @,, -.., Cy to 
another basis e¢), ¢, ..., en being performed by the formulas 


N 
° -y : 
ej = >) Ge, = |, eae ee is 
j= 
where the transformation matrix |]c,; || is of order XN. 


§ 2. CONNECTION BETWEEN TENSORS OF SECOND RANK 
AND LINEAR OPERATORS 


{. Linear Operator as a Tensor of Second Rank. ‘To begin with, 
we remind the reader that a linear operator ora linear vector function 
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is a function 
y = L (x) 


which associates, with every veclor x, a vector yin such a way that 
the relation 


L (Cyxy fF Cgx2) = CYL (x,) + CL (x,) (7.18) 


are fullilled for any x, and xz and any constants C, and C4. 

The components (coordinates) of a linear operator L in a basis 
€y, 2. ¢3 are the coefficients £,; appearing in the resolutions of the 
images L (e,). L (e.) and L (e3) of the base vectors ¢;, e2 and ¢: 
relative to this basis: 


L (e,) = Lyey + Laree -r Layes 
iF (e.) ~ee Liyoty -{- Li aofo -{. L304 (7.19) 
I, (e3) = Ly, 3¢, -- Lo3Ce2 + L333 
These formulas can be put down, in the abbreviated (notation, as 
3 
(e;) = > Lijehs i =e 1, 2. 3 (7.20) 
i 


k= 


Let us scalarly multiply both sides of equality (7.20) by the 
vector ¢, (i = 1, 2, 3). Then, based on relations (7.3), we obtain 


Lij os (e;, L, (e;)), t, i = Ls Zs 3 (7.21) 


Similarly, fue the components of the operator L in another basis 
©, @;, e| we have 


Ly; = (ei, L (ej), ty f = 1, 2, 3 (7.22) 
Substituting the expressions 
J 3 
ej== S. Gimem,  C)= Dy jn€n (7.23) 
m== | n= 1 


into formulas (7.22) we reccive the relations 


3 3 
Li; = (ej, L (e;)) (( A LimCm), ( i a jn (en)) = 
m= r= 


d 


J a 
7 ) 
— \ LAim&jn (Cm, FP (€n)) =— » QhimbjnLinns 


m=1 n=1 m=i n=l 
i, j=l, 2,3 (7.24) 


Formulas (7.24) coincide with formulas (7.15) and consequently we 
have proved that every linear operator L is an orthogonal affine 
tensor of second rank. 


19—0824 
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2. Tensor of Second Rank as a Linear Operator. An orthogonal 
affine tensor (Z,;) of rank two can be interpreted as a linear operator 
applied to the vectors of a Euclidean space. To show this we take 
an orthogonal affine tensor of second rank (Z;;) ina three-dimensional 
space and define an operator y = L (x) by assuming that its appli- 
cation to the base vectors e,, e5, e30f an arbitrary orthonormal basis 
is described by formulas (7.19) and that the expression L (x) (where 
X = 71e@; + F.C, + Z3@3 iS an arbitrary vector) is specified by the 
formula 


3 
L(x) = pa xiL (e) (7.25) 


Thus, we have associated, with every orthogonal tensor (Z;;) 
of second rank, a certain vector function (operator) y = L(x). 
Now we are going to prove that the operator thus defined is infact 


3 
linear, i.e. satishes condition (7.18). Let x = 2 Tie and y= 


3 


= ps y,¢;; then we have 
=! 


3 
Cx +Coy = a (Cyxi +Coyi) 2 


Consequently, by virtue of definition (7.25), we obtain (substituting 
Cix-+Cey for x into (7.25)) the relation 
3 


L(Cyx + Cay) = 2 (Cyr; + Cryi) (ei) = 


3 


3 
a, pe ziL (e;) + C2 x ysL (e:) =CyL (x) + Col (y) 
=|] I= 


which coincides with (7.18). [lence, the linearity of the operator 
has been proved. 

It can be easily shown that the linear operator L defined above 
by means of the tensor (£;,;) does not depend on the choice of the 
basis @;, Co, C3. In other words, if instead of the components L,, 
of the tensor in the basis c,. €2, e3 we take its components Lj, in 
another basis e¢;|, e), ec) and define a linear operator L’ by means of 
the relations 

3 a 
Li(ei)= S Lik (=1,2,.3),  L')= X aih (ei) (7.25') 
hol 
3 
where x= “) xzjej we shall have the identity 
i=1 


~ L’ (x) = L(x) (7.265) 


fur each Veclur x. 
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Indeed, _—e ene of the relations 
3 
-> S AinXjsrLri, (=) AyiXj, Cx = > Lin] 


k=} 1 j=1 i=]| 


and formulas v- 19), (7.25) = “. 20°’) we obtain 


L(x) = 3 ils ( (e;)= Sx, 7 Lyi€r = 


i=1 
3 are 
’ 7 7 . 1 
zi >) (>) BM aunajLri) ei = d ses Lier = 
j= 1 


xjL’ (e3) = L’ (x) (7.27) 


hs eae th 
i 
P 
W 
i 


which is what we set oul to prove. 

We have thus shown that the operators L’ and L coincide and 
consequently relations (7.19) and (7.25) establish a one-to-one cor- 
respondence between orthogonal affine tensors (L;;) of rank two 
and the linear operators L associated with them. The linear operator 
L can be identified with the corresponding tensor (L;;), and hence 
we can consider an orthogonal affine tensor of second rank as being 
a linear operator. This interpretation of an orthogonal affine tensor 
of second rank is widely used in physics. Namely, in this manner 
we interpret the conductivity tensor mentioned at the heginning of 
the present chapter. The inertia tensor introduced in mechanics 
and the stress tensor considered in the theory of elasticity (the latter 
tensor will be treated in § 5*) are also underslood in this way. But 
there is another interpretation of a tensor of second rank which proves 
to be useful iu various applications. This new approach to the notion 
of tensor is discussed in § 3. 


§ 3. CONNECTION BETWEEN TENSORS 
AND INVARIANT MULTILINEAR FORMS 


{. Tensors of Rank One and Invariant Linear Forms. Let us be 
given, in every coordinate system, a triple of numbers ay, 
a,, 23 Suppose that when one coordinate system is transformed 


* The reader will see in § 5 that the interpretation of the stress tensor is 
connected with the notion of the adjoint operator. If, instead cf relations (7.20) 
and (7.25) specifying the linear operator L corresponding to a tensor (£;,;), 

3 


we take the formulas L* (e;) = ¥ Lirty, FHA, 2,3, and L* (x) = 
k={ 
2 3 
es > r,U* (e;)) (x= \' x,.¢;) we arrive at the linear operator L* which is the 
z= | i=! 


adjoint of L. 
i9* 
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to another these numbers change in such a way that the linear 
form G42, — @y,X_q -'- Gyr (where x;, x. and 73 are the coordinates 
of an arbitrary vector x) remains invariant. Then it turns out that 
the quantities @; (i = 1, 2. 3) form a tensor of rank one. Indeed, 
let an arbitrary vector x be resolved as x = z,e, -‘- To€y -+ F3e, 
relative to a basis e,, @.. e; in which the coefficients of a given linear 
form are a,, @s. a3, and let the same vector x be expressed in the 
fourm x = zie) + zie, 4- ze, in another basis e}. e, e, for which 
the coefficients of the linear form are a@\. a) and a’. The linear form 
being regarded as invariant, we thus have the equality 


Qi, | As%, -> Gye = aT, -- ApTo -| Agr; (7.28) 
for every vector x. Let us substitute the expression of x, in terms 
3 
oe y ; : : : : as 
of zj (i.e. z, = %) &j,2}) into the right-hand side of equality (7.28). 


i= 


This results in 


3 3 3 3 3 

Sy ° r o a ° ‘ o 
> Qizti = ». Qh 2 Ainti = a ( 2 Lindy ) wi 
i=1 ko-1 0 iz= i=1 k=1 


The quantities r,, x, and zx, being quite arbitrary here, we can write 
the relation 


3 
e q 
aj = D) Gina (7.29) 
k—={ 
which is what we Set out lo prove. 


2. Tensors of Rank Two and Invariant Bilinear Forms. We can 
similarly prove that the coefficients of an invariant bilinear form 


3 
MS Giytiys (7.30) 
i, 53 
(where 2; and y;. i = 1, 2. 3, are, respectively, the coordinates of 


variable vectors x and y) constitute a tensor of second rank. In 
fact. let the bilinear form be expressed as (7.30) in a basis e;. 9, 3 


and as 
3 
a ‘ y e ‘ 
a QjzjXj Yj (7.31) 
i, = 


ad 


in another hasis ej, ej. ej). We suppose the form to be invariant, and 
consequently 


3 3 
~~ ? od ¢ ~~ 
Aj = > amnImYn (7.32) 
i, jl m, n=! 


for any two vectors x and y. Substituling the expressions 


3 3 
\ ° S ° gpt 
Den os = Ling ty ? Yn — “I Lin Yj (722, (—_— 3 2, 3) (7.33) 


4— 
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of the old coordinates of the vectors x and y (i.e. their coordinates 
relative to the basis e,. ¢5, €3) in terms of the new coordinates (in 
the basis ¢;, ej, ej) into the right-hand side of equality (7.32) we 
deduce the relation 


3 3 
—/ e e 2 q 2 | Z 
i, J=1 m, n=l =) a 
3 
a | aes | . - 
— = ( bs Lim® jndnn ) Zi Yj (7.34 


i,g=e=t my n=!) 


The arbitrariness of zj andiy; (i -- 1, 2, 3) suggests that 


J 
° 1 me tw 
aij- > “Lim2jnQ@mn (1.90 
m, n=! 


which is what we set out to prove. 
Note 1. Isquality (7.30) can be proved by considering only vector 
of unit length. Indeed, putting 


J fer a :i 1 for j=) ss 
zi =| 5 i—1, 2, 3; w= : ba Pade Zee 

Q for ixFiy O for j= jo 
(7.36 

we derive from equality (7.34) the relation 
mS 
Qii — = _ Aigm jonTmn (to, to= i, ra od) 
m, pos! 


Furthermore, by equality (7.30), the vectors 

9 2 
= ajej and y— Dj yje 
im1 iI 
are of unil length because the basis ej), ¢,, ¢) 1s orthonormal (w 
have agreed to restrict ourselves to such bases). Consequently, 
a bilinear form is invariant on unil sphere, that is on conditio 
that its values are considered only for the vectors of unit lengtl 
its coeflicients a;; (i, 7 = 1, 2, 3) constitute an orthogonal aft 
tensor of second rank. 

A bilinear ferm is said to be symmetric if its coefficient matri 
is synimetric, that is if @;; =~ @;;, i, fj = 1, 2, 3. (By virtue 
relation (7.35), we can assert that if a@;; = @;; at least in one orth: 
normal basis the matrix {{a@,; || remains symmetric for any oth 
orthonormal basis.) Putting y = x in a symmetric bilinear for 
we obtain the so-called quadratie ferm 


N ; oe aeh 
aa Qype Uy (4 oe | 
t. yl 
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A symmetric bilinear form is uniquely specihed by the quadratic 
form generated by it when we put x = y. Actually, if we substitute 
the coordinates of the vector x + y for those of an arbitrary vector x 
(where y is also an arbitrary vector) into formula (7.37) we obtain 


3 x) 3 
pe Qi; (Zi + yi) (Zi + yj) = 2, Qj pXir; >» ony = 
= t.2= = 


3 3 
2, Qt zliyj + ’ p> Qi pYixti= 
j3=1 _ j= 
3 


= > QijTiYj + 5! Qisyiys + 2 5 Bijriy ; (7.38) 


i, 7=1 t, j=! t, 7=1 
since a;;—=aj;,. Consequently, we receive the equality 
3 
> QijtiY j= 


i, j=1 


3 3 
=z{ Dy Gj (Zit yi) (Zp Y¥s)— Dd) @ajpzixy— 3 aisyiyy} (7.39) 
i, j=t i,j=t ia 


which is what we sel out to prove. 

It follows that the coefficients of an invariant quadratic form 
constitute an orthogonal affine tensor of second rank. Indeed, they 
coincide with the coefficients of the corresponding invariant sym- 
metric bilinear form for which we have already proved that the 
collection of its coefficients is an orthogonal affine tensor of second 
rank, 


Note 2. On the basis of Note 1 we conclude that the coefficients 
3 
Qi; (@:; = 4); t, f= 1, 2, 3) of a quadratic form Ds Mitty 


7, 2 
which is defined and invariant on unit sphere constitute an orthogo- 
nal affine tensor of second rank. 


3. Tensors of Arbitrary Rank » and Invariant Multilinear Forms. 
Let vectors ©, &, ..., Ep be resolved with respect to a_ basis 
€1, Co, €3- 


E; = Sper + Soto + Eyes, fF =1,2, --» P 


Suppose that, for every basis e,, e2, @3, there is a system of coefh- 
cients 4@ij,...i, (where i, = 14, 2, 3, s=1, 2,..., p). Then 
the function 


3 
y) 
Dy Qijis.. E152: Rare E pin 


r 2 eet : wipS 
tl. t2, er 089 tp=l 
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is said to be a multilinear form. As in the case of an invariant bili- 
near form, it can be easily proved that the collection of the coefli- 
cients of an invariant multilinear form of an arbitrary order p > 1 
is an orthogonal affine tensor of rank p. 


§ 4. STRAIN TENSOR 


Consider a deformable physical body whose arbitrary point is 
specified by its position vector (radius vector) r = xz,e, -+- 22e_ + 
+ z,e, in a coordinate system O27,7,275. If the radius vector of a 
point M is equal to r we have OM = r. ]n this case we shall write 
M(r). 

Suppose the body is subjected to a deformation in which a point 
M (r) is displaced by a vector u, that is passes to the new position 
M'(r + u) (see.Fig. 7.1). The deformation is specified by the field 


Fig. 7.1 


of displacements uo == Wye, 4 Wate. -j- Uge,. Let us consider a point 
M,(r-— dr) lying close to the point M(r). After the body has 
been deformed this point occupies the position M.(r 4- dr + u +- 
+ du). The deformation of the body in the vicinity of the point 
M(r); can be characterized by the variations of the lengths of all 
the line segments MM, (i =1, 2, 3, ...) starting from this point, 
their end points A4,, M., ... lying in a sufficiently small neigh- 
bourhood of the point M(r). 

Let us investigate the variation of the Iength of the line segment 
MM, due to the deformation of the body. The length of the segment 
NfM, in its original position is equal to |[dr|j. The segment will 
occupy, after the deformation, the position of the line segment 
M’ M, whose iength is equal to|dr + du|. As a measure of change 
of the length of the segment A4M,, we shall take the quantity 


> (WM — MM) = +4 (ar + du)?— ar’) = 4 (2dudr + du} = 


os YPxixs dz; ae Vxox2 ax’ + Vx3x3 dz; + QV eixs dz. az» -+- 
+ Qe ie, EX, bx3 + 2Yxox3 FX2 dx; 


29) MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


where yx,x; (4, 7 = 1, 2, 3) are some coefficients and dz; (i = 
= 1, 2. 3) are the components of dr. This expression is a quadratic 
form in the variables dz,, dz, and dz;. The construction of this 
form implies that it is invariant. Consequently, its coefficients con- 
stitute a tensor of rank two which is characterized by the matrix 


VYuyxy  Vaxq = Vix 
Yxex: YVxoxe Vxeax3 (7.40) 
Yxax1 Yxaxe Vxox3 

The tensor thus formed is called the strain tensor. 

Suppose that the deformation is so small that the squares and 
the products of the derivalives of u,, uw. and uz with respect to z,, 
z and zZ3 are negligibly small compared with the first-order terms. 
Then the matrix of the strain tensor can be written in the form 


Atty t ( ity Guy t ( du, 4 Ou. 

Ux; 2 \ dx Ox, 2 \ @x3 ' Oxy 
J Gis Gt 1 Oks l dus Uuls 
mg) (pete epee cages —— == a 41 
2 ( OX, | UIs UXo 2 ( <z + UIs ) (7 4 ) 
1 ( Jibs Oley 1 ¢ ug Oi Ott; 
Nar, ' ary x ( OL» + Ox, OX 


§ 59. STRESS TENSOR 


1. Detinition of Stress Tensor. Suppose we have an clastic body 
whieh has been deformed. Let us mentally draw an elementary plane 
surface of area o through a point 17 of the hody and erect at AF 
a unit normal vector n to one of the two sides of the surface (see 
Fig. 7.2). If we divide the resultant elastic force F,, (applied to the 
chosen side of the surface clement) by the area O we obtain the 
— bang 


so-called average (mean) stress (p,).- on the elementary aren 


Oo with normal n drawn through the point Av. Passing to the limit 
as 0 is contracted toward the point Af we arrive at the (total) stress 
p, aut the point AJ on an elementary area with normal n: 


t _ 
Pr me ne — (7.42) 
—>- 


Changing the direction of the normal n. that is turning the area 
o about the point J7 it is drawn through, we obtain different values 
of the vector p, at the same point 3/7. Thus, a state of stress of an 
elaslic body at a given point A/ cannot be completely characterized 
by a single vector. Bul it turns out that to obtain an exhaustive 
description of such a state it 18 sufficient to determine the stresses 
on three mutually perpendicular plane sections passing through 
the point 7 hecause this makes it possible to find the stress at. the 
point Jf on an area (passing through AZ) of arbitrary orientation. 
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Let us establish the result stated above. Denote by p,x,, px. and 
Px, the stresses at the point AZ on three elementary areas whose 
normals go in the positive directions of the coordinate axes Oz,, 
Oz, and Ox,. In other words, px, is the stress on the area with unit 


normal e;, i= 1, 2, 3, where e; is the base vector of the 
axis Ox; (Fig. 7.3). Consider a tetrahedron with one vertex at the 
point Jf and the edges AYA, MB and MC parallel to the axes Oxz,, 
Ox, and Ox,. The outer normal n, to the face ALAC of the tetrahed- 
rou and the vector e. are in the opposite directions. Ilence, the 


Fig. 7.2 Fig. 7.3 


stress on the area JAC is equal to —p,,. Similarly, the stress on 
the face BMC whose outer normal is nj = —e, Is equal to —p,,, 
and the stress on the area A7ABA corresponding to the outer normal 
no = —es;is equalto  p,.. Let us designate by p, the slress on the 
area ABC with outer normal n and form the equation expressing 
Newton's second law for the tetrahedron MABC: 


{ dv 
py oh -~_ = Opn — 0 COS (n, x1) Px 
1 = 
— oO COS (N, 22) Pxy— O COS (N, 2X3) Px -+ z cho (7.43) 


Hlere ot is the acceleration, Oo is the area of the face ABC, h is the 


altitude of the tetrahedron (if the face ABC is taken as its base), 
o is the volume mass density, Ff the volume force per unit. mass (in 


; ! 
particular, it may be the gravity force), the quantity = oh is the 


volume of the tetrahedron AJABLC and the quantities G cos (n, 2), 
O cos (n, z,) and ocos(n, x3) are, respectively, the areas of the 
faces AFBC, ATAC and MAB. Tf we suppose that the acceleration 
a and the volume force f remain bounded; when o is made to tend 
to zero, then dividing equality (7.43) by @ we oblain, in the limit, 
the relation 


O=o. — Py COS (nr) — yeoocas fy vr.) Pg TO Cn, = 
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Consequently. 
Pr = Px, COS (nN, 2) + px, cos (NM, Z2) -}- px, CoS (N, Zs) = (7.44) 


Formula (7.44) expresses the stress p, on an area with an arbitrary 


normal n in terms of the stresses on the areas whose normals go 
along the coordinate axes. 


Let us resolve the vectors px,, px, and p,, along the base vectors 
€y, Co. C3. 


Px, = Pires + Pr2e2 + Pi3@3 
Px, = Pare: + Po2le + Po3€3 (7.45) 
Dx, = Psi@i + P32@2 4 Pssl3 


If, for a given point AY, the matrix 


Pu = Pi2 Pa 
{|| Pes ]= | Por Pez = Pas (7.46) 
P31 P32 Pas 


is known, we can determine the stress on any area 9 passing through 
the point .W because the position of the area is specified by the 
direction of its normal n and formulas (7.44) and (7.45) make it 
possible to find p, if the vector n is given. Thus, a state of stress 
of an elastic budy at a given point is completely characterized by 
matrix (7.46). 

Consider now the projection of the vector p, on the normal n. 
The physical significance of the quantity thus obtained suggests 
that it is independent of the choice of the coordinate system. To 
find the projection we sealarly multiply both sides of equality 
(7.44) by n and apply formulas (7.45). This yields the expression 


Tt 


(Pay n)= >! pijcos(n, z;)cos(n, z;) (7.47) 


7,j=1 


and hence the sought-for quantity is given by a quadratic form 
defined on unit sphere. 

Hence. quadratic form (7.47) is invariant on unit sphere and 
therefore its coefficients p;; (i, 7 = 1, 2, 3) constitute an orthogonal 
affine tensor of second rank IT = (p;,;) (see Note 2 in § 3). This is 
tne so-called stress tensor. 


2. Stress Teusor as a Linear Operator. It is convenient to iuterpret 
the stress tensor as a linear operator transforming the unit normal 
n to an area into the vector p, (the total stress on the area). 

Let us take the resolution of the vector p,, with respect to the 
basis ey, €2, ¢,, which is of the form 


wm 


? —_ , 8 pet Yj » Be ? es 
Pro Pats T Pale 7 Cny&s 
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and substitute it into the left-hand side of equality (7.44) and simul- 
taneously substitute the expressions of the vectors px, Px, and px, 
in terms of the same basis (see relations (7.45)) into the right-hand 
side of the equality. The resolution of p, with respect to the basis 
€1, >, e3 being unique, we thus obtain the following system of three 
scalar equations: 

Pat = P11 COS (D, 2) j Pa, COS(D, Zz) + pg, Cos (Nn, 73) 

Pn2-= Pi2 COS (D, 2) 3 Pog COS (M, Zz) + Pg2 CO8(N, Zs) (7.48) 

Pans = P13 COS(M, 2) * peg Cos(M, 2) = p33 COS(N, 73) 
These equations express the above mentioned linear operator in 


the basis e,, e,, e,. The unit normal vector n to an area O 1s expres- 
sed as 


n = ¢; cos (n, z;) + e, cos (nm, 22) + e305 (n, Z3) 
Presenting the vector n as a row matrix of the form 
n = || cos (n, z,), cos (n, 22), cos (n, £3) || 


we can write (see Appendix to Chapter 7) 
Pr = 0 [I pi; Il (7.49) 


where p, iS interpreted as a row matrix || Pay, Pao Pn3 || and 
og; Wis the matrix corresponding to the stress tensor I] = (p,,) 
at the given poinl. When speaking about the multiplication of 
a matrix corresponding to a tensor by a vector we simply say that 
the leusuc is multiplied by the vector.* Thus, to obtain the total 
stress al a point .f on an area Oo with unit normal n we must take 
the stress tensor Il = (p,;) at the point and multiply it on the left 
by the vector n: 

Pa =n (py) = al (7.49) 


Of course, we can also represent the unil normal n as a column 
matrix 
cos (n, 2) 
n= |/cos (n, 2») 
cos (n, 23) | 
Pant 
Then p, (uaderstood as a column matrix |] Peel) can be obtained 


Pn3 | 
hy multiplying on the right the transpose of the matrix {| p;; || 


* More precisely, we speak here aboul the multiplication of a tensor (inter- 
preted as a linear operator) by a vector im the sense that the corresponding 
linear onerator ic annliad ta tha verter, Sep also the cud uf this suc liva. 
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by the above vector n. This corresponds to the application of the 
adjoint operator (see footnote on page 291) associated with the ten- 
sor II to the vector (column matrix) n. 


§ 6. ALGEBRAIC OPERATIONS ON TENSORS 


1. Addition, Subtraction and Multiplication of Tensors. The ope- 
rations of addition and subtraction can be performed on tensors of 
the same rank. For instance, the sum of two tensors of second rank 
a,; and 0,; is the tensor c;; whose components are 


Cj = 4;+ bi; t j= 1, 2, 3 
and their difference is the tensor d;; =: @;; — bj; (é, j = 1. 2. 3). 
[It can be easily shown that the quantities ¢,;; = a,; -+ 6;; and 
di; = a;; — bj; are transformed according to the rule of transfor- 


mation of tensors when the coordinate system is changed. The addi- 
tion and subtraction of two tensors of an arbitrary rank are defined 
similarly. 

The product of tensors (also spoken of as the outer product) can 
be defined for tensors of any rank. For example, the product of 
a tensor of rank two a,, by a tensor of rank three bynp is a lenser of 
rank five whose components ¢jjmnap are defined by the relation 


e > > a ry 
Ciimap = 21j0mnn? bt, J, mM, h, p= 1, 2. a 


We can easily prove that the above quantities ¢;jmnjp, are transformed 
in accord with the rule of transformation of tensors when we 
pass from one coordinate system to another. The (outer) product 
of two tensors of arbilrary ranks is defined similarly. 

The product of a tensor by a number can be considered a special 
case of the product of two tensors and is defined as follows: the 
product of a tensor a;;, by a number C is the tensor with the com- 
ponents ,;, = Ca;,;,, The fact that the quantities 0;;, constitute 
a tensor can be easily verilied. 

2. Multiplying Tensor by Vector, When studying the stress tensor 
(see relation (7.49) in § 5), we dealt with a special case of mulli- 
plying a tensor of second rank (interpreted as a linear operator) 
by a vector. ITere we shall discuss this operation in the general form. 

A tensor (Z:;) can be multiplied by a vector x on the left or on 
the right. i.e. we distinguish between the produets x (Z£;;) and 
(L,,) x. But in both cases the result of the operation is a vector 
which is defined as follows. Let the matrix corresponding to the 
tensor (4,;) in the coordinate system specified by a basis ey, 2. © 


be equal to 
Ly, dyn Lys || 
— Lay lias 
| | 


: a Ia f.- ' 


(7.50) 
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and let the resolution of x relative to the basis be of the form x = 
3 
= )) x,0,. Then the vector 
=) 
y* = X (LZ; 5) (7.51) 


resulting from the multiplication on the left of the tensor (£;;) 
by the vector x is regarded aS a row matrix |l yt, ys. yf {| whose 
components y*. y* and y* are determined in this basis by the rela- 
tion (see Appendix to Chapter 7) 


Lay Lye Ly ]| 
vis Yor Ys ll—=Ul 21,22, @3|| |] Lar 222 Las (7.02) 
Ly, L3. L335 
The vector 
y = (f,;;) x (7.53) 


resulting from the multiplication on the right of (£;;) by x is given 


by the relation 
I] yy Eyy Lyp Leggy] |] 2s 
Yo || = || Lor Lee Lo3|}-|| Ze (7.54) 
Y3 L3, bL32 bss L3 


specifying y = S) y,e; in the same basis c;. e2, ¢3. Relations (7.52) 
i=) 
and (7.54) can be written in the abridged notation 
y* =x | Zi; || (7.52') 


and 
y= Ly Ix (7.54') 


The vectors x and y* entering into the former relation are interpreted 
as row matrices and the vectors x and y in the latter relation as 
column matrices.* 

3. Contraction. Contraction of an orthogonal affine tensor is the 
operation of putting one index equal to another and then summing 
with respect to that index. For instance, if we take a tensor of rank 
four Cijmn, Put ¢ = 7 and sum with respect to i we obtain the con- 
tracted tensor of second rank whose components are given by 


the equalities 
3 


\' 
cj Ciimn 
t—1 


Amn 


The fact that the quantities a,,, constitute a tensor of second rank 
can be easily proved. If we take a tensor of an even rank and perform 


* Relations (7.51) and (7.53) (or, which is the same, relations (7.52) and 
(7.54')) determine two linear operators which are the adjoints of eaeh olher 
(see footnote on page 291). 
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contraction operations on it aS many times as possible we shall 
arrive at a scalar, i.e. an invariant. 

For example, if the contraction is performed on the product a,b; 
of two tensors a; and 0b, of rank one the resultant tensor will be the 
invariant scalar which is nothing but the scalar product of the 
vector a (with components a,, @, and a3) by the vector b (whose 
components are b,, 6, and b3): 


3 
(a, b) = 2: ajb; 
i=:1 

4. Interchanging Indices. Let us consider the operation of inter- 
changing indices for an important special case, namely for an ortho- 
gonal affine tensor of second rank (Z,;). Taking an arbitrary ortho- 
normal basis e;, eg, @3 in which the components of the tensor are 
Lij (i, j = 1, 2, 3) we put 


yo Ly, 


and thus arrive at the quantities Li; (i, j = 1. 2, 3) specified in 
every orthonormal! basis. It can be easily proved that Lj; form an 
orthogonal affine tensor of second rank. The tensor (L¥;) constituted 
by the quantities LT, @, j = 1, 2, 3) is called the conjugate tensor 
of (L;;). The above operation is similarly performed on a tensor 
of an arbitrary rank in which any two indices can be interchanged. 
The resultant tensor obviously has the same rank. 


9. Resolution of Tensor of Second Rank into Symmetric and 
Antisymmetric Parts. An orthogonal affine tensor of second rank 
(L;;) is said to be symmetrie if its matrix 

| Lu Lye Li3 
ist =| Loy Lee Log 
lis Loe Las 
is Symmetric in each orthonormal basis, that is if in every such 
basis the relations L;; = L;; (i, j = 1, 2, 3) hold. 
A tensor of rank two (Z;,) is called antisymmetric (skew-symmetric) 


if the elements of the matrix || 4;, || corresponding to it satisfy 
the conditions 


it every orthonormal basis. The latter relations suggest that} for 
an antisymmetric tensor (L;;) we always have /.;; = —L;;, i.e. 


2b;; = (0 and | Ore == (). 

Thus, a symmetric tensor of second rank is completely specified 
by its six components (since Ly. = Day, Ly, == Lz, and Le, = hae 
for such a tensor) whereas an antisymmetric tensor is characterized 
bv its three nondiagonal elements. 
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The vector product of two vectors a and b is a simple example of 
an antisymmetric tensor. Indeed, let the vectors a and b have the 
resolutions 


& = AC, + Ge, + a3eg and b= bye, + be, + bye; 


in a basis e;, C2, @3- Then the vector product la, b] can be written as 


€; ©€2 &s 
fa, b]=Ja, az a3/= 
b; b2 Os 
= = (dgb3 — abo) e1- L (a30, — a,b.) or) + (a,b —-@ »01) C3 (7 0) 


Taking advantage of the fact that the vectors a and b are tensors 

of rank one we can easily show that the nine quantities L;; = a,0; 
— a,b; (i, j = 1, 2, 3) form a tensor of second rank. This tensor 
is obviously antisymmetric because we have L,;; = a,b; = 
= —(a,;b; — a,;b;) = —L;;. Consequently, the tensor is ie 
specified by its three components (a,b, — a3b,). (@,;0; — a,b,) and 
(2,6, — a,b,) entering into equality (7.55). 

IU can be easily proved that if the matrix corresponding to a tensor 
of second rank (Z,;) is symmetric (antisymmetric) in one orthonor- 
mal basis it is also symmetric (antisymmetric) in any other ortho- 
normal basis. 

Finally, every tensor of second rank (Z;;) can be represented in 
the form of a sum of a symmetric tensor and an antisymmetric 
tensor, namely as 


Li=s {Lis t Lji}- 5 gles 7 (Liy— L ji} (7.56) 


£734-L;; EL L 
where ae and 1-4 (i, j= 1, 2, 3) are the components 


of the symmetric aa antisymmetric parts of (£,;) which are 
uniquely determined by the tensor (Z,,). 

In § 7 we shall consider an important example of resolution of 
an orthogonal affine tensor of second rank into the sum of its sym- 
metric and antisymmetric parts, namely we shall resolve the tensor 
of relative displacements into the corresponding symmetric tensor 
of pure deformation and antisymmetric tensor of rigid body rotation. 


§ 7. TENSOR OF RELATIVE DISPLACEMENTS 


Let us consider a state of strain of a physical body (see § 4). 
Suppose that U = U (r) = e,ty (21, Zo, 23) + Colle (21, Zo. 3) 4+- 
i Oglts (%y, Zo, Zz) is the displacement vector of a point specified 
by the radius vector r — z,e, 4+- roe, +- z3e3. Under the assumption 
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that the functions u,, Ww, and us are differentiable we can write 


Olly Oey Oty 
diy =— dz, -'- dz. -+ — 
i O71 1. OT 4 a0 Jira ary 
Olly duo Oltn Ss cae 
diury = ——=— dx, + = ——— 1, : 
2 Or { One dr Ox. dx. (i a4) 
Ot Ju Au. 
dit, = —* da, -- — dao +-— da, 
OT, Uta ~ a4 : 
Passing from the Cartesian coordinates z,;, Zo, 23 to new coordinates 
3 
‘ ° ’ “ ° . ° ° 1 
xi, Zz, Zi, that is performing a substitution z;} = \ a;,x£, where 
h=t 


lla, lJis an orthogonal matrix. we can easily verify that the quan- 
. UU gg jo 

tilies ae , t, jf = 1, 2, 3, constitute an orthogonal affine tensor of 
rank two. This tensor is spoken of as the tensor of relative displa- 
cements (corresponding to the state of strain in question). Intro- 


: : I ‘ ‘ 
ducing the notation (—) for this tensor we can rewrite formulas 
(7.97) in the form of the equality 


dU = (= ©) de (7.58) 
dr 
dU(r) 
dr 
antisymmetric parts. Using the matrix notation we can write down 
this resolution as 


Let us now resolve the tensor ( } into its symmetric and 


| Guy ily thy 
OX, OL» OF4 
Oo tbs Ctér | 
| Oz Or, dX5 | 
Au, Iu Aus 
1 OX; OX» O74 
Ou, 1 / Ou, CGu2 1 ¢ Ou, Ouy 
UZ; 2 ( Oo = O12, ra Oi 4 I Ox, 
1 Ou Ou Ou 1 Ou Ou 
=< ae Zia zr | oom aes : oe = 
= ( Guz , Guy = ( Aus Vito Clty 
2 \ Ox; ' UFs 2 \ 0x2 Oly O15 
| 0 — Ws (to 
Ze | hg 0 —o, (7.59) 
— Wo (), 0 


where @;, @, and @3 are the coordinates of the vector wm — @,¢, -+ 
7 " : s| 
—- Ms, +- W,e, Whichis cqual to z rot U. 


CH #7 TENSORS o05 


The tirst matrix on the right-hand side of equality (7.59) deter- 
mines a symmetric tensor D describing a pure deformation (without 
rotation) and the second matrix corresponds to an antisymmetric 
tensor © characterizing a rotation of the body as a whole (i.e. a 
rigid body rotation without deformation). Relation (7.58) can now 
be put down in the form 


dU =Ddr+Qdr (7.60) 


Performing direct calculations we can easily show that 


O7n= = rot U, dr | 


and consequently . 
dl =|) dr+[ > rol U, dr | (7.01) 


Concluding our discussion of a state of strain of a deformable 
phvsical body we indicate the following two special cases concerning 
relative displacements dU of the points lying in the vicinity of 
a point vr: if the deformation is described by the displacement vec- 
tors U(r) we note that 

(1) in case roLU = QO it follows from formula (7.61) that the 
relative «displacements dU are due to a pure deformation; 

(2) if D =O (i.e. all the elements of the matrix corresponding 
to the tensor I are equal to zero) the relative displacements dU are 
due tu a pure rotation. 


35. TENSOR FIELD 


{. Tensor Field. Divergence of Tensor. If to each point Af belong- 
ing toa domain G of space there corresponds a tensor (/4.;;) we say 
that there is a tensor field (£,;;)* defined in the domain G. IIere the 
components 1;; of the tensor (£;;) are functions of the coordinates 
of the variable point J (z2,, £5, 23)- 

Characteristic examples of a tensor field are the field of a strain 
tensor and the field of a stress tensor describing a state of strain 
and a state of stress of an elastic body subjected to a deformation. 
Indeed. in the general case a state of strain and a state of stress 
of such a body vary from point to point and therefore the components 
of the corresponding tensors depend on the coordinates of the vari- 
ule point (21. Lo. 734). 

Let us suppose that the components 4,;; of a tensor (L;;) have 
continuous partial «derivatives of the first order with respect to 
X\, Ly and 73. 


* For deliniteness, we shall deal with tensor fields constituled by tensors 
of second rank. 


20—0824 
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Take the matrix 

} Ly yg Logg 

| Zig PH ye 
Ls: Le Ls 


whose elements are the components of the tensor (Z;;) and form the 
vectors 


(7.62) 


Ly = Lye, 4+- Lypeg + Ly3e3 
L.. — Lye; oo | OP —+- L353 (7.63) 
L i L 31€; + | OP rh + Logg 3 


at. JI... gL: 
The vector: ee rE sit 
C a ° 


(L,;) and is Sortaniad by the symbol div (£,,;): 


OL, OL» GL; ( GLy, Olay OL x 
°(f,.-)— — + pa ae — ! ge) By sts 
div (Li) @x, | OX, ' Oy Oz, | @2, | Ory = 
i ( OL s oe 4 Shae OL Je €> - ( Ging . Ghoq | ch e, -= 
3 


Or, G23 


is called the divergence of the tensor 


OX; ° Xe 


= (div (Liz): e; - (div (Li¥))2 C5 (liv (Lij))s C3 (7.04) 


The above definition of the divergence of a tensor (L,;) is formal. 
To justify the definition we must verify whether the divergence 
thus defined is a vector or, which is the same, whether the quantities 
tL onat) (Sx oe 4 232) and (<8 7 Dhiog “) 


OX + UXo OF Ux, ay Ura JX3 


(Ohi cc 1 


& JZ , ra | ie 


constitute a tensor of rank one. Thus, we must prove that. the quan- 
Litics 


OL;, , Ohas , Akg. = 
aad as er a ra eal 


are transformed like the components of a tensor of rank one when 
the basis is changed. Let us rewrite expression (7.65) in the form 
3 


- OL, 
(div(Li;))s= Di Get, s=t, 2, 
k= 1 


a) 


and pass to a new coordinate system Ozj,7)c). In the new systent 
we have 
=. ght 
Or 

t a mp a aT Peeipei La : ¢) NN eal Ci 

r . £ ae — ) — I. a9 wo | () 
(cd LV (Li 3))p ) Oz", ; 51 ahi dx}, 9 I ( , ) 

mi m= == 1 


The passage from the old Cartesian coordinates to the new ones is 
performed by means of an orthogonal matrix |] @,,, ||. But, as is 
knawn the inverse of an orthogonal matrix coincides with its trans 
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pose, and therefore we have 


3 
LE i > hmanim (7.67) 
== | 
According to the definition of a tensor of rank two we can write 
3 3 
| > >» AOmikpeLrr, p=; Z, 3 (7.68) 
het l=! 


Substituting expressions (7.67) and (7.68) into formula (7.66) and 
taking into account that 
3 


» Lnnama = Onk = 


7L== | 
we obtain the relation 
3 3 3 3 


; Ol, 
(div (Lij)),. >, » > >, SmnZmu& pt At. 


CL nr 


| for nk 
() for nth 


ni={ n=I1 h=—1 (-—1 


3 3 J J 7 
‘ ~~ Chul 
=> Dem] Y (D enntan) St | 

hk-:-{ f[=1 t==1 m=} 

3 3 3 J 3 

OL yt + OLR, 

Pe: Zyl (> Sak Ory, ) »; pl ( >) OZ 
h- pe n—!{ is 1 he 1 


3 
= > oi (div (Lege, peed, 2,3 


=e 
= 


which is what we set out to prove. 


2. Ostrogradsky Theorem for Tensor Field. Let the componetts 
bij, t= 1, 2, 3. 7 = 1, 2, 3, of a tensor (L,,) have continuous 
first-order partial derivatives in a bounded closed domain Q whose 
boundary Gg is a piecewise smooth surface. We shall additionally 
suppose that the domain ® satisfies the conditions under which 
the Ostrogradsky theorem for vector functions holds. 

Denote the unit outer normal vector to the surface dg by n and 
form, by analogy with relation (7.49') specifying the product 
n (p;;), the vector n(4;,;). Then we have the formula 

\ | n (/.;;) do= \ | div (1.3 ;) dw (7.65) 
oy ~Q 

In other words, the flux of a tensor (Z,;) through a closed surface 
Og Is equal to the triple integral of the divergence of the tensor 
(Z,;) over the volume Q bounded by the surface. 

The ux of a tensor (;;) through a surface Ge is equal, by defini- 
tion, to fhe surface integral on the left-hand side of formula (7.69). 


us 
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Formula (7.69) expresses the Ostrogradsky theorem for tensors 
The proof of formula (7.69) reduces to applying the Ostrogradsky 
theorem for vectors established in Chapter 5 to each component 
Ly, cos (n. 2) q- £2, cos (n, xz.) ~— Ly», cos (n. x3) (AK = 1, 2. 3) of 

the vector n (L;)) 
\\n (Li;) do=e, | | [L431 cos (1, 2)-}- Lo, cos (n, 22)4 £3; cos(n, x3)]do+- 

o9 a0 
+e) \iLi COS (n, 4) - Loe CUS (1, io) -+- Lo cos(n, 2X5] do - 

"2 


+65) \ILiseos (n, 2,)-+ Logos (n. x2) + Ly,005(n, 43)] do = 


a5 [ (div (Li)do bes Sf { (div (Li). do + 


+e ai (div (Li)ado- 4 (iv (Las) do 
= G2 


Thus formula (7.69) has been proved. 


3. Equations of Motion of a Continuous Medium. Let us apply 
Ostrogradsky formula (7.69) to deriving an equation of motion of 
a continuous medium. We inentally isolate an elementary domain 


cw 


Fig, 7.4 


((2) occupied by a moving continuous inedium (Fig. 7.4). Denoting 
the surface bounding the domain (9) as Og we can write down the 
equation expressing Newton's second law for the mass (distributed 
with density p) carried by the domain (2). We regard this mass of 
the moving medium as being concentrated at its centre of gravity, 
i.e. aS a material point. Then the equation can be written in the 
form 


dy oe ag 
of) —- = NOP + pn da (7.40) 
A 
where 2 is the volume of the domain (Q), f is the volume force 


per unit mass and p, is the slress on an infinitesimal area do with 
unit normal vector n. 
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The surface integral on the right-hand side of equality (7.70) 
is equal to 


(pp do=\{ nlido =(\\ div I de 
\\p o \\ al o JV) ain () 


GQ On) . 
=e1 | \ @ivMdo +e |} (4 iv Ms dw -b 
+e, \\( (div FH), dw (7.74) 


» wa 
t) 


where IT is the stress tensor. Applying the mean value theorem to 
each integral on the right-hand side of equality (7.71) we obtain 


\\ prada = e,2 (div W)F -+ eo (div NF 4-e,Q (div N)* (7.72) 


* 


OQ) 


where (div [I]);* (i = 1, 2, 3) is the value of (div FT); assumed 
at a point AW/* € (Q). Now substituting expression (7.72) into (7.70) 
and passing to the limit as (Q)-» J/ (i.e. as the domain (Q) is con- 
tracted toward an arbitrary fixed point 17 € (Q) we derive the vector 
equation of motion of a continuous medium: 


oY. pf--divll (7.73) 


Vector equation (7.73) can be rewritlen in scalar form by pro- 
jecting its left-hand and right-hand sides on the coordinate aves. 
This yields the following system of three sealur equations: 


dv OP, 8 Pai ODa4 
a es ge St a a 
” ff Si toe, Ox; ° Ory + Hag 
CD» CG + 0 22, a 3° - 
QO pf. oo Bdict) fe (7.74) 


Ie V8 
cha 4 Ulin ULs 


_——— 


Ui5 ° Ute | O73 


a 
at ‘ Opry O pox . 0 psy 
42 ply Se 


§ 4. PRINCIPAL ANES OF SYMMETRIC FENSOR 
OF SECOND RANK 
Let us take an orthogonal affine tensor (4;;) which we shall inter- 
pret as a linear operator (see Sec. 2 in § 2): 
vy = L (x) (7.79) 
The eigenvectors aud eigenvalues of the linear operator L (x) are 
referred to as the eigenreciers and cigenvalues of the tensor (2; ;). 


We remind the reader that an eigenvector of a linear operator 4, (x) 
is defined as a nonzero vector x satisfying the relation 


L (x) = AX (7.76) 
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where A’ is a scalar factor. The number 2 is called an eigenvalue of 
the operaior L {corresponding to the eigenvector x). 

Passing from the vector x to its coordinates x,, Z. and x3 in a 
basis €;, Cs, @€3, We can replace vector relation (7.76) by the equiva- 
Jent system of scalar equalities 


(Li; — A) ty — Lygre + Lygry = 0 
Loo, -- (Lip -— hk) ®2 = Loy tg =0 (7.77) 
Lyty-+ L3et2 — (£53 —7.) 13 = 0 


Let us regard (7.77) as a system of equations in the unknowns 
Y,. Xp and x3. For this system to possess a nontrivial solulion, that 
is one for which z,, zr, and x3 are not simultancously equal to zero, 
it is necessary and sufficient that the determinant of system (7.77) 
turn into zero. Hence, the eigenvalues A are determined bv the 
equation 


Ly —?}. Lye Li3 
Lay Lice — h boos — Q (7.78) 
| big | ee A, 


As is well known, if (£,;) is a symmetric tensor, i.e. if its matrix 
is symmetric in every orthonormal hasis. all the roots A,, A. and 
2» of equation (7.78) are real. In this case it is possible to construct 
a system of three unil eigenvectors e,, ¢, and e@3 associated with 
{he eigenvalues 4,, 2. and As such that they form an orthonormal 
basis in which the matrix of the : at L takes the diagonal form 


nM | 
Io 0 Ps 0 | (7.79) 
|O O La 


The vectors e;, e¢, and e; thus found specify the so-called prin- 
cipal axes of the tensor (£,;). As an example, we can mention the 
principal axes of the conductivity tensor of a monocrystal (that 
is a homogeneous anisotropic body) which are the crystallographic 
axes. The discussion of the properties of the principal axes of the 
inertia tensor, strain tensor and stress tensor can he found in courses 
of theoretical mechanics and mechanics of continua. 


§ 10. GENERAL TENSORS 


The notion of an orthogonal affine tensor discussed in the fore- 
going sections is connected with the transformations of orthogonal 
Cartesian coordinate systems and with the corresponding transfor- 


matinnn Af thain arthanaemal haene 


Ce a a ee re 
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ere we shall give the general definition of a tensor which invol- 
ves all the possible Cartesian coordinate systems (including the 
oblique ones) specified by the arbitrary bases. 


[. Reciprocal Bases. Let 
e1, Co, C3 (7.80) 


be three arbitrary noncomplanar vectors forming a basis in space. 
For brevitv. we shall denote such a basis by a single symbol e¢;. 
Consider the triple scalar product of the vectors e,, e. and e, 
Which is equal to the volume V of the parallelepiped constructed 
on these vectors (i.e. the one whose coterminal edges coincide 
with the vectors e,, @. and e;): 


V=(@1, €2, 3) (7.81) 
The vectors ce" (+ =1, 2, 3) determined by the relations 


eas st c2 = [es tH : e3 — ion, eal (7.82) 


ec! == 


coustitute a busis which is said to be reciprocal to e;. 

We can easily show that, conversely, the basis e; is reciprocal 
to the basis e". Indeed, the volume of the parallelepiped whose 
edges are the vectors e* is equal to 


i ea Se 


7 a rr [€2, Cal [es, 4] [ey. c2| )= 
VW ae(el. ec, @) = (S4, Ae, 7 )= 


é 


=74 (I (I C2, €3) | fes, ei], [e;, ea} |} — 
= 7 ({ee, e.] {e, (€,€,€2) — e2 (e,eres) } =; = ~ (7.83) 


Therefore we have 


VV" =1 (7.84) 
thus 
feet a y| ee Sh Te Cal | = ot ey (7.85) 
and, similarity, 
(“pr j=e, [pe (7.86) 
From relations (7.85) and (7.86) it follows that 


U for t-s«k 
(€;, y= Bag 7 (7.87) 
1 for isk 
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It should be noted that every orthonormal basis e;, C5, ¢, coincides 
with its reciprocal basis. 

2. Covariant and Contravariant Components of Vector. Let us 
take a basis ec; and its reciprocal basis c' and write down the resolu- 
tions of. an arbitrary vector x with respect to the bases: 


3 
x=  zei'= ™\ zie, (7.88) 


The coefficients entering into the resolution of the vector x relative 
to the given basis are called the contravariant components (contra- 
variant coordinates) of the vector x in this basis. Thus, the numbers 
x’ and 2; are, respectively, the contravariant componcnts of the 
veclor x in the bases e,, e,, es and e', e, e3. 

The covariant components of a vector x in a given basis are the 
scalar products of the vector by the base vectors of the reciprocal 
basis. 

Multiplying scalarly equalities (7.88) by e, (e”) and taking advan- 
lage of relations (7.87) we find that the covarianL components of 
the vector x in the bases e?, e?, e? (e;. es, 3) are respectively equal to 


9 


3 3 

% 1 . : x . | 
(X, Cp) = bat xj (e', Cr) = De XjO, = Th (7 SU) 

and 
3 3 

- 7 : p } : 7] 4 ) m= | 

(S ©) 3 (e,, ey = “zis! <x (7.00) 
i=! i=i 

Consequently, the covariant components of a vector in a given 


basis are its contravariant components in the reciprocal basis. 

3. Summation Convention. In the theory of tensors we usually 
follow a summation convention (duc to A. Kinstein*) which applies 
as follows: if a subscript and a superseript entering into an expres- 
Sion are labelled by the same symbol, this symbol (index) is under- 
stood as denoting a summation with respect to that index over 
its range. 

In what follows the indices under consideration take on the values 
1, 2 and 3 and hence a summation, if necessary, is carried out wilh 
respect to anu index ranging from one to three. For instance. applying 
this rule to the sums entering intu formula (7.88) we can write 
down the resolutions of the vector x in the form 


x = re’, X = 2e; (7.91) 


* Einstein. Albert (1879-1955), the great 20th century physicist, the creator 
anf the theory vf Yeladsvite. Share in Coerrean) 
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2 
se 7 ae 1 > * ra 
Similacy, a bilinear form ™  aj;r'z" is written as 


ajyz'r (7.02) 
etc. 

4. Transformation of Base Vectors. Let us consider the transfor- 
mation from an old basis e; to a new basis e;-. Using the summation 
convention we can write 

q=aie;,, OF =1, 2, 3 (7.93) 


where the coefticients «, form the transformation matrix ||. |j 
from the old basis ce; to the new basis o;-, 1.e. 


Mel Ae ee 


i 1’ 
aj I =|) eg. eg. 23. (7.94) 
al Oe. ae, 


Il we consider the inverse transformation from the new basis 
e, to the old basis ¢; which is written as 


OC; = al ey (7.5) 


the matrix |{a |} is obviously the inverse of the matrix |[cé. |]. 
Actually, substituting the expression Ci = ALC, into the equality 
Ch = Hh Ci (4.0) 
we obtain 

Ch = A ALC; (7.97) 
The resolution of each vector «, (A = 1, 2. 3) with respect to 
the base vectors e,, eg and e@, being unique, we derive from formulas 

(f.97) the relations 

Q for iskh 


1 for ix=hk (7.98) 


7 ee ee 
aati, — dt = 
which suggest that the matrices ||ai'[] and [Ji |] are mutually 
inverse. 

9. Transformation of Covariant and Contravaziant Components of 
Vector, Let us first consider the transformation of the coutraveriant 
components of an arbitrary vector 


x Fe, = Ley (7 9) 
when a basis ¢; is Lransformed toa basis ey. Substituting the ceapres- 
sion oe; == 4; ¢, into formula (7.99) we see that 


x =: ale; — rhey 
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By the uniqueness of the resolution of the vector x in the basis 
Cy. Cor, C37, We can write . 
xe sare’ (7.100) 
Thus, the “new” contravariant coordinates zr’ are expressed in 
terms of the “old” contravariant coordinates 2° by means of the 
matrix |} a? |{ specifying the inverse transformation from the new 
buxis ey to the old basis e;*. This accounts for the term “contra- 
vatiant components” which indicates that the expressions of ec; 
in terms of ej and of 2° in terms of 2° involve, respectively, the 
elements of the matrix [|aj || and of its inverse. 
by analogy with (7.100), we obtain the relation 
x! =a A (7.101) 
Let us now proceed to investigate the transformation of the cova- 
rlant components z; of a vector x. We have 
, - 149? 
Zi = (x, &3), Fee = (KX, CH) (7.102) 
and consequently 
Lye = (x, C3") = (x, o1,€;) CZ; (7.103) 
Similarly, by analogy with (7.103) we obtain 
Li Tye (7.10%) 


Thus, the transforination of the covariant components of a vector 
is performed by means of the same matrix as the transformation 
ou! the base vectors. The terms “covariant components” indicated 
this coincidence of the matrices. 

§. General Definition of Tensor. As before, we shall denote the 
transformation matrix from an old basis e; to a new basis e; by 

4 ~ 4 ° ars . 8 ° ; e 
|| ay Wand the matrix of the inverse transformation from the new 
basis ey to the old basis e; by |] aj {. 

Definition 1. A quantity A which ts specified in every basis e;, (t= 
= 1, 2, 3) by means of 3”*7 numbers A peat where the indices 
ts, s=1, 2,3, ..., p, and jy, 6 = 41, 2, .-.., 4, independerity 
assume the values 1, 2 and 3 is culled a tensor of vaak (oriier) 
p-t@g (p-fold covariant and qfold contrarvarteant) if ihese 
numbers undergo the transformation determined by the formulas 


of sf AT 2 ( ¢ 0 e ° . 

Jade @e-. Ja 21 12 tp 1 32 } Jajo eo 34 =e - 
A'l,3 a — in 6 ate ot Se © 4 6 Ae 6 AA Wn : 4.105 

igte se et i; ts in 31% Je iq titis . 2. ip ( ) 


* More precisely, formiudas (7.100) show that. the coecificients eulering ito 


the expressions of z* in terins of ri constitute a matrix which is the transpose 
af the inverse matrix j| a! ||. 
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when we pass fram an arbitrary basis (e;, C2, ¢3) to any otker basis 
@4°, 2, @3- where || cai || is the transformation matriz from the 
basis C;, Co, @3 fo the basis ey, €2°, @3: and || a; || is its inverse matriz. 

The nurnbers .17!?° 79 are spoken of as the components of the 


wee: 
tensor A relative to the basis e;. The superscripts j,;. .... jg are 
called the contravariant indices of the tensor and the subscripts 
iy, » ++, tp» are its covariant indices. 
There is an alternative form of definition of a tensor (equivalent 
to the above): 


Let, in every basis e,. 9, Cg, there be given a system of 3°** numbers 


Ae where the indices i,, s=1, 2, ..., p, and fh, t= 
= 1, 2, ..., q, independently assume the values |, 2 and 3. If the 


passage to any other basis ey, @2°, e3- resulis in the transformation 
of these numbers according to formulas (7.103): 


2 . f a E 
Ait? 9 =a? ... atta? _.. jaainie . - jq 
Pass ep 1, tg ip J. 2 itig ... tp 


where || a;- || is the transformation matrix from the basis ce), €2, @3 
Baie, ’ 

io the basis e1-. ©, ey and \l ay || is the inverse of || ay || we say 

that we are given a tensor of rank p--q, p-fold covariant and g-fold 

contravariant (or covariant of rank p and contravartant of 

ratvk q). 


Examples 
(a) The system of coefficients a,,,, of an invariant bilinear form 
[(X, ¥) = Qiyigthty? = a, itt ly” (7. 106} 


° i is | j * Sues ts 
(X= Ze, =z ahs Y == yin =- Y err 
ig 1, 2,32 tgp] 1. 2. 38 tH 1,. 2. oe eh. 2. 3) 

is a covariant tensor of second rank, i.e. having only covariant 

indices. 
Indeed, substituting the expressions 
: ia 3? jo . -,12.,15 - ANT 
rit == oye git and yf’? == ey"? (7.107) 


into formula (7.106) we obtain an identity involving the coordinates 
of two arbilrary vectors x and y, which implies that 


14 to 7 
ara : Gh hips (4.108) 


(b) In partienlar, if 7 (x, ¥) is equal to the seatar product (x, y) 
of two vectors x and x. at collection of the coefficients 93,1, of 
the bilinear form 


ix ely a oo xtty te 
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is termed a (fundamental) metric tensor or a covariant metrie tensor. 
The elements of the inverse of the matrix [jv,,i,|| (denoted by the symbols 
gi’2) form a so-called contravariant metric tensor. 

By the symmetry properly of scalar product ((x, y) = (y, x)), 
the tensors g;; and g'? are symmetric, that is we have, in every 
basis, the relations . 

Sig = 87, 8 = B’ 
The elements Zj of the matrix of a linear operator I. deter- 
mined by the relations 


L (¢;)) = Lie; i= 1, 2, 3 (7.109) 


constitute a tensor (of second order) covariant of rank one and con- 
travariant of rank one. For, in the new basis e;-, we have 


L (eje) = Ley (7.110) 
(in the other hand, we have 
L (e;-) = L (a'.¢;) = aL (ei) = a', Lia}! es (7.111) 


Comparing (7.410) with (7.441), by the uniqueness of resolution 
of every vector L (e;) with respect to the basis e;-, we obtain 


L) = aye} L} (7.112) 


The covariant components z; of a vector x constitute - covariant 
seeieid of rank one, and the contravariant coordinates z* of x form 
a contravariant tensor of rank one. 


7. Operations on Tensors. In the general case the operations on 
tensors are defined in the same manner as for the orthogonal 
affine tensors. The operations of addition and subtraction are natu- 
rally detincd only for the tensors of the same rank having the same 
number p of covariant indices and the same number g of contra- 
variant indices. The contraction is applied only to mixed tensors 
(i.e. having both contravariant and covariant indices) by putting 
One contravariant index equal to a covariant index and summing 
with respect to that index 

There are also some other operations such as raising or lowering 
indices by means of multiplying the fundamental (covariant) metric 
tensor or the contravariant metric tensor by a given tensor 7 and 
then siete sabes the product by putting a covariant (contravariant) 
Index of ¢£ ij (z*’) equal to a econtravariant (covariant) index of 7 
and summing with respect to that index ete. 


8. Some Further Generalizations. Further generalizations are con- 
neeted with the introduction of curvilinear coordinates. ‘Vhis gives 
rise to some new wolions such as covariant and contravariant diffe- 
renutiation of a tensor and others. For the general theary of tensors 
weovefor the render to F4). PV) aad [E4). 
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APPENDIX TO CHAPTER 7 
ON MULTIPLICATION OF MATRICES 


\We remind the reader that the product /-Q of two rectangular 
matrices P aud Q is only defined for the case when the number of 
columns in the first factor equals the number of rows in the second 
factor. If 


Par Piz «++ Pin Gia Giz we st 
P = Poy Po2 --+ Pan and O= Joi ze +++ Qs 
Pmt Pm2--+-+ Pnin Gnjy Gna --- YJns 
are such matrices their product is the matrix 
Pig yn 4 - + Tan 
R = roy Fo9 owe Fon 
Puy lina - ++ Tmn 
whose element r;; (é = 1, 2, ..., m, j= 1, 2, ..., n) belonging 
to the ith row and the jth column is determined by the formula 
ij % PivWyi 
om 


[Ilence, if we interpret the Pann of the ith row of FP as the 
cuordinates of an n-dimensional vector and the elements of the jth 
column of O as the coordinates of another n-dimensivnal vector 
we can say that rj; is equal to the scalar product of the ith row of 
the first factor by the jth coluinn of the second factor. 

Let us take two vectors x and y and represent them as the columuy 
matrices 


{ 
| xy yy | 
X= || ao ]} and y=, a 
X3 | Y3 


where z,, Zo, Z3 and yy, Yo, Ys are the coordinates of x and y in 
a given basis. If {| £;; |] is a matrix of the form 
Li Li Lys| 
L= Loos Loe logy 
Ls L530 Liss 
then, by definition, the equality v = Lx is equivalent to the relation 
| 
Ys | as Ing Lys | | 
| Vi | £21 Lez Lz; |-|| x2 (1) 
RE: | Liar 32 Lgl] || x3 
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After the multiplication of the matrices on the right-hand side 
of (1) has been performed we obtain 


os 
b | 
! = LynXr 
| k=1 
Y1 | 
Yo ~ > Lonte (2) 
k=! 
| V3 3 
>» Logi Zt | 
pee | 


which is equivalent to the three scalar equalities 
Yy == Ly F_-- Lyete = Lisr3 
Yo = Lay Xy-r Le2te+ Lotz (3) 
Yg = Lg:%1 +- LyeX2 + L323 
As lias been said, relation (1) (or equivalent relations (2) and 


(3)) is the definition of the multiplication (on the right) of a matrix 
by a vector. 


We can similarly take two veetors x and y* and represent them 
as the row matrices 


X = || 2, Zo, Za | and y* = |l yr» Yo ¥3 || 
Then an equality of the form 
- Lije Lys | 
fey Loo Los 


I bss Lz L33 


° «fg 


| ie Y>, Ys } =|] x, I, Life 


Can be rewritten as 
3 3 

I y7, Y2s y3 I| = || » Loiy tty > _— bs E32: | 
1 -{ i= 1 i= 


after the multiplication of the matrices on the right-hand side has 
been performed. The latter relation is equivalent to the three scalar 
equalities 

yt = Lua :- Loayre+ Lars 
Y2 = Lyory -+ Log te !- Lyo09 (2) 
U3 = Lynx, : Lagre | bigg ks 


~~ 


in.) 


In the contracted notation equality (1) is written in the form 
vy = Lx 5) 
and equality (4) in the form 
y* = xb (/) 
where Lois neultiplied by x on the left. 


& Functional 
Sequences 
and Series 


[In this chapter we shall study sequences and series (referred to 
as functional sequences and series) whose members are functions. 

In practical applications we often try to expand a given function 
ina functional series whose terms are functions which are in a certain 
sense simpler than the given function. Such an expansion facilitates 
{he investigation of the function, the computation of its values 
and the integration. Functional series are also used in the theory 
of differential equations and other divisions of mathematics and 
its applications. 

In investigating the properties of functional series and sequences 
we introduce various types of convergence. Amony them, waeiform 
convergence and convergence in the mean are of particular importance. 


§ 1. UNIFORM CONVERGENCE. 
TESTS FOR UNTFORM CONVERGENCE 


1. Convergence and Uniform Convergence. Let us consider a 
sequence of functions 


hi (x), feo (z), . 79 Li (x), oe (S.1) 


delined on a closed interval a ¢ x < 6.* Vian arbitrary fixed value 
Z) Ela. 6] is substituted for the current variable 2 functional sequ- 
ence (8.1) turns into a numerical sequence of the form 


hg (BG) s Pah eels: & 4g. da (Eo): &-« (3.2) 


Functional sequence (8.1) is said to be convergent at a point x, 
if number sequence (8.2) ts convergent. Functional sequence (8.1) 
is said to be divergent at a point x» if seqnence (8.2) is divergent. 


* Instead of a closed interval a <q 7 < & we can take any ather set X of 


values of xr, for instance, ae" arch a St ret h ae ewe Dhl oe er stew, 
amraotw, —wer or Jt -po0 ete. In what follows we shall stipulate the 


eases when such a replacemeat of a closed interval fa. 6] bv an arhitrary set 
is inadmissible, 
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Accordingly, in the former case Zp) is called a point of convergence 
of sequence (8.1) and in the latter case a point of divergence.* 

If a functional sequence converges at each point z€ fa, b] we 
say that it converges on the interval {a, b]. If a sequence {/, (2)}, 
n= 1, 2, ..., converges on fa, b] there exists a certain limit 
lin f, (7) (which in the general case can vary from point to point) 


Tt—> WD 

aleach point z of the interval {a, 6b]. Therefore this limit is a func- 
tion f (z) defined on la, b). The function f (x) is called the limit 
of functional sequence (8.1) and we write 


tn (X) > f (@) as N-» 00 
or 
lim fa (x) = f(z) on la, 6] (8.3) 


Uh Te ho * 


\We can now formulate the following 


Definition f.A functional sequence {f, (v)} issaid to be caiver- 
gent toa function fj (x) on the interval lu, b| if for each fized valite 
x €la, 6] the number sequence fy (x), w= 1. 2, .... converges to 
the number f (x), that is if for every ¢ >> U and every x E la, b\ there 
is @ number N == N (e, z)** (dependent on € and, generally speaking, 
on x) such that 


lf, (x) —f (x) |< © for every n> WN (e, 2) (S.4) 


Among the convergent functional seyuences the so-called uni- 
formly convergent sequences are essentially important. 


Definition :2. A functional sequence {{, (2)} iscalled uniformey 
convergent on aninterval la, b| toafunction f(z) if, givernany & > VU, 
there exists a number N = N (e)*** (dependent on & but independent 
Of x) such that the difference between f, (x) and f (x) satisfies the con- 
dition 

lfn (2) — Ff (xe) |< & for every n> N (Ee) (8.5) 


for all x € la, b] simultaneously. 
This delinition can be restated in an equivalent form: 


* The set of all the points of convergence of functional sequence (8.1) is 
referred to as the dumain (or region) of convergence of the sequence. The domain 
of convergence of a functional sequence can be an arbitrary set of any comples 
structure. It may coincide with the whole z-axis (as in the case of the sequence 


, : ‘ 
i, {z) = 71 8 <a<cbto, n=l, 2, ..., convergent on the entire z-axis 


lo the function § (z) =0) or be an empty set containing no points (e.g. for the 
sequence f/f, (x) = (—1)", ~oo<xr<c-too, ant, 2, ..., which diverges 
at every point x € (—oo, +00)). 
** The number NV (e, z) may not be an intever. 
*** The number V (ec) is not necessarily an integer. 
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Desyinition 2'. A functional sequence {f{, (z)} is said to converge 
uniformly to a function f (z) on an interval la, UI if 
sup f/n (x) —f(z)|—7O for n-—- +co (8.5’) 
asaxsb 
that is if the least upper bound of | fp (xz) — f (xz) | (spoken of us the 
maxciniewne deviation of the function fr(z) from the 
frnetion f(z) on the interval la, bl) tends ta zero as n—~ oo. 
Indeed, if condition (8.5’) is fullitled then for every ¢ >> 0 there 
is WN (e) such that for any rn > WN (e) the inequality 
sup [fn (2) —f lz) |<e 


rd 


QSxs 
holds for all z € la, b]. But, by the definition of the least upper 
bound, we have 


lin (2) — f (2) i= sup | fa (2) — f (2) | 


for all 2 €la, bj. Therefore relations (8.5) are also fulfilled. 
Conversely, if relations (8.5) take place we have 
sup | fn (@) —flal<e 
a=xsb 
for every 2 -.V (¢), which implies (8.5') since e > 0 has been chosen 
quite arbitrarily. 
(‘niform convergence of a sequence {f, (7)} to a function f (z) 
on (a, 6) will be designated by the symbol! relation 


fn (z) = f(z) on fa, bd] (8.11) 


The notion of uniform convergence admits of a simple geometric 
interpretation. Relation (8.5°) means that the least upper bound 
of the deviation of the graph of the function y = f, (z) from that 


‘ 


Fig. &.1 2 
of the function y = f (x) on the interval fa. b) tends ta zero as 
n— -+ oo. In other words, if we envelope the graph of the function 
y —= f(z) by an “e-strip” (shown in Fig. 8.1) determined by the 
relations 

P(e) —-€ Nyssa’, 4 rap (5.4) 


21-0824 


322 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


then, beginning with a sufficiently large 2, the graphs of all the 
functions y = /, (z) entirely lie within the e-strip enveloping the 
graph of the limit function f (2). 


ixam ples 

1. The sequence f, (x) = es sin ax couverges to f (x) = OU as 
n—» + co on the entire z-axis —o < x < —oo. Here the conver- 
gence is uniform because lfn (x) —f(x) [= =. [Sinz s = < ¢ 
for da 7, —0OO <C F< ---o, simultaneously provided 2 > WV (e) = 
Ee 


z" 


2. The sequence f, (2) = converges, as w2—» -; 0. on the 
interval O< z< 1 to the function f (z) determined by the relations 


QO for O< r< 1 
Lj= 

I (2) 1 for z=Il 
But here the convergence is nonuniform. For, if we take 0 << e< | 
and O@<2<ct ! the Inequality [/f, (7) — f (4) | = 2" <e holds 
tre ine 
Ina’ ing 
if 2—» 1 — O for every fixed e € (O, 1). Consequently, for every «& 
taken from the interval 0 < ¢ <2 1 there is no finite N (e) inde- 
pendent of x such that the inequality | 7, (2) — f @) | -- 2? <e 


only when r>WN(e, «z) = and N (e, z) = -|- 00 


WA 


Fig. 8.2 o 


holds for every a => N (e) and for all z belonging te the er 
apen interval Omar< i If we replace the segment O --: zr) 
by a smaller segment 0 << 2 <1 — 86 with au arbitrarily emall 5. 
Ur Ax {. the sequence ie ae >" converges unttormly to ils 
limit I (2) = @ on this smaller niniest, Indeed, we have 

ik Ine 


<u (€) — “Ta tL=0) for () ee | -§ 


WV (k, r= 
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and therefore |fn(z)—f(z)|=az"<e for all x€[0, 1— 461 when 


no>N () = Fey: 


From the geometrical point of view this example can be inter- 
preted as follows. In Fig. 8.2 we see the graphs of several functions 
fn (z) belonging to the sequence and the graph of the limiting func- 
tion f (x). the latter being shown in the heavy line. The graph of 
f (x) consists of the half-sc@ment 0< 2 < 1 (with the end point 
x = 1 excluded) of the z-axis and an isolated point with the coor- 
dinates (f, 1). Let us envelope the graph of the limit function by 
an “e-strip’, Oc ed. The geaph of every function f, (2) = 2" 
starts from the origin of coordinates and its right end point lies 
at the point (4, 1). Therefore the function f, (z) = 2" being con- 
tinuous, its graph must leave the “e-strip” at wa point 2, 0 < z< I. 
Ifenee, the sequence /, (2). 40 es SS Ny, Zee we COnverges nonuni- 
formly on the interval 0 < x7 <1. 


) 
3. The functional sequence f/, (2) = = are lan nz, —o OD r<— 


<-}00, am=i1, 2, 3, ..., converges to the function 


—1 for —weczr<cl 
[(z)=sgnze= QO for «=O 
-- 1 four OS r< -+ 


but the sequence docs not converge uniformly which can be easily 
established by the geometric method applied in the foregoing 
example. 


7 rer 


4. The sequence of functions 7, (rv) = wt, w= l, oe eee 
— -_ 


converges to the function f Gr) = O on the positive zaxis 0 cr2< 
<_ -- oo. To find oul whether the sequence is uniformly convergent 
to its limit on the half-line O< x < -} oc we shall check up the 
validity of relation (8.5'). Thus, we must verify if sup | f, (vj— 
0-5 N< +00 
— f (x) | > U for 2 —» -f-00o. To this end we evaluate the maximum 
2NX on : 
of gq, (4) = 1 f, (x) — f(z) | = qc jae. OU the positive half of 


r-axis. We have 


; (1 ~—n2r*)2n —Zarr-2n27 } —p2r2 
(3. (2) = $$ = 2a ——_ 
: (1 -- 2x7) (1 -, n2r2)2 


and hence p,(z}=0 for 1—n?x* =O, t.c. for In. Conse- 
d 
quently, 


” 
Ve AKt--= 1: e 


2i¢ 
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Therefore the sequence does not converge uniformly. In this example 
nonuniform convergence is due to the fact that the maximum value 
of fp (x) which is equal to unity coincides with the maximum deviation 
of the graph of f, (x) from the graph of f (z) on the interval U < 


ee” 


— X< +00, the point of maximum z, = i moving to the left 
as n—» oo (sce Fig. 8.3). 


Pig. 8.3 


The notions introduced for the functioual sequences can be easily 
transferred to the functional series of the form 


a ey (XL) = uy (7X) + Ue (2) +... -foun(z)- ..- (3.8) 


where the functions u, (2) are defined on a certain set, for instance, 
on a closed interval [a, ). 


Definition 1,. A functional series (8.5) is said to be convergent 
if the sequence of its partial sums 


Sa(z)-= ™' ug(z), n=1, 2,... (8.9) 
conver ges. ~ 
The limit 
S(z) = lim 5S, (2) (8.10) 
n—-+00 


of the partial sums is called the xtum of series (8.8). If series (8.8) 

converges and its sum is equal to S (x) we write 
S (x)= >) ur (2) (8.11) 

k=1 

Definition 2,. A convergent functional series (8.11) is said to con- 
verge uniformly to its sum S (x) on an interval fa, b\ if the sequ- 
ence of the corresponding partial sums S, (xz) is uniformly convergent to 
the sum S (x)"on [a, bd). i.e. if for every & =>O there exists N == N (e) 
such that the difference between S, (r) and § (x) satisfies the inequatity 


|S(z) —S,(x)] =! Noa: (x| ce (R 1) 
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for all x€ [a, bj simultaneously when n> N (e) or, in other words, if 


oo 


sup |S (2)—Snr(z)|= sup | >) un (x) | +0 as n—> + oo (8.12") 
G23 X2S ax<x: 6 kh==n-+1 

Examples of uniformly (nonuniformly) convergent functional 
series can be easily constructed on the basis of unitormly (nonuni- 
formly) convergent sequences. For, if we are given a functional 
sequence 


f, (x), fo (a), -- +, In (%), ~~~ (8.13) 
we can take the series 
fy (x) Ae fe (2) — fy @I + U3 @) —fe @+... 

»-r fn (2) — fn-s (I + - (8. 14) 
for which (8.13) is the sequence of its partial sums. Therefore, if 
sequence (8.13) converges unifurinly (nonunitormly) then, according 
to Detiniltiou 2,, series (8.14) is uniformly (nonuniformly) convergent. 

It should be noted thal, conversely, uniform (nonuniform) con- 
vergence of series (8.14) implies, by virtue of Delinition 2,, uniform 
(nonuniform) convergence of sequence (8.13). 

The following two assertions are an immediate consequence of 
the definition of uniform convergence: 

(1) The sum of a finite number of uniformly convergent sequences 
(series) is a uniformly convergent sequence (series). 

(2) If all the terms of a uniformly convergent sequence (series) are 
multiplied by a bounded function «p (x) (in particular, by a constant) 
this does not affect the character of ils convergence which remains 
uniform. 

The assertions are easily proved. For instance, the second one is 
proved as follows. Let f, (z) 2 f (z) on la, bl and lel C.0O<C< 
< -+oo he a constant such that [qm (z) |< C for all z €le, Ol. 
Suppose we are given an arbitrary # >> 0. Ry the uniform conver- 
eciice of f, (x) to f(x), we cun find NV (e) such that | f, (z) —fiji< 


<a for all z€ fa, 6] simultaneously when nx >> N (e). But for 
such values of n <> NV (ce) we then have 
l¢ ip —e€ @M/MOl=le@MltA@—-/WI< 
€ 
< C+ — & 
for all x € fa, 6] and hence @ (z) fy (rz) = o (2) f (z), as n> oc, 
on the interval {a, b|. Regarding f, (x) as being the nth partial 
sum of a uniformly convergent functional series and f (z) as the 


sun) of this series we thus conclude that the assertion is valid for 
the uniformly convergent serics as well. 


2. Tests for Uniform Convergence. If the limit f (xz) of Functional 
sequence (8.13) is known its uniform convergence can be tested! on 
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the basis of Definitions 2 and 2; or by means of the corresponding 
geometric interpretation as it was done when investigating exam- 
ples 1-4. 

But it sometimes turns expedient to reduce the question of uni- 
form convergence of functional sequence (8.13) to testing uniform 
convergence of corresponding functional series (8.14) for which the 
sequence in question is the sequence of partial sums. Such a reduc- 
tion may be useful because there are various tests for uniform con- 
vergence Of Series convenient for practical application. 

One of the simplest and most commonly used tests of this kind 
is the so-called Weierstrass* Af-test based on comparing a given 
functional series with a number series having nonnegative terms. 


A number series 


-.- 30 


~ Aj, <= VW, A, -~ 1. 4 VY, fara” (8.15) 
k=1 


wilh nonnegative terms is said to bea dominant series for a fun- 
ctional series 
+= 


x, Ma (2) == ty (2) a(t) ree tn (2) ie (8.16) 


on an interval ax rab if the inequalities 
tty (2) | So, = Feed, Bw eS (8.17) 


hold for all x € la, b) simultaneously. Serics (8.16) is then spoken of 
as A dominated scervies. 


Weierstrass’ M-test. Jf, for junctional series (8.16) defined on an 
interval |a, b), there exists a convergent dominant series of type (8.16) 
the functional series is uniformly convergent on fa, OI. 


Proof, Let an arbilrary ¢ >0O be given. Dominant Series (8.15) 
being convergent, we have the inequality 


for all sufficiently large nm. By relations (8.17), for all such the 
inequalities 


“1-20 +20 +00 
| S um(zyl< SM fua(di< NS Ace (8.18) 
=M-- | h=n-+3 k= n+l 


* Weierstrass, Karl Theodor Wilhelm (1815-1897), a prominent German 
mathoualician. 
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hold for all z€fa, b] simultaneously. Jnequalities (8.18) indicate 
that series (8.16) is uniformly convergent and thus Weierstrass’ 
test has been proved. 

Eramples 


SIN NT. , ; 
1. The series >) a (IS uniformly convergent on the entire 


2 


== 1 


a-axis —o<xr<-+oco because it can be dominated by the con- 
— 0 
sau Ls | , 
vergent positive series > Fp Since we lhave 
n=l 
SHB rz { 
ae Soacy for —-wcrract+oac 
+00 
‘ e tz es ate 
Consider the series be Tae On the positive half of the 
n= | 
gaxis O¢2r<-}-oo. Applying the well known techniques of ciffe- 
: ; x 1 
rentiak caleulus we find max —,=-=-=5 Consequently, 
fees 1—anitx- Dey? 
tN < 1-30 ? 
+00 
see for <4r<t j-oo. The series aa —, being conver- 
1— antes | ~ BaF 


gent, we thus conclude, by Weierstrass’ Lest, that the series 


_— 
t 


x : sige . 
S' ——_—_ uniformly converges on the positive z-axis OC r<-b ow, 


= { ie 


t= | 
3. There is no convergent dominant number series for the 
— 1)z : — {jn 1 
series >! a <r< -oo, since max ee | ew ahs 
rtn Ovxcpeo | F-# n 
90 


series Se — (the so-called harmonic series) is divergent. But, by 


n=1 
Leibniz’* test (e.g. see [8], Chapter 13, § 5, inequality (13.80)), 
the inequality 
Xt (-Dh 1 
> z-, kA pon 


R—n 


holds for every z€([0, +00] and consequently the definition of 
uniform convergence of a functional series (see relation (8.12)) 


* Leibniz, Gottfried Wilhelm (1646-1716), the great German philosopher 
apd niathematiosar. 
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converges uniformly on the entire 


implies that the series >) 

n=-] 
positive half of the z-axis O < 2 < +00. This example shows that 
Weterstrass’ test provides only a Sufficient condition for a functional 
series to be uniformly convergent but not a necessary one. 

Now let us proceed to formulate the basic (Cauchy) criterion for 
uniform convergence which plays an important theoretical role 
because, unlike Weierstrass’ test, it gives us a necessary and suffi- 
client condition for uniform convergence and enables us to establish 
more subtle sufficient conditions (compared with Weierstrass’ test). 


Cauchy’ s* Test (for Uniform Convergence of @Sceqiter- 
ce). For a functional sequence {f, (z)} to be uniformly convergent io a 
function f (x) om an interval [a, b] it is necessary and sufficient that 
for every & =>(0 there exist N = N (e) such that for each n <=> N (é) 
and all p >0O the inequality 


lfnan (2) — fa (Z) | <e (8.19) 


should hold for all zx € la, b] simultaneously. 


Proof. Necessity. Let f, (z) @ f (z) on la, 6b). Then, given an 
arbitrary ¢ >>Q, there is N (e) such that for all nm > MN (e) and all 
p >» Q the inequalities 


[in (z)—f(2)J <> and | farp(z)—f(2)| <> 


holt for all «éfe, df. Therefore we have | fas, (27) — Jn (4) ] se 
| Insp (2) —f (2) | +] f (2) — fn (2) |< + =e for all n> V (e), 
wll po>0 and all z€fa, 6}. 


Sufficiency. Tf inequality (8.19) is fulfilled for all 27 € la. db] it 
follows that for every fined z € la, 6] the numerical sequence f, (z), 
m = 1, 2, ..., is convergent because it is a Cauchy (fundamental) 
sequence. FElence, the functional sequence f/f, (7), m= 1, 2, ..., 
converges on the entire interval [a, bj. Let the limit function be 
denoted by f (x). Passing to the limit in inequality (8.19) as p-> 
— -+oo we find that 


lf, (x) — f(x) |< e 


for all x > N (se) and for all z € [a, 5] simultaneously. But this 
implies thal fp (z) 2 f (x) on the interval la, b) and Cauchy's 
test has thus been proved. 


* Cauchy, Avenstin Louis (1789 1887), a famous French mathematician. 
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Applying Cauchy's test for uniform convergence of a sequence lo 
the sequence of partial sums 


Sy (xz) = uy (z), Se (@) = uy (x) + us (x), .... Sy, (x) = 


= I (z) +t, » @ -i- Un (xz), o ¢ 8 
+30 

of a functional series * ° uw, (z) we arrive at 
R= 1 


Cauchy's Test (for Cnifoarm Convergence of @ Series). 
A functional series 
to 
~~ ? ( .§ 6 
SY un (x) = 1g (2) Hg (2) +... a (2) -F (8.20) 


is uniformly convergent on an interval la, b) if and only if for every 
e ->0 there exists N = N (e) such that for each n => WN (+) and all 
p =>O the inequality 
% hp 
| Sno p(t)— Sn (x) | =| = Up (2) | = |Uyay (TF)... —Uney (7)|<e 
k=n+i! 
(5.21) 
is simultaneously fulfilled for all x € la, 6}. 
On the basis of Cauchy's test we can establish the following 
Ahel’s* Test Gor Uniform Convergence of a Series), 
If the partial sums of a@ series 
er) 
Noten (2) -uy (2) de (spe... Hy(z) +... (S22) 


are uniformly haunded on an interval fa, b|. i.c. if there is a consiant 
CeO0O<C << +00, such that 


|Sa(e)[=| Noua(a[<€ forn 4, 2... (3.23) 


for all x € la, 6), and if 
Gq (Ts Colt). «46 Ce (Z)y. «4 « (8.24) 
is a monotone nonincreasing functional sequence uniformly convergent 
to zero on the interval [a, b\, the series 
si 
Nt (2) Un (2) (S255) 
h.- | 


uniformly converges on la, 0b). 


* Abel, Niels Henrik (182-1829), a famous Norwegian mathematician - 
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Before proving Abel's test let us consider an example of its appli- 
cation. 


: : us stn Ave : 
4. We take the series >, ——" Which can be regarded as the 
k=) 


result of multiplying the terms of the series 
— 90 
| : - Z , : » erbsf? 
“ sinkz=sina -sin Qe]... 4+sinkwe b. (5.26) 


hd 


by the members of the sequence 


: PsinA a ‘ 97 
OS ie eR OO (5.27) 
We have the inequality 
1 


; (Pee 2a, Mid 2p eo) 
sin | 


for the partial suis of series (8.26) (e.g. sce [S], Chapter 15, § 9) 
and consequently the inequalities 


a | 
id ad La 
sin — 


2 


=const<< - oo, n=+I1, 2,... 


simultaneously hold for all z satisfying the conditions 
ONt tana eg (2Qm , 1IbA— a, Uy < o = al, 
sa) Ny, Body: wa. (8.25) 


Since (8.27) is a monotone decreasing number sequence converging 
to zero it can be thought of as a uniformly convergent functional 
sequence satisfying the conditions enumerated in Abel’s theorem. 
Thus, on every interval determined by cenditions (8.28) the series 
1 OS 


= e- P 


q sin Ae ° ° . 
> —7— satisfies the requirements of Abel's test and hence the 
| 
series is uniformly convergent on the interval. 


Proof of Abel’s test. To accomplish the proof we shall show that 
under the above assumptions series ($8.25) salishes the condition 
of Canuchy’s test for uniform convergence. We have 


Ongillng 1 tT OnyWnye2 +--+ Fh Sngplnsp = 
= Gist [Sos —_ Sn! = Hny42 [Sai ae Snail av 
+- nap [Sip — Snape = — Gn tOn 7 
= (Ons: fo hy, 2) Snel 1 aw 3 


é 
ee (hn, p-1 “2 ons p) Snap -t a hing ponep (5.2%) 
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Making use of the inequalities a, (7) 2 ao. (r) 2... Sa, (x) > 
S Gyr, (ze) SS... and the relation |S, @) |] C (fulfilled for 


ail oa = 1, 2, ... and all z€la. b)) we deduce from = equality 
(8.29) the relation 
| Snaplnsy toe.  bnepllnap |S 
SC {Snes + (Engi — Snge) FF (4ni2— naa) +... 
eo (Anep-s — Ansp) — Dasa) = 20 y+} < UCR, | 


where €,.; = SUP Gpjg, (a2) > 0 aS nt—- 00, Which holds for 
aoxrch 


all p >>O and for all z € fa. 6) simultaneously. Hence, under the 
assumptions given in Abel's test, series (8.25) satisfies the condition 
af Caueliv’s test. 


§ 2. PROPERTIES OF UNIFORMLY CONVERGENT 
FUNCTIONAL SEQUENCES AND SERIES 

{. Continuity and Uniform Convergence. 

Lheovemr Sit. (A) If a sequence of continuous functions f, (a), 
fo (a), ..., fn (2), ... uniformly converges on an interval le. bl 
to a function f (x) the limit function is also continuous on fa, bj. 

(Lb) Jf all the terms of a series 

t-30 
S(r)—- . uy (2) (8.30) 

Ke 
are continuous functions on an interval la, b| and the series is uniformly 
convergent an la, bh) its sum S (x) is also continuous on the interval. 


Proof. (A) Take an arbitrary point z€la, b] and let (rx 4+- AYE 
Ela. bl. We shall establish the continuity of f(z) at the point x. 
For this purpose we estimate the difference f (c + 4) — f (x). Sup- 
pose we are given an arbitrary ¢ ->Q. Let us show that for all the 
values of sufficiently small in their moduli the modulus of the 
difference is smaller than s. We have 

lf(iq@+h)—fa|Slf/@ i h—fpje +h] + 
+ |fn (@ +h) — fn () 1 fa (2) — fF &) | (8.31) 
Taking a sufficiently large nm we obtain, by the uniform convergence 
of f/, (x) to f(z) on [a, bl, the inequalities 
| f (+h) —fa(z th) [<-> for all @ ! A) Ela, 9 (8.32) 


ana 
A(z) —fa(x)}<— > for all x€la, oI (8.33) 


We now fix the above-chosen value of 2 and consider the term 
\f, (x -- bh) — Ff, (x) | entering into the right-hand side of inequality 
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(8.31). Since f, (x) is a continuous function, there is 6 = 6 (€) >OU 
such that for all # satisfying the inequality | |< 6 (e€) we have 


lin (2 +h) —f, @ I< (8.34) 


But then, by virtue of (8.32), (8.33) and (8.34), we derive from 
(8.31) the relation | / ( + kh) — f (z) | < € valid for all 2 satisfying 
the condition | | <6 (e), which means that f (z) is continuous 
at the point z arbitrarily chosen on the interval [a, bj. Hence, 7 (x) 
is continuous at each point x €la, b], that is the function f (z) 
is continuous on [a, bd). 

It should be noted that if z is an end point of the interval [a, }] 
then z can be given only a nonnegative increment if z = @ and 
only a nonpositive one if z = b, and thus the above argument indi- 
cates that f (x) is continuous on the left at x = b and on the right 


at z= a. 
a + 00 


(B) Every partial sum S, (x) = pa u, (x) of the series » u; (x) 


oe 
k= 


being a continuous function asa sum of a finite number of continuous 
functions for any nm = 1, 2, 3, ..., we see that S (z) is continuous 
because, by the hypothesis, the series is uniformly convergent and 
hence S, (rx) => S (x) on [a, b) which implies, by (A), the continuity 
of S (x). The theorem has thus been proved. 

The condition of uniform convergence is only sufficient but not 
necessary for the limit of a sequence of continuous functions to be 
continuous. To illustrate this we can take example 4 in Sec. 1 of 

JAX 

| -— 022" 
n-- 1, 2, ..., whose members are continuous functions. As was 
shown, the sequence converges nonuniformly to the continuous 
function # (z) = O on the positive part of the z-axis 0 Sa < +00. 

But there is a special class of sequences and series for which uni- 
form convergence, as was proved by Dini*, is equivalent to con- 
tinuity of the limit of the sequence or of the sum of the series. 


$ 1 in which we [considered the sequence f, (x) = 


» 


LTheoremS.1U (Dini’s Theorem on Uniform Convergence). 
(A) If a sequence of continuous functions f,{z),n=1, 2, ... , defined 
on la, b|** is nondecreasing, that is f, (x) <f.(z)<... <fn (Z) KX. 
on la, b). and if f, (z) converges to a continuous function f (x) the 
convergence is uniform on [a, bij. 


* Dini. Ulisse (1845-1918). an Italian mathematician. 

** The condition that [e, b] is a bounded and closed interval is essentially 
used in the proof of this theorem which also remains trne if [a, 6) is replaced 
by an arbitrary bounded closed set NX. 
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Baas 
(B) If the sum of a series S (z) = > Uy (xz) with nonnegative 
aA=i 


continuous terms defined in an interval [a, 6] is continuous on la, b. 
the series is uniformly convergent on the interval. 


Proof. (A) Let us show that for any ¢ >O there is n such that 
O<AR, () =f@)—-he@<e (8.39) 


for all x € {a, db] simultaneously. Then, the seyuence &, (z), rn = 
= 1, 2, ..., being obviously monotone, that is 


R, (x) 2 RR, (rt) S..- BR, (et) BS... (8.36) 


relation (8.35) must also hold for all sufficiently large n, which 
implies the uniform convergence. 

We shall prove the above assertion by contradiction. Suppose that 
for acertain ¢, —>0O there is no such nm. Then for each n = 1, 2, ... 
there is z, € la, b) such that 


R, (Zn) a +) (8.37) 
Applying the Bolzano*-Weierstrass theorem to the sequence of the 
pointS z,, Zo, ---, Zn, --.- belonging to the interval [a, bl we 


can assert that there is a subsequence z,, 2,,, .-., Lays : 
convergent to a point x) € [a, bj]. The function RA, (@@) = f (zx) — 
— f, (z) (the difference of two continuous functions) is continuous 
and therefore we can write, for every fixed m, the relation 

lim Rm (tn,) = Rm (Zo) 


ry | R$ 


But for every m and any sufficiently large k we have nr, =m and 
consequently, by virtue of (8.36) and (8.37), we obtain 


iw. (Tn,) = Ra, (Zn, ) a Lo 


Passing to the limit in the last inequality as n,—» ++-0o we see 
that Ry, (%>o) = €o for any m. But this contradicts the relation 
lim A, (tq) =O implied by the convergence of fm (x) to f (z) 


PI—> 00 


at the point Zo. 


% 
(B) The partial sums S, (2) = 2) Up (2), m= 1, 2, ..., with 
nonnegative continuous terms u, (xz) form a nondecreasing sequence 
of continuous functions convergent, by the hypothesis, to a con- 
tinuous function S (z). Therefore, by (A), the sequence converges 
uniformly and thus the series is also uniformly convergent. 


*Bolzano, Bernard (1781-1848). an Jtalian mothemwaticqiay. 
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2. Passage to Limit Under the Sign of Integration and Termwise 
Integration of a Series. If 


lim | fa(@)d?= \ {lim fa (Idk (3.38,) 
ae Seed a Coe 

or 
j{Ru@ a= > uwa (3.382) 
Xo ae | h= 1! Xn 


we Say, accordingly, thal it is permissible fo pass to the limit under 
a 


the intlegral sign in the integral f, (&) d—& or that the series 
F xo 


S) uz, (z) admits termwise (term-by-term) integration from Xo lo Zz. 
hk 


=| 

Relation (8.38.) can be regarded as a generalization of Lhe theorem 
on an integral of a sum to the case of an infinite number of sum- 
mands. 


- Wo 


Replacing the functional sequence {f, (z)} by a series “’ u, (z) 
h 


_— 


for which it serves as the sequence of partial sums or, conversely, 


4-90 


replacing the series ‘| u, (z) by the sequence of its partial sums 
h=! 


we cub easily transform relation (8.38,) to the form (8.32.) and 
(8.38,) to (8.38,). 

Ifence. when investigating conditions for relation (8.38,) to be 
valid we incidentally obtain the answer to the question of validity 
of relation (8.38.) and vice versa. It should be noted that, for rela- 
tions (8.38,) and (8.38,) to be true, the existence of the integrals 
and convergence of the corresponding sequences and series are not 
sufficient. This can be confirmed by the examples considered at 
the end of the present section. For these relations to hold, an addi- 
tional condition should be imposed. It turns out that such a sufficient 
condition is (1) uniform convergence (this will be proved below) 
or (2) convergence in the mean (which will be shown in § 6 of the 
present chapter). 


Theorenr 8.2. (A) If a sequence of continuous functions {fy (x) } 
uniformly converges on an interval [a, b\ to a function f (z), i.e. 


fr (z) +f (xz) on la, b) (8.39) 


Pe 
the scguence of integrals { f, (2) dz} uniformly converges (as a sequence 


w 
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of functions dependent on x) on the interval [a, 6) to the integral 


rea i.e. 


{ fn (z) dz = \ i (z) a: (8.40) 
for any Xo E (a, 5}. 
(B) If a series | 
S(x)= & ux (z) (3.41) 
k=i 


whose terms are coniinuous onan interval [a, b| is uniformly convergent 
on the interval we have the relation 


\ S (z)dz= ) | lt, (3) ds (3.42) 
Xo k==1! Xq 


which means that series (8.41) can be integrated term-by-term within 
the limits from x to x for any x» and x belonging to the interval [a, 6] 
and the series on the right-hand side of (8.42) uniformly converges 
(with respect to x) on the interval [a, bl for any x9 E€ Ia, 


Proof. (A) Let there be given an arbitrary ¢ QO. Take WN (e) 
such that the inequality 


holds for all zx eéfa, b)) simullaneously when a2 > N (e). the 

choice of N (e) being possible by relation (8.34). According to. 

Theorem 8.1, the function f (x) is continuous as a limit of a uni- 

formly convergent sequence of continuous functions. Therefore the 
x 


c= 


integral \ f (z) dz exisls for any z, and x belonging to la, b]. Let 


& 
x0 


us estimate the difference ( In (2) dz — f (2) dz. By (8.43), we 


VQ 


have, for every mn > WN (e), the inequality 


| ve So aus f f (z) dz| =| W (2) —f (2)! dz|-< 


ATT) 


< [lia Q—f (2 ds<|e—ml pie <e (3.44) 
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which implies (8.40). It follows from relation (8.40) that 


lim \ lal2je2= \ / (2) dz for xz, rE€la, 4] (8.45) 
Ti—» -+ co e 
XO xO 


Thus, if a sequence of continuous functions {/, (x) }is uniformly 
convergent on [a, 8) it is allowable to take the limit behind the 


x 
integral sign in the integral ( f, (z) dz for any Zo and «z belonging 


\o 
to la, bj. 
wt 
(3) The partial sum S, (z) = >» wv, (z) is continuous for every 
k=! 
m=i1, 2, ...as a sum of a hnite number of continuous functions. 


By the hypothesis, we have 
S, (x) 2 S (xz) on la, bd) 
Then, by (A), we conclude that 


x“ x 
\ Sp (2) dz = \ S(z)dz on fa, | 
x XY 
Observe that 
= x n x 
JSnG)dz= |) SY u@de= 3S \ una: (Si) 
xo to h= 1 ees 
and therefore relation (6.49) can be rewritten as 
| Pe uy, (3) dz \ S@) dz on fa, 6} (3.47) 
k=1 x9 x9 


where the expression in the curly brackets is the mth partial sum 
of series (8.42). Consequently, equality (8.42) is true and the series 
on its right-hand side is uniformly convergent on [a, UJ, which is 
what we sect oul to prove. 

Note. ‘The theorem also remains true when the funetions /, (z), 
n=-1, 2, ..., may have discontinuities but are integrable. In such 
a case the function f (x) is also integrable and relation (8.40) is 
fulfilled provided that {/, (z)} converges uniformly. 

The condition of uniform convergence is only sufficient but not 
necessary for a series to admit term-by-term integration and for the 
passage to the limit under the sign of integration to be permissible. 
For instance, the sequence /, (x) = 2” converges nonuniformly on 
dhe interval U<2z<1 to its limit 


QO for Oz <i 
f(a) =| 


A fae r = 1 
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But at the same time 


= j 3 — Py cn —— antl ee 5 ake +1 ) 7 = 7 : 
nu (s)d3 = “ aaa sO ee | = } (2) dz for rl — + OO 
x0 <q : an 


and any zo and zx belonging to the closed interval [0. 1]. On the 
other hand. there are cases when a nonuniformly convergent sequence 
ot integrable functious /, (x) converges to ifs limit in such a way 


that = lim ' /, (2) dz = l f(z) ds. For example, we have, for 


) ae ‘. 
Va 


uw —> —oo, ie relation 


f,, (x) = Anzte-us' + f(z) = 0, —0o <x < +00 
but 
l 


e Lie. 
Anxte-"™ dr—1—e" 


v) 


3. Passage to Limit Under the Sign of Differentiation and Term. 
wise DiltYerenliation of a Series. If 


O-dr=—0 as n->+ |; & 


lim fi, (2) = { lim fy (x)} (8.45) 
or | | 
ge , "Ee 

es tty (x)| = be 1}, (x) (8.49) 
ie | k= 


we say, accordingly. that il is permissible to pass to the limit under 


ae 
the differentiation sign or thal the series >) uy, (z) can he differentiated 
a 
lerm-hu-dercm, 

Relations (8.45) and (8.49) are equivalent: in the same sense as 
relations (8.38,) aud (8.36,)- 

Formula (8.49) can be regarded as a generalization of the rule 
for ditferentiating a sum fo the ease of an infinite mumber of sum- 
mands. 

lt turns out that the condition of existence of the derivatives 
and convergence of the corresponding sequences antl serses is) not 
sufficient for relations (8.48) and (8.49) to be valid and that) some 
additional requirements should be imposed to guarantee the vali- 
qity. Sufficient conditions of this kind are given by 


Theorems Ste CN) Tf a sequence of continuously differentiable 
fuuctions® {f, (z)} converges toa f (x) on la, bl. fe. 


fn (vr) ~ f(r). or Ela. hl (8.50) 


* N fametian # (ors said te be continnousls dilterentiable iit is dittorenutiabl, 
and oats derivative is oa continnons finetian 
oye 


4 
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and the sequence {f}, (xz)} of their derivatives is uniformly convergent 
to a function qg (x) on [a, bl, i.e. 
fi (z), fe (x), .- ., fn @), ~~. SD qx) on fa, b] (8.51) 
the function f (x) is also differentiable on la, b] and 
(2) = lz) = lim fe (2) (8.52) 


lence, under these conditions, it is permissible to pass to the limit 
under the differentiation sign. 
(B) If @ series 
-+-ao 


S (2) = >) us (z) (5.93) 

with continuously differentiable terms converges on |a, b] and the series 
-|- co 

o (x)= & ug (2) (5.5%) 
h=1 


whose terms are the derivatives of u, (x), k = 1, 2, ..., converges 
uniformly on [a, b] the sum S (2) of the former series is differentiable 
on the interval |a, b] and the equality 


SS 


S" (x) =9¢ (x) = 2 Un (z) (8.95) 


is fulfilled at each point of the interval. Thus, under the above 
assumptions, series (8.53) can be differentiated lermwise. 


Proof. (A) By the hypothesis, the derivatives fi, (z) being conti- 
nuous functions and the convergence being uniform on [a, bd] 
(f;, (z) == @ (x)), we conclude. on the basis of Theorem 8.2, that 


a df (z) dz = j @ (z) dz (8.56) 


lim [fn (z)—Jn (zo) = | (2) de (8.57) 
TR—>-}-00 <9 


Passing to the limit in the left-hand side of equality (8.57) we 
obtain 


f (2) —f (Zo) = \ p (z) d 


Be 


and consequently 


f(z) =f (ao) + | (2) a (8.58) 
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Hence we see that the function f (x) is differentiable because it is 
x $ 


equal to the sum of the constant f (z») and the integral { q@ (z) dz 


x4 
which are differentiable functions. Now differentiating both sides 
of equality (8.58) with respect to x we receive 


f(z) = p @) = lim fA &) 
. . 
(B) Putting 5S, (z) i u, (x) we can write, by the hypothesis, 
=1 


S, (z)— S (x) on la, bd} 
and 
S;, (x) 3 a (x) on fa, bd 


TR 


NY 


and the function S, (x) = 3, up (z) is continuous on fa, b] for 


=I 
every rn = 1.2, ... . Consequently, by (A). S (z) is a differentiable 
function on the interval [a, 6) and the relation 

+-0o 


S' (z) = 0(2) = Sui (2) 


holds everywhere on [a, 6], which is what we set out to prove. 
If a sequence of derivatives converges nonuniformly equality (8.52) 
is not necessarily fulfilled. For instance. we have 


In (x) _ = Ln (rz “i: V2.2 — 1) _- > 


—+ f{(z)=0 for n+ 4-0, —wcr<+oo 


but at the same time 


‘ ; : i 

a In 0) Basra ( V n2zx2 -{- { 

4. Term-by-Term Passage to Limit in Functional Sequences and 

Series. Generally speaking, the well known theorem on a limit 

of a sum is not true if the number of summands is infinite. Thus, 

for instance, every term entering into the series on the right-hand 
side of the equality 


LF (0) --0 


-++oo 
2d (—1)Atl Bay A Ytx 
n ke i 
kh=1 
(proved in § 2, Sec. 5 of Chapter 11) and the sum of this series tend 
lu a finite limit as zr + 1 — UO. But if we formally apply the theorem 
ou a limit of a sum to the above series for z—~+ 1 — 0 we arrive 
at an absurd equality / = U. 


’ —laor<tl, (sé 0 


22* 
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But the theorem ona limit of a sum can be extended to the case 
of an infinite number of summands if some additional restrictions 
are imposed. Namely, we have 


Theorem 8.4. (A) Let a functional series 


—w 


S (x)= % in (2) — Uy (X) Hg (zr) -b oe ban (1) f-... (8.59) 


{-= 


converge uniformly ina neighbourhood of a@ point x9 and let 


lim wv, (z) = ec, for k = 1, 2, ... (S.60) 
Vern 
a» 
’ F 7 ‘ 
Then the number series ™ cy, is convergent and 
k=} 
—- es aie 
e YY ’ 
lim “ux (z)= > ch (3.61) 
X-org ht k= 1 


which means that in a uniformly convergent series it is permissible 
tao perform a term-by-lerm passage to the limit. 

(13) ff a functional sequence f,; (x), fo(x). .-.-, fn (x), .-. is 
uniformly convergent in a neighbourhood of @ point xy and for every 2 
there exisis a finite limit 


lim fy (t) = An 


i> XU 
the numerical sequence A, ale... ., ty, -.- ts also convergent and 
lim lim f, (z) = Hm lim f, (2) 
Veery 1 oe 30 N—-+>-|-20 N-+Xy 


Proof. Let an arbitrary © “> 0 be given. Series (8.59) being uni- 
formly convergent in a netghbourhood of zg. there is WV (e) such 
that for all a o> NV (e) and all p 2-0 the inequality 


lings (2) f 2. buys, (2) |e (8.62) 
holds for all x belonging to the neighbourhood. Passing to the limit 
in inequality (8.62). as r—~ 2%, we obtain the tnequality 

IG, 4 a -{- Cn+p | <S € (8.63) 


Which is valid for all a 2> LV (e) and all p DO. Conseqnentiy the 


NS 


° : —y A oe a ‘ * re 
series ¥  c, is convergent. Now. making the index p in (8.62) and 


feo 


(8.03) tend to imlnity we derive the inequalities 


a no 
PS alee |S miler (8.6% 
ray i Ahooonte' 
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which are fulfilled for all 2 => N (e) and for all < belonging to the 
chosen neighbourhood of zg. Let us fix an arhitrary nr => A (€) and 
take 6 = 6 (e) such that the condition 


7 nN 
| Nun (ay— Yenl<e for 0<]x—2x9] <6 (%) (3.055) 
k= | k==1 


holds. Then, for O< |[x—2|<c 6(e), we have. by virtue 
of (8.64) and (8.65), the relation 


+ 90 — 20 TR n 
1 7 - ’ “4 
| > Wy, (x) — > Ch | < | > iy (XY) — >. cp | + 
k= = ha h=1 
-1- oo ozs 
~ | = Un (x) |- > cy | Ke s-es-e = Je (5.66) 
=n eave -- 


and hence part (A) of the theorem has been proved. 
(3) This part of the theorem follows from (A) if we take the 
series 


f, (z) + If. (z) — f; (2) +... ey (eo) — fay (x) +. 


whose partial sums form the sequence f, (z), fo (7), ~~, fa (x)... 
all the conditions of part (A) being fulfilled for this series. 


§ 3. POWER SERIES 


A funetional series of the form 
S Crna" -— Co -— e,a+ Cox” +- eee + "oe ll ~ eo ° « (S.67) 


or of the form 
~{ - 
2 cn (7 — 2)" = Cg -: Cy (L£— Tq) 7-02 (f— WM)? .. 
web Cn (Z— IT)” |... (5.68) 


where the coefficients C9, ¢;; ---) Cn,» -.. are constant numbers 
is called a power series. A simple change of variable of the form 
x’ = x -- xp reduces series (8.68) tu (8.67). Therefore in what follows 
we shall restrict ourselves to the series of fornt (8.67). The method 
of representing a function in the form of a power series or, in other 
words. erpaiding a function aide @ power series, is widely applied 
both in theoretical studies and in approximate caleulations. Uhese 
applications will be disenssed in more detail in 8 o. There we are 
gorng lO investigate the basie properties of power series. 


{. Interval of Convergence of Power Series. Radius of Convergence, 
We shall fiest investigate the structure of the donmuin of convergence 
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of a power series. In contrast to general series whose domain of 
convergence can he arbitrary sets of any complex structure, the 
+ OO 


al "erge : ie | is aly an i " 
domain of convergence of a power series c,x" is always an interval 


k=) 
of the z-axis which can be a closed interval, a half-closed (half-open- 
ed) interval or an open interval. This interval may also degenerate 
into a single point (z = 0) or coincide with the whole z-axis. Every 


power series >’ c,x* converges at the point z = 0 since at this 


ad 


k=—1 
point it turns into a numerical series of the form 


Cote, O +ec,0+...+¢,-07... = 9 


There are power series which converge only at the point z = 0. 
ae 
For instance, the series , n!z"* is of this kind. Actually, for any 


m=0 
z=+-0 we have 


, (a+ 1)! [az [rr 
rs a 


= lim (n-j-1)|z]= + oc 
Ti~»-- 00 


and consequently, by the well known D’Alembert's** test, the series 
+uc 


>, wiz" is divergent for x 0. There are also power series con- 


n= 0) 
-+-oo 
° P rm 
vergent on the whole z-axis, for example, the series >, —- whose 
n=0 | 


couvergence can be easily established for any z, with the help of 
D'Alembert’s test. Now Ict us take an example of a power series 
with a domain of convergence which neither coincides with the 
entire z-axis nor degenerates into the point z =Q. Such is the 
series 1 -+-zx +247 + ...+4+27"+4+... (a geometric serics) whose 
terms form a geometric progression with common ratio z. Asis known, 
this series converges for | x | << 1 and diverges for | z | 21. Thus, 
its domain of convergence is the finite (open) interval —1 << r<l 
with centre at the point z = 0. The following theorem indicates 
that the above result is a special case of a general property of power 
Series. 


Theorem 8.5. If the domain of convergence of a power series 
ao 


c,x" neither degenerates into the point x = 0 nor coincides with 


r 
| 
o 


* We remind the reader that, by definition, Of = 1. 
** D'Alembert, Jean le Rond (1717-1783), a French philosopher and mathe- 


Mmaticion 
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the entire x-azis there isa finite open interval (—R, R), O< R << +00 
{termed the interval of convergence of the power series) 
such that the series is absolutely convergent at each interior point of the 
interval and divergent at every point lying outside the closed interval 
{—R, R).* 

The proof of the theorem is based on the following 


00 
Lemma. If a power series >) cxx® converges for r=a-~0 it 
k— 
converges absolutely for every x satisfying the condition |z|<|qe|. 


oD 


Proof of the lemma. The series >, cya" being convergent, it 
h=0 

follows that c,a"—»+0O as k—-+ oo. Therefore there exists A= 

= const < + oo such that |cpa"|<A for all k=0,1, 2, .... Now 


let [x(/<(ja|. If we put q= tat re obviously have O<q<c1 and 


<< ag for all k=O, 1, 2,.... But the 


hence lcna* | — | cr." | - 
+2 
series ‘. Ag™ converges aS a geometric series with the modulus of 


Cell 
ana 


its common ratio less than unity and consequently, according to 


the comparison test (e.g. see {8}, Chapter 13, § 2), the a 
-{ oo 


2 |cyxx"| is also convergent. This means that the series 3 cpx* 
=0 


k= 
i: absolutely convergent for the given z and the lermma has thus 
been proved. 
+-s0 
° ° ° , ~ 
The lemma implies that if a power series ) cae” converyes 


k=0 
for a valne r=a=s£0 it converges absolutely on the interval 
-[-v0 
; ° : \) ho 
—l|al|<ix<Ja|. In particular, if the series », cyx* is convergent 
h=0 


on the whole z-axis it is absolutely convergent there. 


Proof of Theorem 8.5. Let us pul A = sup |[zx’] where 2’ runs 
through the set of all the points of convergence of the series. We 
obviously have R <Q +oo because, if contrary, there would exist 
points uf convergence zx’ with arbitrarily large moduli | zx’ | and 
hence the series would be absolutely convergent throughout the 


" As will be shown later, if (—R, A) is the interval of convergence of 
-++-99 
a power scries 2 cpx® the domain of convergence of the series may be the open 


interval hoi ry or the closed interval [—#, J?] or one of the two half-open 
intervals (—R. RR] and [—R. 
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z-axis (by the above lemma). which contradicts the conditions of the 
theorem. The definition of the number A suggests that the series 
diverges for | z | o> A. Let us prove that it converges absolutely for 
lz [<< R&R. Take an arbitrary z with | z |< #. By the definition 
of the least upper bound of a set of numbers, there is a point of 
convergence x2 such that | z |< | 2’ |< &. But then the lemma 
indicates that the series is absolutely convergent for this value of z. 
The theorem has been proved. 

The behaviour of a power series at an end point of its interval 
of couvergence is specitied by the individual peculiarities of the 
series. For instance, the series 


feat wt—... ct rts. (a) 

Q rs rn 
bese ee et, eo°8 +(—1)"—-4. 2 8 (}) 

a 3 n 
re rm ; ule . 
( a lee mo aie Seen Re tee coral ae ee (c) 

and 
er <2 co Ra 

Dat ae ae ee ee ee (dl) 


have the common interval of convergence —1 <2 <0 1. Series (a) 
IS a gcomelric series whose interval of convergence —I < xz < 1 
has already been discussed and series (b), (c) and (dl) are easily 
investigated by applying D’Alembert's test. Series (b) ((c)) converges, 
by Leibniz’ test. at the end point z = 1 (2 = —1) of the interval 
and diverges at the other end point because it turns into the harmonic 
series for xz = 1 (c= —1). Series (d) is convergent (by Cauchy's 
integral test) at cither end point of the interval of convergence. 


« ‘i v 
Thus, if the domain of convergence of a power series ca 


is nol either the single point x = 0 or the whole z-axis there exists 
a uniquely specified namber 2, << R << -+ 00, such that the domain 
Of convergence of the power series is one of the four intervals 
(—R. RY ( RORY - RR) and [—R. RI). The number # is referred 


to as the radius of convergence of the power series. 


If a power series is convergent only for 2 -- 0 we put, by delini- 
tion, A= O and if it converges threnehout the waxis we write 
Ri -- =-00. This convention makes tl pessible to apply the notion 


of radias of convergence lo all power series. Ao power series and. 
conseqiontiv. its radius of convergence are completely specitied 
by the sequence of its coefficients cp. Cy... 65 Cae) - Pheconctud- 
iny theorems of this section provide some methods for nding the 
radius of convergence of a power series from its coeflicients. 
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Theovem 8.6,. If there exists a limit 


lim 1241137) 7 >a 


Ti—> -— Oc | Cn | 


(nite or inhnite) the radius of convergence of the series 
—x 

- I : ] ‘ ‘ 
D>: ena" is equal to R= —-- (ihe expression —- is understood as being 
hw i 


equal to zero for l= + 00 and as being equal to +oo if l At} 


Proof. Applying D’Alembert’s test* to the series we tind that 


=] 
=|z|- lim tense 


M—+-- 530 | Cn | 


lim = [2z|-l 


Tl-9-+ 2% 


ly 2 =: O we have | z [-2 = 0 and hence the series converges absolu- 
lely for any z in this case, i.e. R == -+-o0o. If 1 = +00 and 2 <0 
we have [2 |- = -—-00 and thus the series diverges for any z 4 0, 
1e. AR = Q. Finally, if O << 1 < =: o© the series diverges in the case 
[la | > 1 and converges absolutely in the case /[z2 |< 1) and 


cousequently & Re The theorem has been proved. 


The following theorent is proved after a manner of Theorem 8.6, 
by applying Cauchy's root test. 


Theoren 8.6... Tf there is a limit 


lim /Yleal=4, l>o 
N-—w-y 90 


by t 
™ Chi 


(faite or tintinite) the radius of convergence of the series 
h=v 


: 1 : ( 
is equal ta K aa ( where the expression —; ls again undersivud ax 


being equal to sero for l= -|-co and as being equal lo -- ow for 
10). 

Theorems 8.6, and 5.6, only apply when there is a limit (inite 
or intinitle) lim nes or lim yo fe, |. The follewing theo- 


Pyar - 80 ii tee ow 


rem vields a more general result applicable to any power series. 


* Whee tf Momberts lest is applied to a series which is not positive ane 
must take the absolute valnes of its terms. The same refers to Cauchy < rent 
best sed for oravinea Thearem & 6 
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Theorem 8.6, (the Cauchy-Hadamarad* Theorem). The 
--co 


radius of convergence of an arbitrary power series \\ c,z" is equal to 
R=— where l= lim )’Jen| (S.69) 

é N+} 00 
uhere the expression 7 is put equal to sero in the case l= =o 


and to +o in the case 1=—O. 


Nole. The symbol lim v lenl denotes the limit superior of 


N—»-+-co 
the sequence of nonnegative numbers |cq|, V |¢c2|, Y les |, ees 
phe ag Y len, .... If the sequence is unbounded we put, by delini- 


tion, lim )“|[¢e,|/= + oo. In case it is bounded the limit superior 
N=-»--o 


lim [cn] is equal to the maximum of the abscissas of the limit 


points of the sequence. 

Proof of Theorem S.63. Only the following three cases are pos- 
sible here: (1) O<cl<+oo, (2) 1=0 and (3) l= +00. We shall 
separately consider each case. 


(1) Let O<mil<-+ co. We shall prove that R=— which is 
+90 

equivalent to the following two assertions: (a) the series >. Cra" 
k= 


converges for cvery z, satisfying the condition Inl<t and = (b) 
the series is divergent for any zz such that | z, | >. 

(a) Let | x, jx , ie. l|z;|<<1. Then, given a sufficiently sinall 
e>>!l, we have (/4-e)/2,;/=q<c1. The quantity /= lim 7 [en| 


m— Loo 
being equal to the maximum abscissa of the limit points of the 
sequence (~[en|}, the inequality 7/|/cen]<cl+e holds beginning 
with a sufficiently large n. Consequently, for all such x we have 


Y leallul<U+eiaf=y<t, ie. fen|fai <9" 
Therefore, by the comparison test, taking into account that the 


f-n0 
geometric series >) g” is convergent, we conclude that the serics 
=C 
+00 " +>.0 
. 1 ‘ ‘ ‘y 
by len | lr, |” converges which means that the series >» Cn2zt 
n=( n= 


converges absolutely. 


* | Pacdattvsarsd. Jarmms Satomon (1865-1963), a noted French mathematician. 
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(b) Let | 22|>-, i.e. 2] 2z.[>>1. Then for a sufficiently small 


e, O<e<il. we can write (/—e)|x.]>1. The quantity /= 
== lim vy’ [en | being the (maximum) abscissa of a limiting point 


of the sequence {7“[en|}, there is an infinite sequence of indices 
rep . 
my <Ongx 1... <om<t... such = that y Cn, > (—e, that is 


rp — ny, 
cn, || 22 [> (l—e) | 22 |> 1 and len, |] ze! >1. Thus, the 
necessary condition for convergence of a series (requiring that 
the general term of a convergent series should tend to zero) is 
~+- 00 
violated for the series >! c,z® and hence it diverges. 
k=0 
(2) Let 2-0. We shall show that in this case AR = + oo which 
+900 


is equivalent to the assertion that the series >) c,2* 


Is convergent 


k=0 
for all zt, —oo<xa<+oo. Take a value 2,0. Since 1=O= 
= lim | Cn| we have, beginning with a sufficiently large n, the 


Tl—+-—90 
inequality Y Teal <p which shows that for all such n we 
can write Teal ite oe and |cen| | zo{" or: Therefore, by vir- 


tue of the comparison test, the series >) |c,{|zo|" converges and 
Tie ‘) 


-|-00 
thus the series >) CnX_ is absolutely convergent. 


n—0 ——, 
(3) Let = +00, i.e. let the number sequence WATE be 
unbounded. We shal! prove that in this case R—Q which means 
-}-00 
that the series >) c,a” diverges for any x90. Suppose that the 
| n=0 
ees 
series Cnz, is convergent for a value x0. Then, by the above 
TL = 
mentioned necessary condition for convergence of a series, we have 
cnx? —0 as n+-+oo and, consequently, there is a number 4, 
1<A<+o0, such that [e,zj|<c(A for all n=O, 1, 2, ...- 
Vherefore the inequality | Cnilal<wWA<A holds for all 
n=0Q0, I, 2, ... and hence fa enl< which contradicts the 
| = 170 
hypothesis that the sequence {j/ |en{} is unbounded. The proof of 
Lhe theorem has thus been completed. 


Note. The Cauchy-Hadamard theorem provides an approach 
(other than the one applied in See. 3) fo proving the pnesihility 
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of term-by-term differentiation and integration of a power series 
becanse, on the basis of formula (8.69), it can be easily verified that 
the series obtained from a given power series by integration or 
differentiation has the same radius of convergence as the original 
series. 


2. On Unilorm Convergence of a Power Series and Continuity 
of Its Sum. We have established that every power series is abso- 
lutely convergent at the interior points of its futerval of convergence. 
We now proceed to investigate the properties of the power series 
concerning their uniform convergence. 

These properties are deseribed hy the following 

bos 
Theovem S87. Every power series a cx" converges uniformly 
kh =f 
on each closed subinterval strictly contained within its interval of con- 
verzence. 


Proof. Let —R <@ Sz fi < R where (—A, AR) is the interval 
of convergence. We shall prove that the series is uniformly conver- 
gent on the closed interval [a, Bl. Take a value zy > max (| & |. {B]). 
Xo € (—H. RR). Then we have the relation | 2 |< J xr | for all ze€ 
Ela. Bl. This implies the inequality |[e¢,2" |< |ec,rq J. But the 


AQ 
nunmtber series \ ¢,2" is convergent and consequently, by Weier- 
mf) 
-++ 00 +0 
4 < » * 7 . 
xtrass’ test, the series “oc,z* and “ [e¢,2”" | converge uniformly 
ro m= 


on the interval [a, BJ. The theorem has been proved. 
Nole. A power series inay not be uniformly convergent on the 
entire interval of convergence. For example, the Series 


— | i; _ 7" eee ae - 2a 


converges nonuniformly en its interval of convergence —1 << z< ! 
because the modulus of the difference between its sum and its 


] 
th partial sun a 1—x—27*>—...— 2x" can be made, 
A 
for anv fixed 2, to be arbitrarily large as 2—> 1 — QO, and counse- 


quently, the absolute value of the difference cannot remain smatler 
(hana finite number & > 0 for all 2 belonging to the interval — 1 << 
A as 

Qn the other hand. the following theorem takes place: 


t or 
Theavent Sa, Jf @ power series S 2 converges at the end 
k.Q 
point a= RR of its interval of convergence (—R. 2) it is uniformly 


, ° ‘ é a? < a sit - Son bd .yeyes I a 2 
re ee Oe OC ue afi aise oY as cans 0 | \ 42 \ 
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Proof. We shall show that under the assumption of the theorem 
the condition of Cauchy's test for uniform convergence is fultitled 
on the closed interval (0. AI. This will imply the uniform conver- 
gence of the series on ([O, /21. 

Let us introduce the notation 

Si. aon Cyaget = te eee Te Cyight  "s p= 1, 2, 


We obviously have 
Ue 2 oo 
Cnt ft _— Sn, i 


(4) 


tc ’ 7 + — —— 
Cytoht To = iis ) ae Sn. Py se ey Crtplt r= Dis pp es pP-! 
“rn 


° - \ e 
Let there be given ¢ =O. The number series ¥ ¢,/" being con- 
A at? 
vergent (by the hypothesis), Cauchy’s test for a convergeut number 
series Suggests thal there is MV (&) such that we have 


1Sn.,]<¢ for all A = 0, 1, 2, 3, ... (B) 
when 72> .V (e). Taking into account that (=)"""< (=) ee ae 


: — for O< rR and making use of (a) and (Bp) we 


<< (= 


obtain 


~ ee oe EY cae ae { Cage 8 | = 


raat hefseil ay ay 


, . I n- pr—it T 1a-1-99 o 
On, rm | (= ] (= ae 


ra | (+ —_ e yr Saal (EPO = (GY + 


xr \rtpol r\n+tp ry \inel-p 
oe [Sue pad] (5) (FS) [sal (Sy < 


F as 
=] 4 
wee” 
= 
3 
Se 
i 
{ 
Sf 
ime 


<a EY aE 
‘° n-bye ' ( es \"~ = 7 ny mE 


lor all w t> N (e), all p = 14. 2.2... and simultancously for all 
x belonging to the interval O<z ZR, which is what we set out 


lo prove. 
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Note 1, We have a Similar situation in case a series of the form 

pM 
U ‘ ; 4 
 e,z‘ converges at the left end point of its interval of convergence 
k=0 
(—/t, R) or at both end points: in the former case the Series is uni- 
formly convergent on [—/?2. 0) and in the latter it uniformly con- 
verges on [—A. R]. 
-- -9 
Note 2. If a power series > c,z* diverges at the end point <£ == 
R= 0 
of its interval of convergence (—f, 7?) itcannot be uniformly con- 
vergent on the interval Ol 2z2< AR. For. assuming the contrary, 
we would conclude, on the basis of the theorem on passing to limit 
+ 09 
in a uniformly convergent series, that the series ¥ Cpu’ converges 
k—O 

at the end point z= R as well, which contradicts the original con- 
dition. 

The theorem below is a consequence of the theorems on uniform 
convergence of a power Series and of the fact that the terms of a power 
series are continuous functions. 


Theorem S.S.. The sum of @ power series 


-}+0o 
S (z) = Py) Chae (8.70) 


is continuous at every interior point of its interval of convergence.* 
Proof, fa point x lies in the interior of the interval of convergence 
(— #, 22) of series (8.70) the point can be embedded in a closed 


Fie, 8.4 —-F a @ zp R Zz 


ee es s ee a 


interval lan BL —R<oe <P < AR, strictly contained within: the 
inferval of convergenee (Fig. 8.4). Series (8.70) converging uniformly 
on the interval (a, BJ, its sum is a continuous function on this 
interval because the terms of the series are continuous on [¢, Bl. 
IIence, the sum S (z) is continuous at the point z € la, Bl. The 
theorem has been proved. 

Note. If series (8.70) converges at an end point of its interval of 
convergence (--/%, #2) its sum is continuous at the end point. Tliis 
follows from the uniform couvergence of series (8.70) on the corres- 


ponding closed interval of the form [—#, 0] or [0, 22] (see Theo- 
rem 8.7,). 


* Here and heneeforward we assume that the interval of convergence of 
series (8.70) does not degenerate into the point xz = J. 
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3. Differentiation and Integration of Power Series. 


Theorem 8.9. Power series (8.70) admits term-by-term diffcren- 
tiation at the interior points of its interval of convergence, that is its 
sum S (x) is differentiable, the relation 

S’ (z)= ™ hepato! (8.71) 
h=1 
holds for each x € (—R, R) and differentiated series (8.71) has the 
same interval of convergence. 


Proof. Let R and 7?’ designate, respectively, the radii of conver- 
gence of series (8.70) and (8.71). Let us first prove that /?° = &. 


If « € (—R’, R’) the series Sk | cy, || z |*-! is convergent and 


therefore the series k |e, ||z \* is convergent as well. Con- 


Wo 


hk 
+00 
a) 


sequently, by the comparison test, the series b lc, {| az |* also 


converges and hence x € (—#, &). Therefore f’ < R. Furthermore, 
ifz €(—A, AR) we can choose x € (—A, AR) such that the inequality 


[zo] >> Ja] (zo %O0) is fulfilled. The series >. ¢,2'  eonver- 


k=() 
ging, we have c,z!—+ 0 as k-+ -}.00. Henee, there is a constant 
At>O such that [c,78 |< A for all A =Q. 1, 2, .... Tis 
enahles us to estimate the terms of series (8.71) as follows: 
{ x Ie— } | z Ie = { ._- 
Kena) | = >|, 2* | ©} — —— i | — S72? 
| Aen x | Ew fe | cx r | z zo] ¥ Fa ( ) 
ao 

q P 9 ‘ 4 A | =z Jk —-1 
For |zj<{ Zo], i-e. Ja |<t. the series > ke conver- 


Tal "| 20 | 
ges, Which can be easily established on the basis of )—’Alembert's 
test. Indeed, for k—+-:!- co we have 


A , htt A Roof, 0 
Ey ee = (13 z) 


" | xo | 
Now applying the comparison test we conclude, by relatian (8.72), 
that series (8.71) also converges Jor the given z, i.e. x € (--£', FR’). 
Consequently, A < &’. This result (together with the above inequa- 
lity R’ <A) implies that HR’ = RK. 

Now we can make use of the fact that series (8.70) and (8.71) with 
continuous terms are uniformly convergent on every closed subinter- 
val strictly contained in the interior of their common interval of 
convergence (— FR, 2), which indicates that the condilions of Theo- 


of 


Z9 


wo 


ae 
ro 


ed!) 


<i 
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rem 8.3 on termwise differentiation of a functional series are fulfilled 
whence it follows that Theorem 8.9 is true. 
“f+ 00 
Corollary, The sum of a power series S (x)= », cna" possesses 


the derivatives of all orders and 


SU (x) - \ A (k--1)... (A—u —h)cpa*", ned, 2, 2... (8.73) 


fe ee 
fsesides, the radius of convergence of series (8.73) coincides with 
~- DW 
° A . a | 
that of series S (7) — ~ Char’. 
k=0 
The proof of the corollary is based on Theorem 3.9 which is con- 
secutively apphed to differentiated series (8.71), then to the series 
thus obtained and so. on. 
Theorem S10. [lis permissible lo integrate @ power sertes 


S (2) = 2 Cha" (8.70) 


fermivise between any limits of integration lying within its interval 
of convergence. In particular, we have the relation 


= ie ah | ; peg 
Oo (s)s- > or x€ ( - f, ft) (S.44) 
v =O 


Residus. the radii of convergence of the integrated series and series (8.70) 
coilcide. 


Proof. Vhe terms of series (8.70) are continuous functions and 
hence the series can be integrated term-by-term on every interval 
of uniform convergence, Given an arbitrary point 2 € (—-#. fg). 
we aun embed il ina closed interval la. Sl strictly contained in the 
interval (—#?t, A). Furthermore, such an interval (a, 6) can always 
be constructed so that it should contain the ortgin of coordinates, 
Llence, sertes (8.70) can in fact be integrated termwise. Jn particular. 
integrating series (8.70) from UO to 2 on the corresponding interval 
of type l(a. fi} < (—A. R) we derive equality (8.74) and hence the 
proof has been completed. 


Note. If series (8.70) converges at an end point of its interval 
of convergence (—/t. R) the limit of integration 2 in equality (8.74) 
can be made to coincide with that end potnt because th this) case 
series (S.70) is uniformly convergent on the corresponding closed 
tnterval [ 22. O] or tO, 2]. 


A. Avithmetical Operations on Power Series. Let ous first) study 
the operations of addition. subtraction and multiplication. Consider 
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two series 
/ (.r) a ay v2 Q,t -- ox — eee mage a,x" -*- ecsvo=— . Anx" (x) 


and 


oe te ; Ul 
L£ (x) =-- by ae Dix ari box? = ee 2 Ont see > bgt (B) 
n=0 
whose radii of convergence are, respectively, equal to RB, >>0 and 


Ry O. Then 


f(t) eg (a)-- S (ant bn) a" for [af{<min(a, Ry) (y) 


2w=0 


tnd 
+0 


[lod ze(a= > (Qg90n =-Ay0n-1-- t+: Aub) x” for |x| << min (La, Ley) (8) 

Relation (7) is an apparent consequence of the corresponding 
theorem on addition and subtraction of number Series (e.g. see [S$], 
Chapter 13. § 4). Relation (6) follows from the theorem on multi- 
plication of absolutely convetgent mumber_ series (e.g. see [8]. 
Chapter 13. § 4) since both series (2) and (fs) are absolutely conver- 
gent for | a2 |< min (2,, &,). 

Finally, let us consider the operation of division. If #, >. t 
Ry => U and by #U we can write, for sufficiently small values 
of | x ], a power series expansion of the quotient of series (a) and (fi): 


bay; dyw — bor BE es Oy:r” “ eo«-< 


S09 01 C32 Sn Cnr 

The coefficients cg, ¢;, ---. Cr, --. of the expansion can be successi. 
vely found by means of Lhe ceeurrence formulas which are obtainec 
if wo perform the multiplication of the power series on the right-hanc 
side of the identity 


dg -|- Qr -- Qo +... = 


and compare the coefhicients in like powers of z on the left-hanc 

9 
and right-hand sides of the resulting relation. The series \) ¢,2' 

Die 
can also be obtained by dividing the sericS @g -j- ax '- aot? -- 
py the series by 7 be !- box® -j- ... according to the same rule 
as those eeatbis in dividing polynomials arranged in ascendim 
powers of the variable. We shall not present here the proofs of thes 
HSSOrl Ons. 
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$4. EXPANDING FUNCTIONS IN POWER. SEhREES 
We say that a function f (z) can be expanded in a power scries 


‘XN 

». 0,2" on an interval (—r,r) if the series is convergent on the 
kot 
interval and its sum is equal to f (xz). i.e. 


——_ 


fay= © excl (5.09) 
k=) 
on the interval (—r, r).* We suppose. of course. that the interval 
(—r, r) does not degenerate into a point. We have already discussed 
the importance of expansions of functions in power series and Junc- 
{tonal series of other types (see the beginning of the present chapter). 
At the end of § 4 we shall present some characterislc examples of 
applications of power series expausions for real values of the vari- 
able x. [In § 5 we shall consider some basic properties of power series 
in a Complex vartable. 
f. Key Theorems on Expanding Functions in Power Series. Expand- 
ing Mlementary Functions. First of all we prove that a function f/ (zx) 
cannot have two different expansions of form (6.73): 


Theorem S,t1. power series 
f(z) = © cne* (S.76) 


convergent on oan Uelercal (—-M. ) Qehich dues nol depenerate atto 

a potnt) is Taylor's** series for ils sum f(r). that is the one 

hase curffiecents are determined by Taylor's forwuenle 

fly (")) : \_ == 

wy» Is -—, 1, 2. 5: es (S.4 70) 

Hence the coefficients of power series (8.76) are uniquely specified ty 
tis sur. 

Proof. To prove the theorem we can make use of the corollary 
of the theorem on termwise differentiation of a power series. It follows 
that the sum f (z) of series (8.75) is infinitely differentiable and the 
equahty 


+o 
{Oo (ry)= Y kA 1)... (Rn: 1) a a nm=!1, 2, 2...  (S.48) 
Ron 
* ON function f (2) whieh can be expanded ina power serivs on an iuailerval 


(—r. r) is said to he an analstic function of the variable z on that intervat. 
#* Tayler, Brook (1685-1731), an Eniylish tmathematician, 
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takes place. Putting xz =O in (8.78) we obtain 


j@™ (0) = nie, 
and, consequently, 
| 


jo (()) 
ni 


which is what we sel out to prove. Thus, if a function / (z) can be 
expanded into a power series convergent to the function this series 
is Taylor’s serics for the function. 

Now it appears natural to pose the question whether the converse 
assertion is true. The problem can be stated as follows. Suppose 
a function f (z) is infinitely differentiable on an interval (—f, 2?) 
where /i 4 0. We can formally construct the Taylor series for this 
function: 

F* (QO) 


(0). rs = a ee (5.79) 


Now, does series (8.79) converge on the interval (—f, @) and will 
its sum be equal lo the function f (z) in case it does? It turns out 
that in the general case the answer to the question is negative whicle 
can he confirmed by the example of the function 


= — for «=40 
fayes ~ (8.80) 
0) for x=0 


In fact, it can be easily verified that the function is infinitely diffe- 
rentiahle throughout the z-axis and that al the origin we have 


AO) =f O) =... = 7 (0) =f (0) = 22. =O (8.81) 


Consequently, all the coefficients of the Taylor series of the function 
are equal to zero. Thus, the Taylor series converges cn the entire 
z-axis and its sum is identically equal fo vero whereas the funetion 
fakes on a zero value only at the origin. 


Theorem S.f'2. A function f (x) can be expanded in a power 
series iS c,z" on an interval (—R, R) if and only if the function { (zx) 
sissies: thie derivatives of all orders on the interval and H,. the 
reniaiuder after nuterms Ry, in Taylor's formula, 

fir) -f(0)2- f' (Dx... 4 yn) r'-= RB, (5.82) 


ni 


tends ta zero for every fived 2 E(—R, A) as Nn -+ oo. 


- &Y 


: : ’ ) 
Proof. Ifa funetion f (x) can be expanded ina power series Gas 


-4) 
onati interval (-- R, #2) it follows from the corollary of Theoram & 4 


234 
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Uhat f (2) has the derivalives of all orders and hence, by Theorem 8.11, 


the equality f (7) = “ c,z" can be rewritten in the form 
“(0 fled (OD ei 
f(y =sOtoe+... 4M e... (8.83) 


Equality (8.83) suggests that the difference between the sum f (z) 
and the mth partial sum of series (8.83) tends to zero, as m — --0o, 
forall< €(- A, f). The difference being, by definition, the remaind- 
er R, of Taylor's formula. the necessity has thus been proved. 

Conversely, if f (z) possesses the derivatives of all orders on the 
interval (—f#, AR) and if #,, (the remainder in Taylor’s formula (8.82)) 
tends to zero as N-» -too for every xz €(—f, R), we have 

A Cred (4d) 
f(z) —[400) - OP 2+... +2 Pr] |—o 


R 


for m-» --oo and each z € (—&#. &). Cousequently, sertes (8.83) 
converges on the interval (—#, 2) and its suin is equal to f (2), 
Which is what we sel oul to prove. 

The following theorem yields some convenient sufficient conditions 
for a function to have a power Series expansion. 


Theovent S.13. Tf a function f (x) has the derivatives of all orders 
onan interval (| —R. R) and if there exists a positive constant M such 
that 


(f™ (2) | <M for n =0, 1, 2, ... and all x €(—R, R)~ (8.84) 


that is if the family of the derivatives of all orders is uniformly bounded 
an the interval ( -R. R). the function f (1) can be expanded into 
a power series on (—R, R). 


Prooj. The derivatives of all orders existing for the function F (zr) 
on the interval ( --&, 2), we can formally construct its Taylor series. 
Let us prove that the series converges to f (z). According to Theo- 
rem 8.12. for this purpose it is sufficient to show that the remainder 
in Taylor’s formula (8.82) lends to zero, as m—» 4-00, for all ze€ 
€(—f#, R). Applying Lagranye's form of the remainder for Taylor's 
theoren™® we derive. on the basis of (8.84), the following inequality 
for R,-: 


_ pont) (Or) re AERnt1 i+ : pp 
[iin | = In 4-1)! aut ce 1)! for w == (), I, Se ag re ( I, RR) 
(O9<CO< f) (8.85) 


* Lagrange. Joseph Louis (1736-1813), a famons French mathematician. 
For Lagrange’s form of the remainder for Taylor's theorem see. for instance, 
iQ) Chantor & § 9. 
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Making use of D'’Alembert’s test we can easily verify that the series 


+. 20 
Ment, mn ae 
iy is convergent. Therefore, by the necessary condition 
? = 
. VRarl 
ie convergence of a series, we have ee | ie QO for 2 — +o. 


Hence, by virtue of inequality (8.55), #2, tends to zero, as 7 -+ +00, 
for all ze € (—f, FR), which is what we set vul lo prove. 
Let us now proceed to consider some important examples ofexpand- 
“ functions in power series. i.c. in Taylor's series. 
lor the functions / (x) = sinz and f(z) =cosz we have 
epee (x) |} <.1 forallnm =0,1.2,... andallz, —w az < +o. 
Therefore either function can be expanded in its Taylor Serics con- 
vergenl throughout the number axis. 


a) ° . . (nd (ft . 
Computing Taylor he) coefficients f -s we obtain 
; er > rontl ot 
SIN X ar pe -\ ( 1) (Qn jy) be 
and 
pd r! n I- 2n 
COS F - Sr a ee —1) (2nyt —L 


Yhe derivatives of al] orders of the function f (z) = e* satisfy 
the inequality = | f@" (v7) | = e* <e™® on an arbitrary interval 
(—/2, 2). Consequently, the exponential function 7 (xz) = e* is 
expanded in a power series on every interval (—A, R) of the x-axis, 
that is on the entire z-axis. 

Computing Taylor's coefficients we find 


: r 2 
e*=>1+2—-5/,--. * 8 ~+- 


nl TT" « 28 e@ 


To investigate the power series expansion of the function 
as - In (1 + 2x) it is advisable to apply the following technique. 
Differentiating with respect to z and expanding the derivative thus 
obtained in a geometric series we find 


f(z) =—>=1 —-z7-2°--zif-... for —laeoxr<l 


Now, integrating this equality term-by-term we receive. on the 
basis of Theorem 8.3. the formula 


ln (l-+-2) 2-2-2 a. for St rl (8.86) 


lixpansion (8.86) also remains valid for z— 1. Indeed, by Leibniz’ 
test, series (8.86) converges for z = 1 and therefore its sum 


xr 


: x x' 
d (.c) > Se he ag ‘ 


405 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


is continuous (see the note after Theorem 8.8) on the closed interval 
[O, 1]. Consequently, 
. a |, 
Siu ,S@)- $0) 1-34 5-44 
The function f (z) = ln (1 + z) is also continuous on that interval 
and therefore In 2 = In (1 + 2) |xay-9- But, according to (8.86), 
we have the equality In (1 +2) = S (xz) for O Sx<l. Hence, 
; ; . 1 l J 
In2 = lim In(i--z)= lim S(zq)=S(1)=l—-3>+5-77.--- 
xr *1-—0 x--]— + ‘ “4 
4. The function f (xz) = are tan z can be expanded in a power 
series by applying the same procedure. Thus, differentiating and 
expanding the derivative in a geometric series we get 
r (ce) = = 1—y?-. zt— x —... for —Ilata<l 
Performing lermwise integration we find 
: 3 : 
are lan x= x—=- +--+ ... for —1<r<c1 
The validity of this expansion for the point 2 = 1 can be proved 
afler a manner of the above proof of the validity of the expansion 


i i t 
sy eer ame eae es 
Ltt ae 


Oo Letous formally write Taylor's formula for the function f (z) = 


— (1 -- ©)* where @ is an arbitrary real number distinct from zero: 
“L(% [ es 
] i AX , it SO eS 
(u 1p (4 —3) SS 4a No (eek iW 
‘“ (sh Phe ey, a hLIa— ore (L—A : k — 
ay +-,..=1- » Sa ne (8.57) 


od 
For a positive integral @ = nm all the terms of series (8.87) from 
the (mn + 1)th onwards turn into zero and thus we arrive at the 
well known Newlon binomial formula. Applying D'Alembert’s test 
lo the case @ Aon, n =OQ, 1, 2, ..., we can easily show that the 
radius of convergence of series (8.87) is equal to unity. Consequently, 
outside the closed interval [—1.1], the function (1 + zx)* (for 
a unequal to a positive integer) cannot be expanded into a power 


Tee 
series of the form 3) ¢,2", i.e. a series in positive integral powers 
k=O 


of 2. let ous prove that inside the interval the expansion 


=-3 


r({a—] a . —l)...d%—A- | 
A ot «fae ae a et he ee 


le 


(S88) 
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is valid. According to Theorein 8.12, for this purpose it will suffice 
to show that the remainder in Taylor's formula for the function 
(1 j- xr)* tends to zero as nm — --oo for all z belonging to the interval 
(—1. f). 

We shall make use of Cauchy's form of the remainder for Taylor's 
theorenz: 
(1 — (pn curl 

nt 


R,, a {OOO 2): O< << I 


For the function () ° r)*% this results in 
( [ (hy gat: I 


ft, a acaner aneaeee Cau l) cee (~% — 2) (1 Pe 7) rr 
L(g —I)(e—2)... (4 -—-a) on [—Oy\n | . . 
ee - (se) Jolex (1+ Oz) | (8.89) 


We consider the values z>—1 and thus 0<i< 1. Conse- 
1—0 
+ Ox 
(hermore, the quantity Jax} 4-Ox)* lies between the limits 
Jar|{(l—].cj)* and [ac|(1+|r|)* (independent of m) for all 
x€( -l. 1) because we have the inequality O<O0<c1. Finally, 
(4 -1)(ez@—2)... (a — me) 
nit m 
series for the function (1 +2) whose convergence for —1< 
<ixr<< 1 is easily established by D’Alembert’s test. Therefore, 
for -- berm vec l, we conclude, by the necessary condition fur con 
vergence af a series, that 
a(am@ 1)...(@—»n) 
———__ 


quentiy, we have 0< (> =n) <! for all n=1, 2, 3, .... Fur- 


the factor is the wth term of ‘Taylor’s 


a—i 


x’ —+U 


asp» --oo. Thus. the second and the third factors in the square 
brackets on the right-hand side of relalion (8.89) are bounded for 
—il<r— 1 whereas the first factor tends to zero as 2—» + oo. 
llence, 7, — 0 for every z € (—1, 1) as n— 4-co. This completes 
the proof of the validity of expansion (8.88) on the interval (—1. 1). 


2. Some Applications of Power Series. 


(a) lpplying Porrer Series to Computing Approwi- 
mate Falues of Fuuctious., The series 


eb ae ae ee ee ee (8.40) 
py or xe » zeke 
Sto) 2 R eeetarry itchiness per tt aes een Ss. 
sin aera mpi + ( ) (Jka It 7 (8.01) 
nal 
a= zi rf : : gre : < 
cose 1—te 4-4 ale Fe 8g) 
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can be used for computing the values of e*, sin x and cos x for any 
values of z with an arbitrary accuracy since relations (8.90)-(8.92) 
hold) throughout the z-axis for these functions. 

Taking partial sums of series (8.90)-(8.92) as approximate values 
of the corresponding functions we can easily estimate the error 
because. according to Leibniz’ test*, in the case of series (8.91) and 
(8.92) the error does not exceed (in its absolute value) the modulus 
of the first discarded term. 

Although the series 


2 ; rR 
li (1 -<- x) ee er oo Irae, (8.93) 
[<2-<cl 


for the logarithmic function is an alternating one it converges very 
slowly. For the values zx >> 1 the series is divergent. To accelerate 
the convergence of the series and apply it to computing logarithins 
of numbers greater than unity we subtract the expansion 


ee rence 
In(t—z) =—z—4-—3_... (8.93) 
from expansion (8.93). This results in 
l-—x ; ; ne : 
In( =) =22 (1 +7 rot...) (8.94) 
Putting gy in (8.94) we obtain the formula 
i =In(m+1)—lIna = 


/ 1 2 
ee ae a a er + 
~ Pn t (1 + 3 (2n + 1) 5 (n+t) SMe .} (5.99) 
Series (8.95) converges sufficiently fast, which makes it possible 
to apply it to computing lugarithms of natural numbers starting 
from the value Ini = 0. 

The series for the arctangent 
3 -? 7 
are tan r= 2—-4+4-—-> + oe (8.96) 
can be used for computing the number 1a with an arbitrary 
accuracy. Namely, putting z=1 in (8.96) we obtain 


) ne 1, | L fae 
yo ee yo ee (9.594) 


Since (8.97) is an alternaling series, the error arising when its sum 
is replaced by a partial sum can be easily estimated. 


* Baia ai ae fo}. ea ah a 1° ‘ x 
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The series 


: f, ae OQ (G—= 1) oc. safe | : 
(1 — x)* = | of bY ( ) (a ) ak 
— il 
hr—]| 
can be applied to extracting roots. For instance, 
| 1 
3TH Te 1 \3 1 t 9 1,” 
lO. 2 |’ y= 2( i) =a) Se pes geese ee ees (=) Pe os es 
v Me tae eG ia) 7 J 


(8.98) 


Since (8.98) is an alternating series, the error of an approximation 
can be easily estimated. In particular. the sum of the terms written 
in full on the right-hand side of (8.98) yields an approximation of 
the root correct to the nearest ten thousandth. 


(b) tpplyiag Potcer Sevies Rapansions to Computing 
Tntegrats dnerpressible in Terns of BEtenentary beace- 
tious. As an example of such an application let us use series 
expansion (8.91) of the sine for computing the integral 

x 


Siz | “2 dé (the sine integral): 


a re | 
0 
x , 
sa sine ar re x? , 
eT ba ; d de ee ee °@ S.09 
\ < 5 3-3! ' BG! <7 ( ) 
0 


lt should be neted that the division of series (8.91) by z is permissible 
here for 2 +(Q and therefore we have 


SIX zx x4 
eg er Pe (*) 
Putting s= -= 1 at the point x - 0 we can retain equality (=) 


for x = Q. The expression on the right-hand side of (8.99) is an 
alternating series and hence the error of an approximation obtained 
by replacing ils sum by a partial sum can be easily estimated. 


(c) Applytny Power Series to lutegrating Differential 
Mquatéorns. Power series and series in fractional powers of an 
argument are widely applied for constructing solutions of differential 
equations and introducing new classes of functions. For greater 
detail concerning these questions the reader is referred to courses 
on differential equations, e.g. [5]. Here we shall restrict ourselves 
loo an clementary example. Suppose il is necessary lo expand 

o8 
into a power series the funetion F(z) = a | e d&. lt can be 


9 
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eusily verified that f(z) satishes the differential equation 

I’ (x) + QF (x) = 1 (5.400) 
with the initial condition F (0) = U. Let us try to find the solution 
‘of equation (8.100) satisfying the condition / (0) = 0 in the form 
of a power series 


_—s 


f(x) :- ~“ Cp Xl —= Co Cyt i Cod 4 ee cna™ t+... (8.101) 
== V 


Substituting the series into cquation (8.100) and equating the 
coefficients in the same powers of x on the left-hand and right-hand 
stdes of the resulling equality we obtain 


co = 1, (nm -+ 2)e,4. + 2c, = U0, n= 1, 2, ... (6.102) 


The initial condition F (0) = 0 implies 
fy. = 0 (S. 10:3) 


By (8.102) and (8.103), it follows from (8.104) that 


’ = - es = —- | jee ‘Are pores l _ 
F(x) -- e7*" e> dg — > — ~ n= 1) (8.10%) 
Gs n--:0 


Here we have first performed formal term-by-term differentiation 
of series (8.101) but now, as its cocflicients are known, we see that 
series (8.104) converges for alla. —oo <¢ x <t -|-00, and consequently 
the termwise differentiation is in fact permissible for all the values 
of x (see Theorem 8.9%). 


Soo. POWER SERIES IN COMPLEX ARGUMENT 
A sequence of complex numbers 


Sy => Ly tl WYy, 22 = Lat Wo, - - 6, 2p = In + in --- (A) 


is Said to be convergeni to a complex number 29 = Zp + (Yo 2S 
vm —» +0o if 
a ee 
| Sn oy | = V (xp — 2%)” ~;- (Yn — Yo)" 0 for > -- OO 


Therefore, for sequence (A) to converge to a number zo = Fo ~— ify 
it is necessary and sufficient that 


Xr, -~» Ly and y, — yy tor w—r 4-00 


A serics wilh complex terms 
> ay 
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where @, =a, — if, & = 1. 2, ..., is called convergent if the 
sequence of its partial sums converges. 

The notions of absolute and conditional convergence as well 
Cauchy’s necessary and = sufficient coindition for convergence, 
l)’Alembert’s test and Cauchy's root test are easily extended to the 
Series with complex terms.* 

The domain of convergence of a power scries 


Ap ‘ 


Co — C42 + Cod" 1 ee a ept * . (B) 


where ¢9, Cy, ---. €n. -.. are complex numbers and z = x ~— iy 
is a complex variable is a circle (the circle of convergence) with 
centre at the point z = 0. The radius of this circle is the radius 
of convergence of series (B). The circle may degenerate into the 
point 2 = QO or expand over the whole plane of the variable z = 
=z -- iy. In the interior of the circle of convergence series (B) 
is absolulely convergent. These assertions follow from the lemma 
below. 


Lemna. If power series (B) converges for z = a =~ 0 tt is absolu- 
frly convergent for every z satisfying the inequality |2|< |] |, 
i.c. in the circle of radius |a| with centre at the point z = Q.** 

In every circle concentric with the circle of convergence and 
strictly contained in it the power series converges uniformly and 
its Sui is not only continuous but also infinitely differentiable. 

Proceeding from the power series expansions of the elementary 
functions of a real variable 


So ee ee ee ee (8.105) 
“ : xs 4)" z2hel 8 106 
Sin d= 2— set .-. +(— ) Orr t -- (8.106) 
and 
x2 2k 
cos x= 1— Stak Geek |i 773 ie ae (8.107) 


we can define the elementary functions e*, cos z and sin z of a complex 
variable z which coincide, respectively, with e*, cos x2 and sin z 
for < =z. We remind the reader that series (8.105)-(8.107) are 
convergent for all real values of z. Hence, by the above lemma. they 
canverge for all complex values of z if z is substituted for z into 


* When applying )’Alembert's test and Cauchy's root test to a series whose 
torms are nat positive real numbers one should take the moduli of the termes. 

** This lemma is a generalization of the one proved for power series in a 
real argument x (see the proof of Theorem 8.5). The basic idea of the proof 
remains the same far the complex argument z= z+ iu. 
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the series. Therefore, putting 


@alp2tat...+a4... (8.108) 
: ss h g2h=1 
sin Z=-2—a-+.--+(—)) Qk tt 7 (S.109) 
aiid 
-2 ath F 
cosz=1—S.--4(—IY aa te (8.110) 


We obtain the corresponding functions of the complex variable 
Z2= 2 -- ty defined for all z. By the above Iemma, the series thus 
obtained are absolutely convergent. Therefore it is permissible to 
perform the arithmetic operations of addition, subtraction and 
multiplication on them. This enables us to establish the following 
identities for the functions e, cos z and sin z of the complex variable z: 


et1.e52 == etttr* (8.111) 
ani 
cos*z + sin? z = 1 (8.112) 
Substituting iz for z into (8.108), grouping separately the terms 
containing and not containing é (after i? has been replaced by —1 
In all the terms) and making use of formulas (8.109) and (8.110) 
we arrive at Euler's formula 


ee? = ¢osz-+isinz (8.113) 


valid for every complex z. Indeed, we have 
| {222 {323 jist, 
= a To ayT “Al = oeoie 


bot... = (1-F4+G—...) si (e-G+H----)= 


=coss-|-isins 


Relations (8.109) and (8.110) implying cos (—z) =cosz and 
sin (—z) = —sin z, we obtain (by substituting —z for z) the relation 


ez = cos z — isin 2 (5.114) 
From relations (8.113) and (8.114) we derive 
eiz iz . eiz — e-iz igs 
cog z=:4—t and = sin ara aaa (8.115) 


The last formulas are also spoken of as Fuler's formulas. 


* Equality (8.111) results from multiplying the power series for e7! and 


2 . o 
e according to the rules That have been proved for a real argument but remain 
applicable in the ease of a camnlox arenment as well. 
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[t follows trom formulas (8.415) that the functions cos z and sin z 
can assume arbitrarily large values in the complex plane. For 
inslLance, putting 2 — —in where 7 is a natural number we obtain 

cos (— in) a ee: are oo for n—--— co 
But nevertheless formula (8.112) remains true in this case. 

Power serics in a complex argument make it possible tv introduce 
many Other functions defined in domains lying in the complex plane 
such as In (1 -- 2). are tan 2 and the like. 

The theory of functions of a complex variable is one of the most 
important divisions of modern mathematics and is widely applied 
in mathematical physics. 

Functions of a complex variable enable us to elucidale many 
paradoxes of the theory of real funetions. For instance, the left-hand 
side of the equality 

pg 1 wt pzi—rty ... (+) 


is a bounded continuous function defined over the whole real axis 
whereas the series on the right hand side diverges for | xz | D> 1. 
But if we consider the equalily (*) for the complex values of z 
we see that the left-hand side of the equality turns into infinity 
for x = i and hence the point z = i must lie on the circumference 
of Ihe circle of convergence with centre at the origin. Indeed, if the 
point z = t were placed inside the circle of convergence the function 


es would be continuous at the point, which is impossible since 


i approaches infinity at this point. 
In $ 4 we corsidered the funelion 


. e for rz 0 
¢ (rt) = 
O for i oe () 
which has derivatives of all the orders with respect to z at the origin 


hut cannot be expanded into a series in nonnegative integral powers 
of x. This fact can be explained if we investigate the function 


xe 


iGyase = 20) 


under the assumplion that z can take on all the possible complex 

values. Substituting 2 = iy we obtain e¢ 7* = ev — +oo for 
i 

y->» OM whereas e *'-+Q for x-»+ 0. Consequently, the definition 

of this function cannot be extended to the origin so that the funetion 


should become continuous. Tf a power series convergent to gy (z) 
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on an interval —/ <x << RR existed the substitution of z for x 
would result in a power series converging to q (z) in thecircle |z|< 
< Rand the function ¢ (z) would be continuous and even diffe- 
rentiable with respect to z at the point 2 = 0, which contradicts the 
fact that it has adiscontinuity at that point. An exhaustive investi- 
gation of this example can only be performed by applying the theory 
of functions of a complex variable. 


§ G6. CONVERGENCE IN THE MEAN 


In some divisions of mathematics and its applications a measure 
of closeness of a function f (z) to a function g (x) is interpreted in 
an “integral” sense. In such an interpretation the functions may 
he regarded as being close to each other despite the fact that the 


o> Oy wy Efe ee ow e@D Gs 6S SEG ara © = & 


Fig, 8.5 


QR ~~ eww oe mmwes @ 
< 


4 GS fF 


absolute value of their difference f (z) — g (x) takes on large vaiues 
at separate points. Usually the so-called mean square deviation 
is taken as such a measure, which leads to the notion of convergence 
in the mean. 


1. Mean Square Deviation and Convergence in the Mean. 


Definition 4. Given two functions f (x) and g (xz), the nonnega- 
tive quantily 


om 


e?(f, g)= \ | (z)—2 (2) P dz* (8.116) 


a 


is called the anean square deriation of the function f (x) from 
the function g (x) on the interval ta, dD}. 


* In § § we suppose that all the functions under consideration are integrable 
(in the ordinary sense) although most of the assertions and notious introduced 
here also reinain salid for the square integrable (summable) functions (i.e. the 
ones for which the integrals of the squares of their moduli exist as proper or 
improper integrals). 
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We apparently have 
po? (f, g) = oF (g, f) 


The graphs of two functions f (2) and g (x) which are close to each 
other in the sense of their mean square deviation may considerably 
diverge at Separate points (see Fig. 8.5). 


Definition 2. A functional sequence 


fi (x), fe (x)... -. fn (z), ~~ - (8.117) 


issaid to be convergent in the mean Cin the mean square) 
to a function f (x) on an interval [a. b| if 


, 


o> (fa. f=\ [in (2)—f()yPdz+0 for n++c = (6.118) 


2 any 


This kind of convergence will be designated by the symbolic relution 


lim f, (xz) =/(z) on fa, bl] (S.119) 
Tl+-* Ww 
Definition 3. A functional series 
+x 
Naty (a) (8. 120) 
kh ot 
is said lo converge in the mean (square) to S (x) on an interval 
la, b) if the sequenec uf its partial sinns 


Sfx) — “ un(r) nzl. 2. ... (S.124) 
i=] 
is convergent in the mean lo S (x) at the wilervai fa, b], that is 
dy rt 
p?(S (x), Sn(z)) =: | [ S(z)— 3) un (x) | dx+Oasn— + 00 (8.122) 
a h=] 


fn such a case ue shall write 
-}+- 00 
S (x)= ™ un (x) on fa, 5] (8.123) 
| Fa 
2. Cauchy-Bunyakovsky* fnequality. /f two functions f (x) and 
g(x) fulfill the above requirements on (a, b| they satisfy the Cau- 


* Bunvakovsky, Victor Yakoavlevich (1804-1889), a Russian mathematietan. 
This inequality ts also spoken of as the Cauchy-Schwarz inequality although 
Bunyakovsky called attention to it earlier than Schwarz (in 1859). 
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ehy-Bunyakhoushy-Schicarz tuequatity 


: , b i o... 
| f (xc) g (x) dx | | , {Fr (x) dz - a \ g(x) dx (8.124) 


Proof. Let us put 


= 


3 3 6) 

i \ P(xdx, Bal f(x) e(e)dr and CHI (z)dx (8.125) 
a a 

and consider the two cases which are possible here: (1) 4 = C = 0 


and (2) at least one of the niwubers A and C is different from zero. 
(I) if A=C=0. ine. 


b Is 
) 2 (4) har = w(ajdr—-0 
; : 


il fallows, on the basis of the oe inequality 


(og (olis lf (c) i 2° (z)| 
(dial 
b 


(zg(aide<a[ Vi 


Qt, > 


b 
[P (e) dx \ g? (a) de | () 
but we have 


b 
rm f(z) e (2) dx |< | | f(x) 2 (x) |de 


ly 
wd consequently 6 = Jf j (x) g (x) dx = 0. Therefore inequality 


(8.124) is fulfilled in this case because its right-hand and left-hand 
sides are equal to zero. 


(2) For definiteness. let -1 >> 0. Then we apply the following 
Lechnique. Taking a scalar parameter A we can write the relation 
[Af (xz) + g (2)? 
which holds for all real values of the parameter. Thus, we have 
Wf? (x) 1 2hf (x) 8 (x) -i- g? (Cz) BO 


lntegrating the last inequality with respect to z from @ to 6 and 
making use of notation (8.125) we conclude that the mnequality 


[ od 


Ah? + OBR 4+ C D0 (8.126) 
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(in which 1 20) holds for all real values of 4. Consequently the 
quadratic trinomial AA? — 2Ba -- C cannot have two distinct 
real roots 4, <( A, because if otherwise it could be represented in 
the form A (A — A,) (A — A.) and hence would assume negative 
values for A satisfying the condition A, <(4<2A,, which contradicts 
inequality (8.126). But, as is well known, for a quadratic trinomial 
to have no distincl real roots it is necessary and sufficient that the 
discriminant of the trinomial be nonpositive: 


Bt-. AC <0 (8.127) 


Transposing the product AC to the right-hand side of the inequality 
and extracting the syuare root of either side we obtain |B I< 
<-IAI-||C |. Taking into account notation (8.125) we thus 
arrive at the Cauchy-Bunyakovsky inequality. 


3. Integration of Sequences and Series Convergent in the Mean. 
Theorem §.14, T[f a functional sequence f, (zr). fo (x). -.. 


. 2s fn (2), . . . converges in the mean to a function f (x) on an interval 
la, b) we have, for any x9 and x belonging to la. b). the relation 


him | fn (c)dz—= ( f(2)d=* (8. 128) 


Moreover, for any 2€[a, bj, the sequence { | In (x) dz} : 


XO 
m1, 2, ... (regarded as a seyitence of functions dependent on z) 
x 
uniformly converges to { / (z) dz, i.e. 


Xo 


\ f, (2) dz = \ { (z) dz on fa, 6) (8.129) 
xa XO 
Proof. We have, by the hypothesis, the relation 
b 
O° (7, fn) = | (f(z) —fn(z)]?dz—>0, for w+ 00 (8.130) 


To prove (8.129) (and, consequently, (8.128) as well) we shall 


estimate the integral | (f(s) —fn (2)] dz. For this purpose we rep- 


xo 


* We remind the reader that all the functions (including fr (z) and j (7), 
considered in § 6 are supposed to be integrable on (a. 6] tn the ordinary sense. 
See also footnote on page 36th. 


24—O5824 
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resent the integrand as the product 
Lf (2) — fn (2)) = 1-17 (2) — fr (2)] 
and apply the Cauchy-Bunyakovsky inequality: 


i [7 (z) — fn (2)] dz|< \y i? az |/ | f(z) —fn (2) 2? dz < 


<Vi=a-V [\f—mwParm 


=Vb—aVp'(f, fr) (8-131) 


The right-hand side of inequality (8.131) being independent of z and 
tending to zero as n-—» +00 (by relation (8.130)), we can write 


\ (f(z) = fn (2)] dz 0 on [a, d} 


which means that relation (8.129) is fulfilled. Thus, the proof of the 
theorein has been completed. 

[If we take the modulus of the difference | f (x) — f, (z) | instead 
of f{ (xz) — f, (x) and put zr» =a and xz = 6 inequality (8.131) is 
replaced by the relation 


112) —fn(z)|\dz<Vb—a-Vpr(f, fn) (8.132) 


Remy 


The integral on the left-hand side of (8.132) expresses the area lying 
between the graphs of /, (x) and f (z) and bounded on the Ieft and 
on the right by the respective vertical! straight lines x =a and 

= b. Hence, in case f, (x) converges in the mean to f (xr) on the 
interval [a, b] the area tends to zero since the mean square deviation 
o7 (f, f,) approaches zero. But at the same time the maximum 
deviation of f, (z) from f(z) on [a, bl, that is the quantity 

byes J |f, (x) — f(z) ], may infinitely increase since the values 


of wars and f (x) may considerably differ for any n at some separate 
points. For instance, the sequence f, (x) := 3 V 2nz e Fay se 
converges in the mean to f (x) = O on the ‘closed intervalQO ma z<i 
but 

s/f DS 
pki fn (2) — F(z) [==fa (a7) = YP >n*—-- oo for n—--- 0c 


V(— 
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Taking a series convergent in the mean we can apply Theo- 
rem 8.14, to the sequence of its partial sums and thus obtain the 
corresponding theorem concerning series: 

+ oo 
Theorem S140. If a functional series 2; Un (x) with integrable 
hol 
terms converges in the mean to an integrable function S(z) on an 
interval [a, b] the relation 
x x x 
| S(2)de= | uy (ydet...+ | un (e)de+... (8.133) 
xO XQg xO 
holds for any 2% and = belonging to |a, b] and series (8.133) wuni- 
formly converges to its sum on |a, 5). 
Proof. By the hypothesis, S,(z) converges in the mean to S (z) 


on [a, b}] (where S, (x)= >) ux (z)) and therefore, by Theorem 8.14,, 
h=1 


we have 
Sn (2) dz > S(z)dz on ja, b] (8.134) 
But 7 “ 
Sp (2) >) [ un (a) ds 
20 h=1 x9 


and consequently 
x 


i> \ Up, (z) dz} | S(2)dz 
k=1 xo xo 
Iléuve, the sequence of partial sums of series (8.133) is uniformly 


x 
convergent to the function \ S (z)dz which is what we set out to 


xO 
prove. 


A. Connection Between Convergence in the Mean and Term-by-Term 
Differentialion of Sequences and Series. 


Theorem 8.15, If a sequence of continuously differentiable 
functions {f, (x)} is convergent in the mean to a function f (x) on an 
interval |a, b| and the sequence of the derivatives {f;, (z)} is convergent 
in the mean to a continuous function @ (x) on la, b| the function f (z) 
is differentiable on la, b] and 


n> = 


f(z) = (xz) lim fa(z) on [a, B] (8.135) 


24° 
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Proof. We have, for x, xz 9€[a, 6), the inequality 


fn (x) — fn (Xo) — y (5) a:|=|{ (fi. (s)—@(s)) dzl< 


< \/ \ 127 dz. V/ \ [f:, (3) —@p (z)|2dz< 
xy xo 
< \b—a VP (firs Y) —+ 0) (8. 136) 


as m— - oo. Consequently. passing to the limit and taking into 
account that fp (z)—> f(z) and fn (x9) — f (2) aS N—>-f co we obtain 


f(z) —f (zo) =\ pla)ds, ie. f(z) =F (za) +) G(z)dz (8.137) 


$9) 


It follows from equality (8.137) that f (x) is differentiable and that 
equality (8.135) takes place. The theorem has been proved. 
We similarly prove 


Theoverm S150 If a functional series 


4-90 
S(z)= > un(z) (8.138) 
hk 


with continuously differentiable terms is convergent on la, b] and the 
sertes 


“7-00 


Oo (zx) == a uj, (2) (8.139) 


converges in the mean to a continuous function oO (x) the sum S (z) 
of series (8.138) is differentiable on fa, b|] and 
+.a0 


S' (zr) =0 (2) => ps Lp (x) (8.140) 


The proof of the theorem is left to the reader. 


9. Connection Between Convergence in the Mean and Other Types 
of Convergence. If a sequence of functions f; (z), fe (zr). ..-., 
fn (Z), ... converges (in the ordinary sense) at each point af 
an interval [a, b] this does not imply, in the general case, its con- 

-—-— «=a 2 
vergence in the inean. For exaniple, we have f, (z) = V’ 2nz e no ge 
—- f(x) = 0 on the interval [0,1] as m-+ -+0oo whereas 


i 
\ (fn(z)—f(nPdz= { 2nze—"** dr =(1—e")—1 for m-»+-+ 0o 


A) a 
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But if a sequence {f, (z)} uniformly converges to a function f ( 
on fa. 6] it necessarily converges in the mean to the same functio: 
In facet, if for any ¢ >O0 there is NV (e) such that the inequalit 


Ifa (2) —f i) I<) ,=, is fulfilled for all 2 >>N(e) an 


all z € [a, 6] we can square both sides of the inequality and integrat 
the result, which yields the relation 


p°(f, In) =| | fn (2) —f (2) Pz <p *— (b—a) = 


valid for all m => WN (e). Mence p? (f. f,) > 0. as n—- +0. whic 

implies that f, (x) is convergent in the mean to f (x) on [a. Od). 
Uniform convergence does not follow from convergence in th 

mean; moreover, a Sequence convergent in the mean on an intervé 


: f, (2)37 


(a) y (8) 
| O 
i] 
/, 
YoW2 7 az Oo We 7 
(C) Y (d@) 
a 0 Wedel «x O Wet 
Fig: 8.6 fe) (Ff) 


me & 


~ 
& 


SS 


may even diverge at cach point of the interval. As an example, le! 
us construct a sequence of functions 7, (z), fo (7)... ., fn (2), ~~ 

convergent in the mean to f(z) — Uon the interval (0, 1] which diver 
ges at every point of the interval. To this end. we first divide the 
interval (0, 1] into 2 equal parts and define the funetions /,; (z 
and f, (r) as is shown in Fig. 8.6@ and l. The graphs of the functions 
are oiven in heayy linee and the emall ares indicate that tlic cuires 
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ponding points do not belong to the adjoining pieces of the 
graphs. 

Next we divide the interval [0, 1] into 2* equal parts and define 
the functions f3(z). f, (x). fs (vz) and f; (7) in a manner shown in 
Fig. 8.6c, d.e and f. Continuing infinitely in this way we obtain 
a functional sequence f, (x), fo (z). .... fn (Z), .-- Whose every 
member /, (2) takes on only two values. namely QO and 1, on the 
interval [O, 1]. Therefore f(z) — f, (x) for all nm = 1, 2, 3. 
on the interval (0. 1]. 

Now let us prove that /, (z) converges in the mean to f (x) = 0 
on [0, 1). We have 


1 1 
| fn (2) —F (2) Pdx = \ fa (x) dz = \ fa (x) dx +0 


p* (f, fr) = 


for nm —» +-oo. Indeed, the integral \ fy, (xz) dx is equal to the area 


shaded in Fig. 8.6, and when n-> cue this area obviously tends to 
zero. Convergence in the mean has thus been proved. 

On the other hand, the functional sequence f, (2), fe (Z). ~~. ., 
fn (x), --. thus constructed diverges at cach point of the 
interval [0. 1] because for every fixed point z belonging to the 
interval and for an arbitrarily large V >0O there are functions f,° (z) 
and f,- (z) with nv’, 2” <> V such that the former assumes the value 
fre (v) = O and the latter the value f,- (z) = 1 at the point x. 
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CRITERION FOR COMPACTNESS OF A PAMILY 
OF FUNCTIONS 


The notion of compactness of a family of functions appears in 
mathematical physics in connection with theorems on existence of 
solutions of differential and integral equations and on convergence 
cf various approximating processes for evaluating solutions of 
such equations. But the definition of this notion does not involve 
any concepts connected with the theory of differential or integral 
equations and is closely related to the questions discussed in the 
present chapter. 


Definition £2 A family of functions {f (z)} defined on a sel 
X of points x is said to be compact (in the sense of uniform con- 
vergence) if for every infinite sequence of ftenctions f, (xr). fo (x). ... 

Vi \}s oie? 12 wr Ge ceey ae eee lay there eptele 7 srhseanence 
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Tay (@), Ine C2 fn, (x), .-. which is uniformly convergent on 
the set X.* 


Definition 2. A family of functions {f{ (z)} defined on a set X 
is said to be uniformly bounded on this set if there isa constant C, 
O< C< +0co such that the inequality | f(z) |] << C ts fulfilled for 
all x € X and all functions f (x) belonging to the family. 


Definition 3. We say that a family of functions {f (x)} defined 
onaset X isequicontinwonus on the set if, given an arbitrary e >>), 
there exists &6 = 6 (ec) >> O such that for every function f (x) € {f (2)} 
and any x’, 2” € X satisfying the condition |z' — x" |< 6 (ek) 
we have the inequality 


l\f(x)—fa@)l<e (1) 


where S(¢) is independent of the choice of x’ and x" and is determined 
Solely by tke value of 


Theorem tt CAlerszela's: Criterton far Compactnuess*®*) 
Ifa family of functions (f (x)} defined on a closed intervala <a <b 
is uniformly bounded and equicontinuous it is compact (in the sense 
of uniform convergence). 


Proof. Take an arhitrary countable set MW of points z,, 2, ... 
wees Ty...» (belonging to the interval a <z < b) which ts every- 
Where dense in fa, v).*** For iustance. we can take, aS Z;, Yo, ... 
. 22) Tn, ..., Lhe set of all rational points of the interval or the 
set of all the points appearing in the process of successive division 
of the interval into 2, 4,8, ..., 2", ... equal parts. Let us choose 
a sequence of functions {f, (z)} belonging to the family. The family 
being uniformly bounded, we have a relation |/f, (z)|<¢C = 
= const <. —oo forall rn =t, 2, 3, ...and all az € A. In particu- 
lar, the numerical sequence f, (z,), 2 = 1, 2, ..., is bounded and 
hence, by the Bolzano-Weierstrass theorem, there is a convergent 
subsequence of this numerical sequence whose members can be 
numbered as fy, (23). fyo (23), . - -s fin (2), ... . Thus, we have 


* Uniform convergence on an arbitrary set is defined ina manner completely 
analogous to that of defining the notion of uniform convergence on an interval. 
In functional analysis the concept of coinpactness is also introduced. ina similar 
fashion, lor convergence in the mean and for other kinds of convergence bul 
we shall not dwell on these questions here. 


ws Alen Lnoaw rm as tho Asenli. Arzels t breseyrrrsy | Asea li Cialis. ‘ 


and —_ Cesare (1847-1912). Italian mathematicians. 
“ee A sahset Bafa point set A is said to be (everywhere) deuse in ot if the 
closure of B coincides with A (compare with footnote on page 29). 
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taken, from the sequence {/, (z)}, the functional subsequence 
fis (x), fiz (2), eo dar. Navy hin (x), e ver (2;) 


convergent at the point z, € AS. 
We can now similarly construct a subsequence 


foe (@), foe (XZ), - - +s Jon (2), -- > (22) 


of sequence (2,) convergent at the point zr, € A. Subsequence (2,) 
is also convergent at the point 2, € Af since its members belong 
to the sequence (2,), the latter being convergent at the point 2,. 
Thus, subsequence (2.) converges at the points z, and z, belonging 
to the set V7. 

Continuing unlimitedly this process of selecting subsequences 
we arrive at an infinite table of the form 


his (x), fie (x), cof ee hin (zr), oe 
fos (zx), far (x), * we <arg fen (x), es 
eee - (3) 


whose rth row (zn = 1, 2, 3, ...) is a subsequence (of the original 
sequence {/, (z)}) converging at the points z,, 22, . . ., 2,- Therefore 
the “diagonal” subsequence, 

(WAND): Seley «ese Taw (2) es (4) 


converges at each point z, € Al.’ 

Let us prove that this sequence is uniformly convergent ou [a, Ol. 
To this end, it is suffictent to show that sequence (4) satishes the 
condition of Cauchy’s test for uniform convergence of a sequence. 
Take an arbitrary e >> 0. Let us choose 6 (&) > O such that the 
condition 

| f(x’) = f(x") |< e for |2° —2z" |< 6 (e) and 2’, x” € la. dl 
holds, which is always possible since the family is? equiconti- 
nuous. Next take a finite subset AJ [z,, ro, ..., z»] of the dense 
set J whose points break up the interval la, 6! into subintervals 
of lengths less than 6 (e). Then, for each z € la, bl, there exists 


a value z; € Mf such that |x — 2, |< 6 (€). Furthermore, for the 


given & >> Q, let us take NW (e) independent of z;,i = 1, 2, -..-, Pp. 
such that 

lfm (%i) — San (21) | <Ce) for all m, m > N (e) (3} 
and all. = i, 2, .... p. Then we have tiie inequiitiy jf/mm Wir 


— fan (4) J <t 8e for all m,n c> N (e) and all x € fa, b). Indeed, 
cHpnose min o>. VM (e) and 7 € fa. hl. Then there is a value z; € Af 
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such that |z — z; | < 6 (e). The family being equicontinuous, it. 
follows that | fmm (2) — fmm (2i) | ns é and | fnn (2) — fan (2) | < 
<s. Consequently, by virtue of (5), the inequality 


| Fram (z) — fan (x) | <| ae (x) —fim (z;)| = wen (zi)—Jnn (z;)| + 
| fan (x;) — fan (zr) < eae a ee de 


is fulfilled. Hence, sequence (4) satisfies the condition of Cauchy’s 
(est for uniform convergence and thus the theorem has been proved. 
Arzela’s theorem has many applications in various divisions of 
mathematics. In particular, it is used for proving existence theorems 
of the theory of differential equations. 
Let us prove another theorem widely applied in the theory of 
integral equations. 


Theorem 2. If a functional sequence {f, (z)} ts equicontinuous 
on la, b) and satisfies the condition 
b 


e° (fn, im) = \ lfm (z)— fn (x)? dz + 0 for 72, m—>- co (6) 


it is uniformly convergent on the interval la, 6) to a continuous func- 
tion f (z). 


Proof. We shall show that such a sequence satisfies the condition 
of Cauchy’s test for uniform convergence, that is 


Tn. m (7) = If, (rv) — f,, (I) 9 on fa, 6] as nym — 4-20 


Assume the contrary. Then there is &5 >>0such that for an arbitrarily 
large A there exist m, 2 hk and xz, € {a, b) for which 


Pp, , (x) | 22 4F 4 (7) 
The sequence being saieanitacoie: there is 6 = 6 (e,) such that 
lfn (2) — fp (tn) |< eq for |x — zy | << 6 (9) (8) 


Consequently, for 2, >> k > N (e9) and | z — a; |<< 5 (e9) we have 
I Fr. np (z) — Gy. n, (Ta) |S Sa (x) — fx (Zn) | + 


a | fap (zx) = hn, (2),) | < ZEg (33) 
then, by virtue of (7) and (Y), we can write 
| Ghen (x) | z= | "kaon (Tp) | = | Farin (x) — hor (x) | = 
h h k k 
= 4e, — ve, — Ye, io 


If we take 6 (e,) << 6 —a@ then at least half of the interval 
rr—~ Oc rc xr. -!- & helanes to the interval la AL Henee, hy AO) 
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the inequality 
b 
¢ * ry 5 
0° (fn,» fr) = | i, n, (x) dz >> 4e?- > =2e35=const >0 = (11) 
a 


is fulfilled for nm, >> k>.V (e,), which contradicts condition (6) 
since the number & can be chosen arbitrarily large. Therefore 
Green (2) = in (2) — fn (IDO on la, 6) as n,m —+ +00. Con- 
sequenly, by virtue of Cauchy’s test for uniform convergence of 
a sequence, the sequence {f, (z)} is uniformly convergent on la, d) 
to a function f (z) which is continuous as a limit of a uniformly 
converging sequence of continuous functions. The theorem has been 
proved. 


APPENDIX 2 TO CHAPTER 8 
WEAK CONVERGENCE AND DELTA FUNCTION 


Besides uniform convergence and convergence in the mean, in 
mathematics and mathematical physics the so-called weak con- 
vergence also plays an important role. 


Definition L. A sequence of functions 
(Py (x), a (x), os 54 (Dr (x), 2 8) ve (1) 


defined and integrable on an interval (a, b) is said to be a weakly 
fundamental sequence on the interval (a, b) if for every 
bounded and continuous function f (xz) there exists a firite limit 


Jim \ f(x) On (2) dz (2) 


N-~+--Oo 
Definition ‘2. A function «p (x) is called a weak Timit of func- 
lional sequence (1) (or the sequence is said to be weakly convergent 
to — (z)) on an interval (a, b) if the relation 

b b 
lim | f (2) in (2) dx =| f (x) p(x) dz (3) 

n—~»-+-oo « . 

a a 
holds for every bounded continuous function f (x) deftned on (a. b).* 
If sequence (1) is uniformly convergent or convergent in the mean 
to an integrable function qm (z) equality (3) is fullilled for every 


* More precisely, ¢ (7) is a weak limitofsequence (1) relative to the class 
of functions f (2) continuous on (a. b). The nation of weak convergence can 
alan he defined for other classes af functions. 
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bounded continuous function f (x) because this is implied by the 
theorems on passing to limit under the sign of integration. Thus, 
if a sequence {, (z)} converges uniformly or converges in the 
mean to a limit function ¢@ (z) il is always weakly convergent to 
@ (z). 

If we have 
f (x) Pn (z) dz = 0 (4) 


lim 
2 —¥-f- 20 


Q tery 


for any continuous bounded function f (z) defined on (a, 0) the 
sequence {q,, (z)} is weakly convergent to zero on (a, &) since equali- 
ty (4) can be rewritten in the form 

r 


lim | } (x) Pn (2) dz = \ f(z)-0-dz (4°) 


m— +s § ; 
a a 


Applying Cauchy's test to the number sequence ! { f (x) gp (2) dz} 


¢ J 


we arrive at the following test for a functional sequeice to be weakly 
fundamental: 


Cauchy's Test (for a Sequence tu Be Weakly Funda- 
mental). Sequence (1) is weakly fundamental on (a, 6) if and only 
if for every & =>U and every continuous function f (z} there exists 
a number N (e, f) such that 

a 


|| f (2) len (2) ~@m (@) dz | <e (5) 


{2 
for all n,m > N (e, f)- 

We remind the reader that a fundamental (Cauchy) sequence of 
rational mumbers may not converge to a rational number and this 
leads to the irrational numbers which enlarge the class of rational 
numbers so that every fundamental number sequence has a limit. 
Similarly, there are weakly fundamental sequences of  inte- 
grable functions which do net weakly converge to an integrable 
function and therefore it is advisable to enlarge the class of functions 
under consideration in an appropriate manner. This leads to the 
so-called generalized Functions. 

For instance, let us consider a sequence of functions {6, (<p, z)} 
determined by the relations 


1 ] 
n for Lo9— a are Xo 5, 


- | 
O for 700 << Ly— Zand 19 + 5 ate 


The sequence is weakly fundamental an every iecanei fer Fy 
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Indeed, let a function f(z) be continuous on (a, 8) and z9€ (a, 0). 
Then, beginning with a sufficiently large xn, the interval 


(x—s-. Xo +s) is contained within (a, 6) and hence, applying 


Lb 
the mean value theorem to the integra) \ f (x) 6, (xp, x) dx, we ob- 


a 
tain 


b tot, 
| (2) 8, (zo'z)dz=n | f(x)dz=/(®), 
a i 


2n (ti) 


AO a 


Passing to the limit in the last equality,fas m2—>-j;- 0c, we derive, 
by the continuity of f(z), the relation 
b 


lim { f (2) 8n (zo, 2) dx = f (2) (7) 


nri— ~+- oo 
re ae 


In case zg lies outside the closed interval {a, b)2weg find 


b 
lim \ f (x) 5, (2, xz) dzxz=0 (8) 


N— +00 


But of course there is no ordinary integrable function which 
is a weak limit of the sequence {6, (a. 7)'!. Therefore. to define 
the weak limit of this sequence we introducea generalized function 
5 (zo, x) called 6-function (the Dirac* delta funetional or distri- 
bution). 

Making use of the definition of a weak limit (see equality (3)) 
and taking into account relations (7) and (8) we can write, for every 
continuous function f (x) on (a, 0), the relation 


f (Zo) for Zo€ (a, b) : (9) 


b 
{ £(2) 0 (2 2) d=} 
: () for zo€ [¢, 0) 

Formal relation (9) is sometimes taken as a detinition of the delta 
function. 

Note. Instead of a bounded continuous function / (v) dehned 
on (a, b) which enters into relations (7) and (8) we can obviously 
take an arbitrary bounded piecewise coulinuous Function f (2) 


* Dirac, Paul Adrien Maurice (horn in AON an Frelich phveicist. 
- =e - +e > a - 


a7 
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if its value at each point of discontinuity xz) belonging tuo (a, 6) 
| XQ —Q) -+-F (xq 1-0) ae 

is defined as f (x) = Bi idole A It is therefore natural 
to extend relation (9) to such functions.* 

We kuow that anu irrational number can be determined by tneans 
of various equivalent fundamental mumber sequences of rational 
numbers. Similarly, a generalized function can be regarded as 
a limit of different eguivalent weakly fundamental sequences. 
To define equivalence we introduce the following 


Definition 3. Two functional sequences {p, (x)} and {pn (z)} 
weakly fundumental on (a. b) are called eqruivatent if the relation 


b 


Jim | (2) (4x (2) —¥n (@)] dz =0 


ws fulfilled for every bounded continuous function f(x) defined on 
(a, 0). 

In practical applications of the delta function we often take 
various weakly fundamental sequences (convergent to 0 (xq, Z) in 
the sense of relation (3)) equivalent to the sequence {6, (29. z)} used 
in this section (see Appendix 5 to Chapter 11). A feature of rela- 
lion (9) which formally defines the della function is that when we 
moltiply an arbitrary continuous function f (x) by 6 (x9, z) and 
integrate the product over an interval in which f (2) is defined and 
Which conlains zg we “isulate” the value / (2g) of the function / (2) 
assumed al the point 2p. 


If to each function belonging to a certain class of functions defined 
on (a, b) there corresponds a niumber we say that we havea functional 
defined on that class of functions. 


* If xg is a point of discontinuity of 4 piecewise continuous function 


f(z) and f (2x9) Pe asad ba be then to prove equality (7) for 29 € (a, b) 


l 
Xo t-— 
p an 


it is necessary to break up the integral \ f(z) dz in relation (6’) into the 


xo ae 1 
two integrals ( f(r) dr and \ f(r) de and separately apply the mean 
x0- 5 a 


value theorem to cither integral. 
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For example, let {f (z)} be the class of all functions integrable 
b 
on (a, 6b). Then the integral {i (z) dz is a functional defined on 


the class. 

Integral (9) also determines, for every fixed 2p € (a, 6), a func- 
tional defined on the class of all functions continuous on (a, d). 
Indeed, relation (9) associates, with every continuous function 
f (z) defined on (a, 0), a uniquely specihMed number. namely the 
value f (z,) of this function at the point Zo € (a, b). 

5-function is sometimes identified with the functional determined 
by relation (9). This is one of the possible interpretations of general- 
ized functions which can serve as a basis for the theory of generalized 
functions. 


Q [improper 
Integrals 


The definition of the integral as the limit of the integral sums 


b n 
\f(z)dz= lim |S) £(&) Am (9.1) 
n k=0 


may Ax, 


dloes not embrace those cases when the integrand is an unbounded 
function or the interval of integration is infinite. In mathematics 
und mathematical physics, however, we often use integrals of 
unbounded functions or integrals with unbounded domains of 
integration. Such integrals are called improper. To define thei 
it is not sufficient to apply a passage to the limit of type (9.1) but 
it is necessary to use an additional passage to the limit involving 
the domain of integration. The original domain of integration where 
definition (9.1) does not apply is replaced by a subdomain where 
it holds. Then this subdomain is made to extend so that it tends 
to coincide with the original domain. The limit of the integral 
taken over this subdomain is called the improper integral over 
the original domain. This is the general idea the definition of the 
improper integral is based on. The strict definition will he given 
below. 


§ 1. INTEGRALS WITH INFINITE LIMITS 
OF INTEGRATION 


1. Definitions. Examples. Let a function f (xz) be defined on an 
B 
interval a <x << +00 and let the integral \ ¢@) dx (determined 


by relation (9.4)) exist for every B >a. ; 


-f 90 
Definition . The improper integral ! [ (x) dz is understood 
as the limit . 
sere R 
{ f(z)dx— lim J f (2) dz (9.2) 
B3—»>-f-20 ¢ 


a 2 
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+20 
if this limit ezisis and is finite the impoprer integral \ } (x) dz is said 


a 
to be convergent. If otherwise it is said to be Qirergent. 
Note. Let a, >a. Then the equality 


B ay B 
\ {(z)da= | f(2)dz+ | f(x) de 


implies that the integrals | f (x) dx aud | f (x) dz are simulta- 
a e@ 


a4 
neously convergent or divergent. Thus, when testing the integral 
f (x) dx fur convergence, we can replace it by the integral 
a 
+ >0 
f (x) dx for any a, >a provided that the function f (2) satisfies 


Qs 
the cequirements of Definition 1. 

Improper integral (9.2) can be interpreted geometrically in the 
following way. Let f (z) be a continuous nonnegative function 
defined for z 2a. Consider the domain @ hounded below by 


J 


Fig. 9.4 od 


the part a<ax< ;-o0 of the «c-axis, above by the graph of the 
function and on the left by the line segment z = a,.U Qy < f (a). 
The definition of squarability and the notion of the area of a plane 
figure introduced in Sec. 3, § 1 of Chapter 1 are inapplicable to the 
domain Q because it is unbounded. Let us take an arbitrary fine 
segment r= B >a, Oxy <f (A). which cuts off a squarable 
curvilinear trapezoid ABB'A’ (see Vig. 9.1) whose area is equal 
B 


tu the integral \/® dz. It is natural to extend the notion of 


G 
squarability to the domain Q if the area of the trapezoid ABB’ A’ 
tends to a finite limit as B -> --oo. In this case we say that @ 1s 
squarable and call the limit of the area of the trapezoid ABL’ A’ 
the area of the damain Q. This area is expressed by improper tinte- 


gral (9.2). 
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The improper _—— of the _— 
if f(z) dz = Psa | f(x)dz (9.3) 


is defined by windows with integral 0. 2). 
If both limits of integration are infinite we pul, by definition, 


+20 a re 
\ f(x) dz = | f(x) dx+ { { (x) dz (9.4) 


+20 


where a is an arbitrary finite number. the integral | f(t) dz being 


— 2 


regarded as convergent if aud only if both integrals entering (ito 
the right-hand side of (9.41) converge. 
bap 
It can be easily shown that the integral }(x)dx is conver- 
— co 
gent or divergent irrespective of the particular choice of the 
point a, and if it is convergent its value does not depend on a.* 
-f-00 
Thus, an integral of the form | f(z) dx is reduced to the inte- 


- co 


+00 
grals of the form \ f(z)dx and f(a)dx. But an integral of 


-lq@ 


* The integral f(a) dx can be defined by the relation 


f{rjydx = lim fir) dz (9.47) 
e Awe = we e 
Seine Bei -' 


where A and B tend to their limits independently. In fact, by virtue of 
(9 2), (9.3) and (9.4) we have 


-L 90 Q +0 a 
\ f(x) dz= \ f(z) dz+ \ f(x) dx lien | f(x) ar }- 
— » — OO a A cat 
B i: 
- fim f(r)dc= lim | f(x) dz 
a: pez A 


the last limit existing if and only if for 1+ --.. and B—-+ox the corres- 
a i" 


ponding Tinvits dire fervdr nod line \ ftrnpdr exist when 4A and #& tend 
. A -+—ow « Boao «! 


a 


lo Chear lituetts independently. 


wm J Vo. t 
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a 
the type \ f(z) dz is reduced to the corresponding integral of the 
4-0 se 
form f(2)dz by a simple change of variable if we substitute 
a 
—e for z, and therefore in what follows we shall limit our- 


Lo 


selves to studying integrals of the form \ [(x)de. 


a 
Let us consider some exaniples. 
=o NS B83 
I. Vhe integral sin zda= lim | sin ede = lim (1 —cos B) 
. B----30 « ie» ts 
0 (i 
is divergent since cos B has no limit and oscillates between — 1 
and --1 as [3 —-- oo. 
-2-3S 


dis . : dc 8 bia 
Phe integral \ Fay? converges because the finite Liniit 


= 
I 
i dr In pL 
lint =} ———> = lim fare tan # — are tan 1] =—— { —-> it 
| Apes r= , ) 
$3 - >+ 20 e : B+» .t-90 ae os 
a -~»0" mo) 
exists. 
Oo. The imtegral 
-}-90 
C : 
a dec where C--censt >Q aud a>) 
x 
aa 


~~, 


is important for ouc further aims. tt converges for % >> 1 and 
diverges for a<1. Indeed, we have 


ne fii for a= 1 
Fe le a8 for al 
and therefore 
e aia 
him ( “dr= aa ee 
as a ‘oo fora<] 


This integral is widely used when applying the comparison test 
to testing various improper integrals for convergence or divergence 
(see Theorem 9.3 in Sec. 4). 

4s°w 


2. Reducing Improper Integral of the Form | I (r)da to Nume- 
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rical Sequence and Numerical Series. Testing an improper integra] 
+00 


\ f (xz) dx for convergence can he reduced to testing convergence 
a 
of number sequences or number series. 


According to Definilion 1, the improper integral { f (x) dz 


B 
is the limit of the function F (7?) =\f te) dx for HB -—+ -=-o. 


Applying to / (2B) the definition of the limit of a function in terms 
of sequences (e.g. see [8], Chapter 4. § 2) we arrive at the following 
test: 


+99 


har the integral f(z) dx tu be convergent it is necessary and 


td 
su/ficient that for an arbitrary choice of a sequence vf points 


B, ma n=l. 2, ...: By, +00 for n-+ oc ({).09) 
the nmunrerical seauence 
K,, 
\/ (yyde. TS Ty Ze My, wi ax (9.45) 
. $00 


converge lo the same finite limit. In case the integral | f(r) dx its 


tz 
convergent the limit of sequence (9.f)) is equal to the valne af the integral, 
Note that (9.6) is a sequence of — Sums of the series 


Hy Be 
ia) de + | f (2) dx4-...4 Fa f(a)dx-. (9.7) 
Bret 
an sical the sheniea test can be rephrased as follows: 
00 


For the integral \ f (x) dx to be convergent ti is necessary and 


a 
sufficient that for any choice of sequence of points (9.5)  aumber 
series (9.7) converge and ils sum be independent of the particular choice 
-$- 30 
uf the sequence. If the integral f (x) dx converges the sum of series (9.7) 


oe 


ce 
is equal to the integral. 


Note 7. if f Ge) is a function with alernating stan on the interval 
axxr< —oo, the convergence of series (9.7) for a specihe choice 
of potnt sequence (9.9) does not imply. in the general case. the eau- 


pa wt 
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-+-90 
vergence of the integral \ f@) dz. For instance, the integral 


a 
+ 00 


\ sin xz dz is divergent (see Example 1 in Sec. 1) although the 
: +20 2n(n+1) 
series >) sin z dz converges because all its terms are. equal 
n=0 27n 
to zero. 
[fa function f (x) retains its sign for all x > a, for instance, f (x) 2 VU 


—- oO 


for all z >a, then for the integral \ f (x) dx to be convergent it ir 


a 
necessary and sufficient that series (9.7) converge for at least one choice 
of a@ monotone increasing sequence of type (9.5).* 

The necessity of this test follows from the above. Let us establish 
its sufficiency. Let f (x) > U for all x > aand let series (9.7) converge 
for a monotone increasing sequence of type (9.5). The sequence (9.6) 
of parlial sums of the series is monotone increasing (or nondecreasing) 
and tends to a hnite limit J. We shall prove that for any other choice 
of a sequence 


Ba —- a m= 1, 2 - Bin a -+ co for m -» 00 (9.5°) 


“4 
the corresponding series 
B 


By Binet 


\ f(z) dx+ f(r)dz+...+ \ f(z) dz--... (9.7) 
a BR’ * 
1 ™ 

is converging and its sum is equal to J. 

To prove the assertion we shall use partial sums uf series (9.7) 
and (9.7’). Given ¢ >> 0, there is B,, such that the inequality 

Ba. 

J—e<c ( f(x) dzr<iJ 


holds. Let us choose m, such that for all m =m, the inequality 
Bi, = By, is fulfilled. Furthermore, for any #2, there exists Bay > 
> Bm, and therefore we have the inequality 


Bno Be, Brn 
J—e< { f(a)dr< | f(z)dz< \ [(zdzr<J 


* Compare with the well known Cauchy integral test for convergence of 
AN infinite series (ee. sve JR}. Chapter 13. §2. Sec. 4): 
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for all m2 mg since f(z) is nonnegative. Consequently, 
lim \ {(z)dz=J, which is what we set out to prove. 

a 


HR —» -— OO 


Example. Take the function 


2" for n<grcentoa, m=1,2,... 
{f(z)= 4 
QO for rn+-57-<r<n+i1, n=1,2,... 
Then the integral 
“hoo +o n+] “$90 
\ f(z)dr= > \ {(z)dz= J op =1 
1 m=in n=1 


is converging. 


Note 2. The above example indicates that even if a function / (x) 
-}- a0 


is nonnegative the fact that the integral \ f(z) dz is convergent 


does not imply that f (z)—>O for r— 4-0, 


3. Cauchy Criterion for Improper Integrals. The convergence of 
an improper integral 
--00 B 
\ f(z)dz= lim | f(z) dz (9.2) 
a saa Sad 


is equivalent to the existence ofa finite limit of the funclion F (B) = 
4 , 
= { j (x) dr for B — -+00. According to the Cauchy general cri- 


terion (e.g. see [8], Chapter 8, § 1, Sec. 2), F (B) tends to a finite 

limit as B — -++oo if and only if for every ¢ >> O there exists B (e) 

such that | F (B8") — F (B’) |< e« for all B’ >B (e) and B” > 
B 


>B (e). Taking the expression { f (z) dx as the function F (B) we 


a 
Obtain the following 


Cauchy’s Test (for Convergence of an Improper Inte- 
4-09 “F090 
grat of Type \ f(x) dar). An integral \ { (x) dx converges if 


a Qa 
and only if for every & => 0 there exists B (e) such that the inequality 
BY 
| \ f(rvdri<e (9.8) 


13° 
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holds for all B’, B" > Ble), which ts equivalent to the requirement 
that the intesral 
Be 


| f (x) dx (‘VS’) 


e 


B 


fends tu zere for B' ~-» —oc, B” + —oo. 
Cauchy test (0.8) may sometimes be directly applied to testing 
some dntegrals for convergence. 


c 


. : : : Sine : 
Akzample. Let us consider the integral a Ue Its integrand 
{ a 


ww 


Sir : ' : j 
/ (4) =—— can be regarded as a continuous function if we put 


f(z) = 1 for x = OQ. Integrating by parts we get 


he tie 
sin z cos 1’ cos B COS 
ee 
B B 3 
12° H- 
Therefore 
B” | $3” 
Sim re | [cos «| 
spi ye) tear ee J __ I - 
cad eat we +| \-“R 
’ 1 
3” 
| ) | * da | 2, ae 2 : P rn 
sor So Sy, Ls ~O for fo, BP -~ + ow 
fi? ‘ B" } \ 72 | x B' RB’ ) { 
Ii 
9 
: Sit x ; 
llence., the integral \ —— dx Is convergent. 


0 
but it shoulkd be noted that in many important applications the 


Cauchy test is more effectively used not for investigaling concrete 
integrals but for establishing general tests providing some suflicient 
conditions for convergence which can be applied to practical pro- 
biems. Before proceeding to study such tests we shall introduce 
ithe notion of an absolutely convergent improper integral which 1s 
anulogous to the notion of an absolutely convergent uumerical 
Serius. 
4A, Absolute Convergence. Tests for Absolute Convergence. 


Definition 2. Leta function f (x) be utegrable in the ordinary 
setise over every finite interval a <o7r <NLa<cB < 4-00.* Improper 


* AS is known, integrability of f(7y in the ordinary sense over a finile 
tideised displice Infegeohtfite in the ordinary sense off fry over the interval. 
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infegral (9.2) is said to be absolutely convergent U ihe integral 


i 
~~ OO 


{ lf(@)ld2 (11.0) 


converges. 


Theovene Gol. Tf intesrat (9.2) converges absolutely UU is con- 
vergent. 


Proof, lIudeed, integral (9.10) being convergent. rt follows that 
Rn 


for every ¢ >O there is / (¢) such that 


| | 7 (x) | dz | < e lor 
pe 
all BY, B">&# (ee). But we always have 


¢ 


f' 
,d 


\ IF) | da (0). 10) 


2 


13” 
! } (x) da | 
Be 


Which implies 


Br” 8” 
\siayaz|<| [[fcoide| ce for all BY, BP > BE 
BY fr 


Ilence the conditions of Cauchy's test are fulhilled for integral (0.2). 
Consequently, integral (9.2) is convergent and thus the theorem 
has been proved. 


Note ¢. Vhe fact that integral (0.2) converges does not jniply 


b xe 
: : , Sins 
its absolute convergence. For exampte. the integral dy 
pil 


—) 


7- oO 
: SiN x : : 
converges (see Sec. 3) while the integral | {sn 2) ge is diveryent. 
a 

To prove the latler it is sufficient (see Sec. 2) to show that the 

4+ mn+1) . 

7 sin 

number series \ a dz is divergent which can easily be 

n=0 na 
done by applying the comparison test for numerical series. In 
fact, we have 


zuae-i- 1) nat) 
SIN z j ; ) | 
| , a ax => fon i @ kee Sin Zz da: ee a ee for nt. 1 
1 ° eee . (yt dys 
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+-20 -|- 90 
es 2 1. : 
and the series > Sear ern » — is divergent because it dilfers from 
-Ure mg A 3 
n= n= { 


: 2° 
the harmonic series only in the constant factor = 


Note 2. Let f(x) be a function delined for ag ar<+ co and 

integrable over every finite interval aciz< RB. Then, for any 
-+-oo 

a,;>>a, we can assert that if the integral y f(z) dz is absolutely 


Q1 


convergent the integral }(z)dx is also absolutely convergent 


Otay 


+08 + co 


Lecause for any of the integrals { |f(z)|dx and | |{(z)| dx to 
ay 


a 
onvergent it is necessary and sufficient that 
Be 
\ |i(2) [dz 0 for B’, B°’ ++ 0 
B’ 
o test aun improper integral for absolute convergence we usually 


apply comparison tests. 


Theovent 9.2 (General Comparison Test). Suppose that 
the inequality 


If lag @ ().11) 
holds jor all sufficiently large x. Then if the integrat 
\ g(a) de (9.12) 
is convergent the integral** . 
\ f(z) dz (4). 13) 
is absolutely convergent. : 
+-00 


* [f an integral of lhe form { f(z) dx is convergent and the integral 


re 3 
+ oo 
. 


1 / (2) | dz is divergent the former is called conditionally convergeat. Such 


oe 


et 
inteyrals are treabed im Sec. o. 

** In Pheorems 9.2, 9.3, 9.3’, 9.3" and 9.3" we suppose that the function 
f(z) is integrable in the ordinary sense over every finite interval «a Q2z<B, 
mer Fao} we. 
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Proof. ‘Yhe conditions of Cauchy's test holding for convergent 
integra! (9.1). inequality (9.11) implies that for any ¢ > O there 
exists & (e) such that 

Ke 


irc ide|<| | g(2)dz|<e for all B’, B’ > Bie) 
B’ B’ 


lee. the conditions of Cauchy’s test also hold for the integral 
+00 

| / (z) | dx. Consequently, this integral is convergent whence 
it follows thal integral (9.13) is absolutely convergent. The theorem 


has been proved. 
In Example 3 of Sec. 1 we showed that 


= lim 
B~++.a0 


oo B a 
i Caz ete C—— for x>1 


re 


a + co for a<1 


for a >> Qand C > 0. Therefore, on the basis of the general compari- 
son test we obtain 


Theorem 9.8 (Special Contparison Test). Let an improper 
-|- 00 


integral f(x)dxz be given. 


tf 1a\<S for ali sufficiently large values of x where 


C>0 and a>, ‘te integral converges absolutely. 
2. [f for aul sufficiently large values of x the function f (x) 


satisjies the inequality { (2) 2 or f(x) < —s where C>0 and 
i TF 


a<1, the integral is divergent. 


Proof. (1) Putting g (z)- > im the general comparison test and 


To 
soe oi | d ‘aye 

taking into account that the integral = = 7- converges 
Jor ad 
A | 


for a>1 and a>(* we see that the integral {(z)dz ts ubso- 
a 


lutely convergent. 
* We suppose thal a> hecause, if otherwise, a@ can he replaced bv 
|- > 4" 0u 
a, >> U, and the integrals f(z)dr and \ f(rt¢r are simultaneously ahso- 


Cp fat 
tulely converernt ar divercent 
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(2) Let f(z) >< where C>>QO and a@<l1 for all 2 a,>a. 


a 
B 
Integrating between the limits a; and B we see that f(z) dx > 


ai 


dr ; : 
| ——>-+oo for B+-+oco since a<i. Hence, the integral 


8 
— & 


\ {(x)dx diverges, which implies that the integral [(z)dx is 


also divergent. 
if {(z)<—— for all —* C>U and al we can 


put f*(2)= —f(z) and then /* (x2) > — for all z pa, >a > OQ, and 
+: 
consequently the integral | {* (x) dx diverges. Vherefore the integral 
a 
+ 20 B i; 
{[(2)dr= oo n_| f(r7)dr= id ie \ {* (x) dz 


alsa diverges. 


Note Z. Part 2 of Theorem 9.3 can be equivalently formulated 
C 

as follows: if a function f(x) retains its sign and | f(z) | >> 
x 


for all sufficiently large x(x>>a) where C>0 and a<1, the integ- 
-+-oo 


ral \ f(x) dx diverges. 


c », C>d, «<i 


7 


Note 2. The fact that the condition | f(z)|= 


holds for a function f(x) tor all sufficiently large x>a may not 

imply that the integral f f(x) dz is divergent. This integral may 

turn out to be convergent if f(z) is a function with alternating 
+ oo 


sign. For example, we can easily show that the integral | f(x) dz 
,) 
where the integrand is determined by the relation f(a) = 


=(—1)" + nmx<emcn-!-1, a2 =-1,2,3...., U<tacl, conver- 
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+05 
ves although | / (xr) |= a and the integral | | f (x) | da diverges for 
v ° 
Q—qg<t. 


The test based on comparison with the function ma can be reph- 
t 


rased as follows: 
Theorem 9.3" (Modified Special Camparison Test), Let 
+50 


the integrand in the integral \ f(x) dx be representable, for all 


suffictently large x, in the form f(z) = 42. Then (1) if g(x) is 
ao 


bounded in its modulus and a>1, the integral is absulutely con- 
vergent, (2) if g(x) retains ifs sign, |g(z)|>const>> 0 and a < 1 
the integral diverges. 

The following form of the comparison test based on comparison 


; , C . . 
with the funclion — sometimes proves to be convenient: 
a 


Theorem 9.3" (the Limiting Form of Special Compa- 
vison Test). Let the limit lim | f (z) | z* = C exist. Then (1) if 


x-+-+ 00 


+ oo 
Q< C< +00 and a >1 the integral | f(r) dx ts absolutely 


@ 


a 
convergent, and (2) if O<C < +00, a <1 and f (x) retains its 
sign for all sufficiently large x, the integral is divergent. 


Proof. (VIfO <C < + ow, we have, for all sufficiently large z, 
the inequality 


f(x) |2%< 2C, ie. | f(x) p< eo 


9 
re 


for C>0O 


and the inequality 
| f(z) |ae<4, ie. (2) |<. for C=0 


-+co 
Therefore, by Theorem 9.3. the integral \ { (rz) dr ~=converges 
a 
absolutely. 
(2) TF OQ Cte and ¢ <1, we have 
C : C | 
\{ (2) [2 >7, Le; lf@i> se. for C<-+ co 
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f(z) atl, ie. f(a) >— fone =a 


for all sufficiently large z. and hence, on the basis of Note 1 after 
+30 
Theorem $9.3’, we conclude that the integral f (x) dx diverges. 


a 


The theorem has been proved. 


Note 3. Theorem 9.3” (the modified comparison test in the limit 
form) embraces a narrower class of functions than Theorem 9.3’ 
(the modified comparison test) because Theorem 9.3", unlike Theo- 
rem {).3’ is only applicable if a finite or infinite limit of | f (z) | 2 
exists for z2—» + co. 

Theorem 9.3" implies 


Theorem BBS" (Special Comparison Test in Terms of 
Orders of Infinitesimats) Let |f (z)| be an infinitesimal of 
the order of - for z—-»-+0oo. Then (1) if a >1 the integral 
—_ z 
] (x) dz converges absolutely and (2) ifa <1 and f (x) retains its 


-+- 00 
sign for all sufficiently large x, the integral \ f(x) dx diverges. 


a 
We remind the reader Lhat f (z) is said to be an infinitesimal of the 


order of as (4 > UV) for r—> !'oco if 


lim ALAN -: lim |f(7)|z*=C where O<C< +0 


X-—» t-90 { — X-++00 


Note 4. [t is obvious that Theorem 9.3” is applicable to a still 
narrower class of functions than Theorem 9.3” since its conditions 
include the existence of a finite limit of | f (z) |2@, for 2 —~ -} oo, 
different from zero and infinity. 


LEramples 
+-co 

1. By Theorem 9.3, the Euler-Poisson* integral | e-** dx is con- 
y 


vVerveul since the exponential function e7** decreases faster than 
wuv Negative power of x as 2— boo and, consequently. we have 
k C 
—~Xe _-” 
c ion 


Peisguing Ciieois Denis CY781 1249. a French mathematician 
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for all sufficiently large z where C = const > O (here we have put 
a = 2 but any other number exceeding 1 can also be taken as «). 
Theorem 9.3’ also indicates that this integral is convergent because 
we have 

lim 2%e-?? =O (a = 2) 


x— — oc 


2. The integral e~*z'-! dz converges for all real values of p. 


one O_o y 


Indeed, to prove this we can apply, for instance, ‘Theorem $9.3" 


since the relation 
lim 2z’e7‘z7’-! =O 


XX 


is fulfilled for all such p. 


2». Let us consider the integral (= _— dr for nO. We have 
1 
rm rm 1 g{z) : 1 
eee ee ee 
[ me ig Me cm {tira pene 2 geen 
where = < g(z) <1 for z > 1. Therefore, by Uheorem 9.3', the 
integral is couvergent for rn — am o> 1 and divergent for a —m < 1. 


). Conditional Convergence. 


Definition &. Ant uttegral 


+00 
) f (2) de (9.14) 
a 
is said to be econdilionally convergent if if comverges while the integral 
+00 
{ 1f@ lar (9.15) 
a 


diverges. 
The Abel theorem given below makes it possible to test some 
conditionally convergent integrals for convergence. 


Theorem 9.4 (Cthel’s Test). Cet @ (x) be cantinuous and g (x) 


be continuously differentiable on the infinite interval a << zx << -}-00. 
B 


Tf the antiderivcative DOD) = ly Gr) dhe ts frotemdedd ote the teeterval 


a 
ah < +00 and g(x) is a monotone decreasing function which 
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tends to zero for r—-+ +00, the integral 
+ 30 


\ © (x) g (2) dz (O16, 


is convergent. 

Proof. We shall show that, under the conditions of the theorens. 
the requirements of Cauchy's test are fulfilled for integral (9.16). 
Integrating by parts we obtain 
ad is 
J 4 @) g @) de = (8%) 28") — 0B) g (8) — J (a) g(x) az 
3° Le 
The funetion g (z) being monotone and decreasing as 2 —» -}-ooc, 
we have g’ (a4) <0, and it is therefore allowable to apply the genera- 
lized mean valne theorem to the Jast integral. This results in 

ii" 
| @ (x) 2’ @) dz =O \¢ (2) dx = (® [g (B")— 8 (BY) 
i? 
where <= lies between Bo and B°. Consequently. 
BR“ 
q (2) g (2) dx = W (B") g (BY) —D (B’) g (B')—@ (8 Lg (B")— 8 (B+) 
B’ 
The antiderivalive © (B) being bounded, if follows that 
B” 
|p (2) e(z)dz—0 for B’, B° += c 
B’ 
siuce g (2B) tends to zero as #B —- --0o. The theorem has thus been 
proved. 
ixam ples 


+ oo 


ry - oF . 
1. The integral dx is convergent for 2 >0_ because 


a oe, 


a ‘ ; | 
if we put gq (v7) = sinz and g (z)=-—-, we nave 
t+ 


|b (2) |=] | p(2)de| =| 


al 


sin x dx| =[cos 1 —cosx|< 


pes camer TE 


: L. 4 
for mS zo <x -} ew, and g (z) ake is a monotone decreasing fune- 


(ion tending to zero for z—-» +00 and a 2 0. 
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Note. We can prove that the above integral is convergent without 
resorting to Abel’s test if we apply Cauchy's test and integration 
by parts as it was done at the end of Sec. 4. 


2. Taking the integral 


(naz)singz a5 
x 


Ra, 
3 


ln x 


and putting q (z) = sin x and g (x) — we see that, by Abel’s 
lest. if is convergent. 


—-~’ 
a 


3. Let us consider the Fresnel* integral | sim (2°) dx which is 


0 
used 1n opties. Putting z* = ¢ we obtain 
}+30 2 ae 
4 2 _ Sin! 
| sp (27) dz = \ aa Vi dt 
0 0 


The Abel test indicates that the latter integral converges. 


G. Extending Methods of Evaluating Integrals to the Case of Impro- 
Integrals, When evaluating improper integrals we can change 
variables. jutegrate by parts and represent the integral of a suni 
of functions as the sum of the integrals of these functions, thal is 
apply all the methods of evaluating proper integrals. The correspon- 
ding formulas are valid provided all the integrals entering into thern 
are convergent. 
Let us illustrate the significance of the mater — by 


e 


taking a concrete example. The tntlegral \ x Sa. IS: cone 
er? = 


vergent (which, for instance. can be established on the basis of the 
special comparison test). Let us write down the decomposition of the 
integrand into partial fractions (e.g. see [8], Chapter 7, § 7): 


a ee ere " 
x27 —z—-2 3(a4-2) © 3(x—1) 
4-00 “Foo 
lt is obvious that the integrals { ee and \ — = => are divergent. 
3 3 
Vherefore the equality 
x 00 Leo 
dr 1 rr | dz 
\ moo- sz | gt2 1 3 | z-—~{ 
3 3 


“ Fresnel, Augustin Jean (1788-1827), a French optician and geometoer. 
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is incorrect. To use decomposition (*) for evaluating the integral 


we can integrate (*) from 0 to A and then transform the right- 
hand side of the resulting equality to the form 


A A A 

F dz t ¢ @z 4 dx _ l in "5 A-—t! 
ret e—2 a 2° 3 eS ee eee 
3 3 3 


Now passing to the limit in the last equality as A—+-+ oo we 
obtain 


gy 2. INTEGRALS OF UNBOUNDED FUNCTIONS 
WITH FINITE AND INFINITE LIMITS OF INTEGRATION 


\We shall first consider the integrals with finite limits of integra- 
tion. Let a function f (z) be defined everywhere on an interval [a, 5] 


Fie. 2 Fig, 0.3 


except possibly at a finite number of puints. A point 29 E ta, b| 
will be referred to as a singular point of f (x) if f (x) is unbounded 
in every neighbourhood of the point xz». For example, the function 


1 | 
ar for Om r<l 
f(x) = 
Q for z=0 
has the singular point 2 = 0 (see Fig. 9.2). 
Tne point « = 0 is alsu a singular point for the function 
sin = for Omari 
() for z=0 


(Fig. 9.3). 1. should be noted that in the last example the func- 
tion f(c) does not have an intinite limit when 2 -» U because it turns 
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inte zero inlinilely many times in-every arbitrarily small neighbour- 
hood of the point z= 0. 


Definition. Leta function { (zr) be defined on an interval (a. b| 
everywhere except possibly at a finite number of points. If x = 0 is 
b-ka 
a singular point of the function f (x) and the integral | i (x) dx 
a 
exists for every u, Oxcpib—a, the improper integral 
L 


| f(z) dz is understood as the limit 
e 
b b-u 
| f(z)dz= lim \ } (a) dz (9.07) 
e [i—»-- 0 
4 D4 

lf this finite limit exists integral (9.17) is said to be convergent, 
if otherwise it is called divergent. 
We similarly define the improper integral in the case when the 


singular point of f (2) coincides with the Jeft end point z = « of the 
interval of integration fa, 6): 


6 8) 
\ #@) dzr= lim | f(z) dz (9.18) 
a cee at? 


If both end points xr=a@ and x=b are singular points of f(z) 
the integral is defined as 


f(r)dr= ee T f(z) dz ({), LY) 
nope ah, 


If an interior point s=c, a<c<tb, of; the 


interval [a, &] is 
a singular point of f(z) we - 


5 : 
[ ()ae= tim | J s(a)de~ Tr@az] 029 
¢ ia may b Cd. 


Let us now discuss the conditions guaranteeing the convergence 


of an improper integral of an unbounded function. Applying Cauchy’s 
criterion to the function 


F (uw) = \ f(z) dz (0.21) 


for un — +O we obtain 
20—0824 
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Cauchy's Test (for Improper Iutegral (9.17)). For inte- 
gral (9.17) to be convergent it is necessary and sufficient that for every 
@->O there exist = 6(e) >O0 such that 

b— ” 


| { f(z) dz|<e for all O<cw’, p° =< &(e) 
b— 1’ 


Cauchy’s test for integrals (9.18)-(9.20) can be formulated in 
a similar manner. It can easily be shown that integrals (9.19) and 
c 6 


(9.20) converge if and only if both integrals \ F(z) dx and { f (x) dz 


Ga Cc 
are convergent, and that in the case of integral (9.19) the point ¢ can 
be chosen arbitrarily. If integrals (9.19) and (9.20) are convergent 
we have the equality 
Cc 


f(z) dz= \ f (x) dz-+ l f (x) dx (9.22) 


a 


for both integrals. 

The same idea can be used for defining an improper integral with 
an integrand having a finite number of singular points on its interval 
of integration [a, b]: the interval is broken up into a finite number 
of subintervals in such a way that the function f (z) has a singular 
point at only one of the end points of each subinterval. 

Thus, the general case is reduced to integrals (9.17) and (9.18). 
Rut integral (9.18) reduces to the corresponding integral (9.17) 
if we substitute —z for x. Therefore we shall limit ourselves to 
studying integrals of form (9.17). 

Absolute convergence and conditional convergence are defined 
for integrals of unbounded functions like in the case of integrals 
with infinite limits of integrations. Cauchy's test makes it possible 
to prove that an absolutely convergent integral is convergent and 
also to establish the following test. 


(reneral Comparison Test. If 5 is the only singular point of 
f (x) on [a, b\ and | f (xz) | < g (2) for all x Ela, 6) lying sufficiently 
b 


close to 6 and if the integral \ g(x) dr converges, the integral 
a 


b 
\ { (x) dx is absolutely convergen:. 
a 


Let us now formulate a test based on comparison with the func- 


tion = which is analogous to ‘Theorem 9Y.3. 
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Special Comparison Test. Let a function f(r) defined on 
[a, b] have a singular point at the end point x=b6 and let the 
b—K 


integral | f(x) dz exist for every p, O<cp<ecb—a. Then 
(1) if we have 


lf (x) |<—£ 


baa where DC <- ow, acct (9.23) 
—2z 


b 
for all x€ fa, b) lying sufficiently close to b, the integral \f@) dz 


converges absolutely; 
(2) if we have 


f(z) = where C>0, a! (9.24) 


for all x€{a, b) which are sufficiently close to 6 or 
where C>0, a>i (9.24’) 


f(z) <— 


(6 — x) 
for all x€|a, b) lying sufficiently close to b, this-integral diverges, 


Praof. (1) In this case we have 


v vd as 
[J fe dz|<| | f (2) jdz|<c| J ste |- 
=c| “wy =3:() 


b 
for x<(1 and p’, p’—O0. Consequently, the integrals | f(@) de 


b 
and \ f (x)|dz are convergent. 
(2) Let us suppose that f(z) is nonnegative.* Then we have 


I (2) >a for acla,cxr<ib, a>i 


x) 
* If f(z) is nonpositive we introduce the function /* (x)= —f(z) which 


is nonnegative, and if the integral \r (z)dz diverges the integral 


a 


b b 
\ f (x) dz= —| {* (z) dz also diverges. 
a Ga 


26 
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and 
b= b—[L 
[ f(z) dz > | —~— dz -_oo for ~w»+>O0O+40 and azi 
re = (b— x) 
because 
i-a i-a 
pe (6 — ay) 
b-p P c{ t—- — ] fora>1l1 
\ a ee 
aj 9) Cin 274 for a=i 


pa 


b 
Hence, the integral \ #2) dx diverges and thus the integral 
at 


{ {(xz)dz also diverges 


Note. Part (2) of the above theorem can be formulated equiva- 
lently in the following form: tM @1>—— for all x lying 
co 


sufficiently close to b where C>0, a1 and f(z) retains its sign 
b 
for these values of z, the integral \ f() dx is divergent. 


a 
The above special comparison test can be rephrased as follows: 


Modified Special Comparison Test. Let a function f (zx) 
be integrable in the ordinary sense on every finite interval a zr < 
<b—i where O<A< b— a. -— that this function can be 

& (Lz 
&—xr)* 
(i.e. for b—S<xr<b, 86 >O, 6< b—a). Then 

(1) if g(x) is bounded in its modulus and a <1, the integral 
b 


represented in the form f (x) = in a neighbourhood of 6b 


\ f (x) dx converges absolutely, 
a 
(2) if g(x) retains its sign in a neighbourhood of b, | g(x) | > 
b 
= const > 0 and o 21, the integral \ f (x) dz diverges. 


a 
The modified special comparison test can be formulated in like 
manner in the case when the only singular point of f (z) on the 
interval [{a, b] is located at the end point z =a. 
It is also possible to formulate and prove the special comparison 
test in the limiting form, which we leave to the reader. 


q e 
cre 
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We remind the reader that |f(z)| is said to be of the order of 
for z—+b—0 if 


lim —@ = jim (b6—2)* |f(z)|=C where 0<C< +0 
x—b—0 


Let us now formulate 
Special Comparison Test in Terms of Orders of In- 
fintties. Let |f (z) | be an infinitely large quantity of the order of 


baz* (a > 0) for z+ b — 0." Then 


b 
(1) tf @a< 1 the integral | ft @) dz is absolutely convergent: 


a 
(2) if a > 1 and f (2) retains its sign in a neighbourhood of x = b 
(i.e. forb—Axlrzr<tb,O0O< A < 6b — a) this integral is divergent. 
This test is formulated similarly when f (zr) has a singular point 
not at the end point z = 6b but at the end point z = a of the inter- 
val [a, dl. 


Examples 
dr : 
1. The integral \—= converges since we have 
ee Vis , 
1 4 { 1 
£0 —————SESEs>”=_D nn 88 One es. I IT 
H(z) Vi-=z Q—-r)'/2 (t424722)'% (§V— rl? #2) 


1 
(1-f-2 22) 1/° 


a=0Q, b=1 and a= 5. 


where g (x) = is a bounded function. Ifere we have 


2. Consider the integral [+ Sn? dr. We have 


Sinz 1 sine 4 
i (2) =—- = et oer 8 () 
where g (x) =—— is a function bounded in its modulus, and 
sinz < g(z) <1. Here we have a -- 0, b= 1 and @ = p — 1, 


Thessioes the integral converges for ~ = p —1<¢ ! and diverges 
1 


for ao = p — 1 1. Thus, the integral — dz is convergent 


for p<i2 and divergent for p > 2. 


* The function es (xz) is supposed tu be integrable in the ordinary sense over 
every Interval axz<b he Qn Raha. 
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Abel’s test for improper integrals with finite limits of integration 
can be formulated and proved by analogy with Abel's test for 
improper integrals with infinite limits of integration (see § 1, Sec. 35) 
and we leave this to the reader. 

Finally, we can change variables, integrate by parts and break 
up integrals into sums of integrals in the case of improper integrals 
with finite limits of integration under the same conditions as in the 
case of improper integrals with infinite limits of integration (see § 1, 
Sec. 6). 

Now we shall briefly discuss the integrals with infinite limits 
of integration of unbounded functions having a finite number of 
singular points. lf an improper integral is taken over an interval 
axr< +o or —w<2<a or over the whole z-axis —o < 
<I z2<< +oo we break up the interval of integration by means of one 
or two points of division into one finite interval coutaining all the 
singular points of the integrand f (z) and one or two semi-infinite 
intervals without singular points of f (z). This reduces the improper 
integral of the general type to the above special cases. The original 
integral is, by definition, understood as being equal to the sum 
of the integrals taken over the subintervals the original interval 
of integration is broken into. 

The original integral is said to be convergent if and only if all 
the integrals over the subintervals are convergent. If at least one 
of these integrals is divergent, the original integral is regarded as 
divergent. 

It can be shown that the definition of convergence of the original 
integral and its numerical value (provided this integral is convergent) 
are independent of the choice of the points of division. 


Exam ples 
+ vo 

3. Take the integral e*7yP?Idzr. If p—1<0, the integrand 
0 


has a singular point at z=0O. Therefore let us divide the interval 
of integration into two intervals, e.g. [0,1] and (1, + 00), by 
means of the point r=1. This results in 


~+90 1 4-29 
\ e*z lds: = { e*zP drt e* Pl dx 
0 0 71 


1 
The integral \ en de = | = dx converges for 1—p<l, that 
0 0 
is for p>0O, and diverges for p<O0. As has been shown (see § I, 
+00 
pec. 4), the integral ) ove? dx converges for all values of p, 
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+30 
—oo< p<+oo, and, consequently, the integral | e~*zx?"1 dzx* 
0 


converges for all p>>O and diverges for all p< (0. 


4. Consider the integral z? In? = dz. Performing the substitu- 


SP ny ome 


tion In =1 (— =e", gee and dr= —e'dt} we oblain 
l 0 — a0 
| 2?in? = de=— | ePtitetdt— | cte-wtinae 
0 -+ co \) 


The integrand in the last integral has a singular point ¢=0O and 
therefore we break up the integral into two integrals: 

i -} 90 

\ {Ve-(p+ int dy — j em (P+ ANYT de 4. | e-(P+tty dy 

0 0 


+o 


‘ i 
The integral | en@rnes dt = | 
0 0 
—g<cl, i.e. for g=>>—t1, irrespective of the values of p. The 
+ oO 
integral \ e—(P+De47 dt (with g>>—1) converges only if p 41> 0, 
i 


e (Pt {ye 


<q dt is convergent only for 


i 
that is only if p=>>—1. Consequently, the integral | 2” In? — da 


0 
converges for p>>—1 and g>>—1 and diverges for all the other 
values of p and g. 
+ co 


29. Taking the integral | saa 


Wa zy (lalos and performing the 


é€ 

change of variable Inlnz=t we find that the integral converges 
for p>>1 (and arbitrary g) only if r<cl. If p=1 it converges 
only if r<ti and g>O. Finally, if p<c1 the integral diverges 
for any r and gq. 

* This integral is known as Euler's integral of the second kind (the 
gumima function) and is designated by [(p), i.e. [T(p) = e-xzP-ldz (see 

0 


§ 3 of Charter 10). 
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§ 3. CAUCHY'S PRINCIPAL VALUE OF A DIVERGENT 
IMPROPER INTEGRAL 


Let a functicn /(z) be integrable in the ordinary sense on every 
: B 


finite interval of the z-axis. If the limit lim | f(z) dz does not 
Bate = 
exist when A and & tend independently to their limits, i.e. the 
+ 99 


integral {/(x)dzx diverges, but the limit lim f(x)dzx exists, 
) 


A-+--09 = ¢ 


the latter is called the (Cauchy) principal value of the divergent 


integral j f(z) dx. In this case we write 
= i p 
V.p. { f(z) dc= Pasion ) }(z)dzx (9.25) 


(the nolalion v.p. originates from French valeur principale priu- 
cipal value). 

Now let f(z) be a function defined on an interval fa, 0] and 
having only one singular point ¢c, a<tce<b. Suppose that the 
integral 


f(x) dx+ l { (zx) dz} 


CU 


te dz= lim { 


7.—~0+ 0 


ws Cee Ve 
= ta, | 
~ 


is divergeut, that is the limit of the expression in curly brackels 
does not exist when A=>0O and uw>O independently tend to zero. 
Then if the limit of this expression exists for A>p—~O-} 0 it is 


called the principal value of the divergent integral \ /(z) dx 


0 ee O 


and denoted as 


[70 dz= lim < f Siaes f(z) dx} (9.26) 
cA 
ag ere 
. If f(z) is an odd function {i.e. f(—2)= — f(x); see Sec. 6 in 
‘4 of Chapter 11) defined on (—oco, -+- co) the principal value 


vip. f j(x)dz = lim \ {(z)dx=0 


sim —o0 
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2, If f(z) is an even function on (—oo, +00) (i.e. f(—7) = 
= f(x); see Sec. 6 in § 1 of Chapter 11) we have 


A A 0 
{ f(a) dz=2( j(z)dr=2 | f(z)de 
-A 0 -A 
+ oo 
for any A. Therefore, if the integral | {(x)dx of an even func- 
Eagts : 
tion diverges, i.e. if at least one of the integrals f(z)dz and 
ov foo 
| f(z)dzx does not exist, the principal value v.p. \ f (xz) dx does 
4 J 


not exist either. 
3. Let us apply the notion of the principal value of a divergent 
improper integral to evaluating the integral 


zem 


Tam dz, where n and m are integers and O< m<n (9.27) 


2s = | 


This integral plays am important role in the theory of £uler's 
integrals (see § 3 of Chapter 10). We have 


xrem C . 
——— __ — -- : —_— 
| 4+ xn <— 7T2 for Le OO, W here Cc const >Q 
j (2k+-1)2 
Besides, all the roots a,=e “" =@n-+-iby, K=O, 1, ..., 2n—1, 


of the equation 1+27°*"=0O are not real. Therefore the integrand 
has no Singular points on the z-axis and the integral thus con- 


ps : . 27n 
verges. Taking the decomposition of the rational fraction oe 
into partial fractions and integrating from —Z to Z (£>>0) we ftnd* 
t P 2n— i { 2n—{ i 
gem dz az 
\ 1 - zen — \ Ar J E—-TR 2 - \ (x —ap)— iby 
at == _ = —! 
2n-1 : d 


| 


i = : b 
3 an ff 2a ae ( —™ sas} - 
Sd (ean bh J @—an?4 oh J 
* An integral of a complex function u(z)— fe(z) of a real variable z 


where u(z) and v(z) are real functions is defined as We {z) + iv(zj] dz = 


' 
Y 


=| u(x)de--i ( pix) dr. 
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2n— i ' : 3 
= > A, {10 ot 
h—0 (t -ap)*-- Op 


. {— t-j ; 
+ i | arc tan “* 4 arc tan “rn |h 


by bp 
° 4 
where A, = rt =e since 22° = —1. Passing to the 
limit for /— -3-oco we cbtain 
x2m . 
re 


where the plus sign corresponds to b,>>0O and the minus sign to 
b, <<. O. The integrals 


+90 
A; | es = An { | Soke 2A. i \ eee k =0, 1,... 
J tah _ (z— ap)? + bp J (z—an)?+ bad 
. : ; d 
are obviously divergent and the numbers 4-niA,= lim \ ad 
l—+ +-00 aa nS | 


are their principal values. 
Now note that b,>>0 for £=0, 1,..., n—1 and &<0 for 
Aan, ni! t, ..., 2n—1. Hence, we can write 


-+ 00 n—{ 2n—1 
“ zeom . j ~~ | 
\ {t-z2n dr = ni 1 > Apn— >; Ay oy 
—_ 0D k= k=n 
where 
n—1 n—1{ m—} | (2m+-1)(2k+1) 
Sy 4 eset tlt qim-i aa an es 
ee See 29 R _ 2n } 
kha=zG6 k=90 k=0 
jp 2mti, ,@mtienth, 
{ e on e on 
PAD 2 = . 
1—e i 
,om+t 
| e@ = 
= et (13) 
st 
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because e«(2m-Da— —{. Next, putting A=A +n we obtain 
Z2n—i 2n—1 2n—i j (2mM+IM2R+ ') “ 
am+1 __ \" 2n wes 
>; A, = ~ >} Xk ma a >», Py = 
A=n k==n k=n 
n—1 , amt Der +) _ 
ee 1 + es én * i(2m-+1)a _ 
2n 
k’ =D 
n—1 , (2m DCR’ +1) 
1 on ’ 
— on > 7 (€2) 
k°=0 


and the last sum differs from (J3) only in its sign. 
From (A), taking advantage of (B) and (C), we deduce 


j 2en +f 2 
+ © 
yy 7 rem 2ite e oon 2 1 
weg. ee 4 zen & [= 2 5 2m-+1t * oA 2m+1 
zm 
Thus, the integrand f(z)= Tee being an even function, we 


have (sce Example 2) 


z2m arf 1 “ype 
J=\ (ie &=3-—aer wna’ 
0 Sin an 


. The improper integral 


b . b 
u : ~ sd: r d b—ce d. 
j ——-= lim { + | : In et. Wik i: 
TTC +040 oe Ce hau } 
a + 0-+0 U a l—-0+0 


where a<ic<b is divergent. But if we put A=p>O0 and pass 
to the limit as A—0O+0 we see that this integral possesses the 
principal value 


= 10 


b 
\ az _.] b—ec (a<c < b) 
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We shall first consider the case, when the integrand is unbounded 
and the domain of intcgration is hnitle (bounded) — then pass 
to the case of an inhnite Minhounded’ damain of fitegtutiun. kur 
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Simplicity’s sake, we shall take double integrals although triple 
integrals and -V-fold multiple integrals are considered similarly. 

1. Integral of an Unbounded Function Over a Finite Domain. 
Let a function 7#(A/) = f (z, y) be defined over a finite domain Q 
of the z, y-plane. We shall suppose that f (z. y) is unbounded in 
every neighbourhood of a point Mp (%o, ¥o) € 2 and that for any 


Fig, 9.4 


domain §2 — ws containing the point Jf in its interior the func- 
tion f(z, y) is bounded and integrable in the ordinary sense over 
the domain 8 — wy (shaded in Fig. 9.44 and 0). This means that 


the integral '{ f(AJ) dw is the limit of the corresponding 
(2-0 

infegral sums (according to Definition J in § 2 of Chapter 1).* 

The subscript 6 denotes the positive diameter of the domain 5. 

lf 6 +0 the domain og, is contracted toward the point Ag. 


Definition 1. The tuproper integral of the Junction 
}(My=f(a,y) over the domain Q is equal to the limit 


lim \ {CN do = {| f(A) do (9.28) 


gQ 


@ aa “s 


{j this limit exists, is finite and does not depend on the way the domain 
Ws is contracted toward the point Mg, improper irtegral (9.25) is said 
tv be convergent. If otherwise, it is called divergent. 

We say that the integral \| { (AJ) dw tends to a finite limit J, 


$2- 6) 
b 
as &§-> QO, which is independent of the way the domain og IS cun- 


* The domains 92 and mg and all the other domains which are considered 


in & 4 are supposed to be squarable. The symbul QQ denetes the clasure of Q, 
i.e. a closed set which is the union of Q and its boundary. The point 3/5 may 
belong to the boundary of Q or to its interior but it must be an interior point 
of og. The symbol OQ —- mg designates the set of all points belonging to @ and 
not holonging to was. Ef Q and os are squarable! the domain Q — ws is alse 
squarable. 
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iracted to the point j/, if for every sequence of domains 
C549 Was © © «9 WO» os 8 (9.29) 


each of which contains the point 3/9 in its interior and whose diame- 
ters salisfy the condition 


5, —> 0 for n—-+ —o”* (9.30) 


the corresponding number sequence 


\\ {(M) dw, y) H(M)do, ..., ff (do, ... (9.31) 
6 


L— WH, 2—W%5, Q- 
converges to one and the same limit J irrespective of the choice 
of sequence (().2%). 


Note J. For an integral taken over a line seginent fa, b| (i.e. in 
the case N = 1) we took the intervals of the form [a, b — Al (which 
are connected point sets) as the domains $2 — WS - But if NV S2 


the domains © — 4 and @6, are not necessarily supposed to be 
connected. 


Definition 2. Let the point My, lie in the interior or Q. Suppose 
that integral (9.28) is divergent but sequence (9.31) tends to one and 
the same limit when (9.29) is an arbitrary sequence of concentric circles 
with centre at Mg which are contracted tnward My. Then this limit 
is called the principal value of divergent integral (9.28).** 


Principal values of divergent improper double (and triple) integrals 
are applicable to some problems of ‘mathematical plivsics. 


Note 2. Tf VW, is an interior point of 9, theu, when testing the 


integral \ { f(.M@) dw for convergence. we can replace Q by any 


* 


Q 
subdomain 9° © Q containing the point j7, in its interior and 
consider the integral \\ iF (Vf) dw instead of the original integral 


(compare this with the note after Definition 1 in § J, Sec. 1). If the 
Singular point 7, belongs to the boundary of 92 we can take. as 2". 
any subdomain which is the intersection of the domain 2 with 
an arbitrary domain ©* for which 147, is an interior point. 


 * flere we do not suppose that (9.29) is a monotone sequence of sets, that 
is the one satisfying the condition 3 > w,,5...2m, 7... . The 


only requirement is that condition (9.30) iuust be fulfilled. 

** Accordingly, the definition of the principal value of a divergent improper 
N-fold multiple integral involves the sequences af V-dimensional balls. instead 
of the sequences of circles which are contracted to the corresponding point. 
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Noie 3. The case when f (7) has an arbitrary finite number of 
singular points belonging to the domain 22 or to its boundary reduces 
to the case treated in Definition 1 if we appropriately break up the 
domain Q into parts as it was done for onefold improper integrals. 


2. Integrals of Nonnegative Functions. In this section we shall 
consider integrals of nonnegative functions which are simpler to 
investigate. The results obtained here will be further used for integrals 
of functions with alternating sign. 


Theorem 9.5. Let the integrand {(M) =f (xz, y) in inte- 
gral (9.28) be a nonnegative function and let us take an arbitrary 
monotone sequence of concentric circles with centre at My contracting 
toward M, as a sequence of type (9.29). Denoting a circle of radius 8 
with centre at My by Kg we can write this sequence in the form 


Ky. D Ky. >... 2K, >... where 6,-+0 for n—» + 00 (9.29’) 


Under these conditions, for integral (9.28) io be convergent it is 
necessary and sufficient that the corresponding number sequence 


i) { (M) do, (J f(M)do .... \| {(M) do, ... (9.34") 
salen mie = Kao 
be bounded. 


Proof. Necessity directly follows from the definition of convergence 
of integral (9.28) because if integral (9.28) is convergent sequen- 
ce (3.317) must also be convergent, and hence it is bounded. 

Sufficiency. Let sequence (9.31’) be bounded. Sequence (9.29’) 
being monotone and contracting to Mg, the sequence of domains 
of integration of integrals (9.31’) is monotone increasing, i.e. we have 


Q— Ky Clk— Ky 2-s- CRQ—KFC, .. 


Therefore number sequence (9.31’) is nondecreasing because tlie 
integrand {(M)=/7(z. y) is a nonnegative function. But this 
number sequence is supposed to be bounded and, consequently, 
it converges to a finite limit J: 


lim \ {(M)do=J (9.32) 


n—»-+ 00 ok. 
én 


and \ {(M) do <J. To complete the proof of the theorem 
aaa 

we must show that for any other choice of a sequence of domains (9.29) 

contracting toward M, the corresponding number sequence of form 

(9.31) converges to the same limit J. For every domain ws, entering 

into sequence (9.29) there exist circles As. and Ko. belonging 
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to sequence (9.29’) whose radii 6, and 69 tend to zero as 6, —~ 0 
such that 
Kye = We => Ky. (9.33) 


Relation (9.33) implies 
Q— K,- Cc C2 — Ws —Q — K,: (9.34) 
p . q 


The integrand f (W/) being nonnegative, it follows from (9.34) that 
i) {(M) do< ) f(M) dw < \ f(M) do (9.35) 
0" K,. 


O-K 2—- ag 


Sp q 


But 
lim, Bae lim \\ {(M) dw =J 


Pp g 


and, consequently, relation (9.35) implies that 


lim iy) f(M) do=J 
a ead ce 
n 
which is what we set out to prove. 
The following more general theorem is a direct consequence of 
Theorem 9.9. 


Theorem 9.6. Let the integrand {(M) = f (a, y) in integral (9.28) 
be a nonnegative function and let (9.29) be an arbitrary sequence of 
domains contracting to M, (see footnote on page 413). Then inte- 
gral (9.28) converges if and only if the corresponding numerical sequence 
of form (9.31) is bounded. 


Proof. Necessity is proved as in the foregoing theorem. To prove 
sufficiency let us take a monotone sequence of circles (9.29') con- 
tracting toward M, and show that number sequence (9.31’) corres- 
ponding to this sequence of circles is bounded provided that se- 
quence (9.31) is bounded. Then Theorem 9.5 will imply that integral 
(9.28) is convergent. 

The fact that number sequence (9.31’) is bounded is proved a 
follows. Suppose that 


\ {(M)dwo<C =const < +09 (9.36) 
— OG 
forallm = 1, 2,3, ... . Since 6,, ~ O for m — +-0o we can assert 


that for any n there is m such that relation 
Ky. > (Ox ().37) 
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holds. Hence it follows that 


22 — Ag C2 — wo, (9.38) 
Therefore we obtain the inequality 
\{ {(M) dw< \\ #(M) do (9.39) 
Babee iG. 


because f (.1J) = f (t, y) is nonnegative. From (9.36) and (9.39) 
we conclude that the inequality 


\| {(M)dw <C =const< +00 (9.40) 
Q-K,. 
23 
is fulhlled for all m which is what we set out to prove. 
Exaniple, Let us prove that the integral 
\\ de dy where C =const >0 and r= VY (x— xo)? + (y— Yo)” 
9 


(9.41) 
taken over a finite domain @ containing jA/, = (Zo, Yo) aS its interior 
point converges for a< 2 and diverges for o > 2. 

According to Note 2 in Sec. |, integral (9.41) over the domain © 


can be replaced by the integral \ a2 dy taken over an arbitrary 
r 
q- 


subdomain Q° Cc Q for which J/, is an interior point. Let us take 
a circle Ag of a sufficiently small radius fl with centre at the point 
My as a subdomain ©’. Thus. we must investigate the integral 


\ ( < dz dy, C>>0, r=V (x—2)? + (y—Yo)?, @ =const (9.42) 


K, 
R 
To do this let us choose a monotone sequence of circles 
hie Ng 426 Ne >...9.My where 6, 0 for n—~ = 00 (9.43) 
which contracts to AJ, and consider the integral 
C 
RR tS. 


Transforming this integral to polar coordinates we obtain 


2 R 
2» C C ad C 
¥ —dzxdy = {| —-rdrdo= | dq { ——rdr= 
ae os ure ad : ae oe 
Rn-K5, Np—- KE rer 0 5, 
: 2nC | ; for axX2 ; 
=zad \ ri-4dr= % Irons (9.45) 
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Now, passing to the limit in (9.45) as $6, ~ O we see that inte- 
gral (9.40) is hounded for a < 2 and approaches inlinity for a@ > 2. 
Consequently, integral (9.42) is convergent for a < 2 and divergent 
for a@ > 2, and hence the same conclusion applies to integral (9.41). 

Similarly, in the case of NV independent variables z,, z2, ..-, Ty 
the :V-fold multiple integral 


we ae 3 
\ | cars | —— dz; Cea drs, C -= const >, 


ee oO ¢ r (9.46) 
: rae 0\2 ay? 
t V (x —aZ)° we He (BR IN 
converges for @ <i N and diverges for a > N if Alg = (zi, .- -; Zn) 


is an interior point of the N-dimensional domain @. Thus, the value 

= N (equal to the dimension of the space) is a criticad one in the 
sense that it separates the values of @ (a < WV) for which integral 
(9.46) converges from the values of a (@ 2 NV) for which it diverges, 
the value «@ = AN corresponding to a divergent integral. 


3. Absolute Convergence. Let a point A/, belonging to a domain 
Q be the only singular point of a funetion f (47) defined in @. The 
point J 9 may he interior or belong to the boundary of the domain @. 
We suppose that for every domain w for which JZ, is an interior 
point the function f (A/) is integrable in the ordinary sense over the 
domain 2 — w. 


Definition 38. The integral \\ f(Al) dw is said to be absoa- 
Js 


lutely convergent if the integral Vis Gl) [dw converges. 
2 


Theovem Qt. Tf integral \\ fan dw converges absolutely 
ft ts convergent. 


Before proceeding to prove Theorem 9.7 we shall indicate some 
general properties of convergent improper integrals. We know that 
the limit of a sum is equal to the sum of the corresponding limits 
and that a constant factor can be taken outside the limit sign. There- 
lore we can assert that 


(1) if tstegrals ({ /, (VW) dw and ‘| fo (AM/) do are convergent 
“4 2 
the integrals \{ [/, CW) + fe (W)) dw are also convergent and the 
“d 
equabily 


\| fv (V) + fe(M)] dw = \\ 1,(-M)do \ | fo(M) du 


Q cD : 


] 
Oo 
we 
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(2) if an integral V\ f (AL) doo converges, the integral | Ch(\M) dw 


where C = const also converges and 
\ Cf) do =C | {(M) de 


We can now prove Theorem 9.7. Let us represent the integrand 
/ (VW) asa difference of two nonnegative functions f, (AJ) = | f (AZ) | 
aud fs (MV) = [f (AJ) | — Ff CY): 


f(M) = (fC) | — UF CM) | — fA) = fi C2) — fe (AZ) (9.47) 
ly the hypothesis, the integra) \\ fi (VU) dw= \\ lf(M) [dw is 
g "gs 


convergent. We have 
fo (MQ) = | f (W)| — 7 (A) < 2 1 FAD | 
and, according to the conditions of the theorem, the integral 
i) 2|f(M)|do =2{{ fC) | do 
Q a 
converges. Therefore, by Theorem 9.6, for every contracting sequen- 
ce (9.29) the corresponding sequence of integrals \\ 21f CI) | dw 


Q-w 
Sy 


is bounded. Furthermore, we have an obvious inequality 


\ | fo (MM) dw< \ J 217 (17) | do 


ne Q— 
Q O8 06, 


and hence the sequence of integrals \ fo (M1) dw is also bounded. 
R—- we 


Thus, by Theorem 9.6, the integral \\ Je (W) dm is convergent. 
Q 
ut then relation (9.47) imphes that the integral \ / (VV) dw is also 
Q 
convergent and the equality 


| £AD) dw =F) f,(M) do— [Ff (4) do (9.48) 


) 9 Q 


?e 


is fulfilled. The theorem has thus been proved. 


Se 


Note. In the case of an improper NV-fold multiple integral. for 
No Dy the converce of the ahave thearem is also true. that is con- 
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vergence and absolute convergence are equivalent in the case VN > 2 
(see Sec. 5). 


4. Tests for Absolute Convergence. 
Theoren:t 9.8 (General Comparison Test). Let the inequality 
Ve If) <g Qi) (9.49) 
hold everywhere in the domain(). Besides, suppose that Af is the only 
singular point of the functions f (Al) and g (Af) in the domain Q which 
may belong to its boundary or be an interior point. Then 


(1) if the integral \{ g (11) dw converges the integral \| f (AZ) dw 
a g 


converges absolutely: 
(2) if the integral {| f (41) dw diverges the integral \| & (Al) dw 
2 2 


also diverges. 


Proof. Jet us take an arbitrary sequence of domains (9.29) con- 
tracting toward AZ). From inequality (9.49) it follows that 


\ If (M)|do< \ | g(M) do (9.50) 


Q— Ws Q— ws 


(1) If the integral \\ @(n) do is convergent the sequence 
¢ 


{ \j |g (M) | doo} is bounded and then, by inequality (9.50), 
ete 
the sequence \\ Jf (AP) | deo} is also bounded. Consequently, by 
Q— ws, 


Theorem 9.6, the integral i |f(AT)|dw is convergent. 


(2) If the integral \{ 7 (AN) do diverges the integral \ fs) Ido 
Q 


Q 
also diverges. Indeed, if the latter were convergent, the integral 
({ f(.\/) daw would also be convergent (by Theorem 9.7). The inte- 


® «a 


Q 
gral f(A [do diverging, Theorem 9.6 implies that for any 


Pp 
choice of a sequence of domains (9.29) contracting to Avg the 
sequence \\ | (\/)[do is unbounded. But then, by inequality 
Q—awg 
(9.50), the sequence \| g (Af) dw) is also unbounded, and conse- 
OW, 


2c? 
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quently the integral \) g(a) dw diverges, which is what we set 
Q 


Out to prove. 


Theorem 9.9 (Special Camparison Test). if a function f (lL) 
defined in Q and having only one singular point Mo (Xo, Yo) belonging 
to the interior of Q or to its bowndary satishes the tnequality 


C 
LAID [=f y) |<, C =const > 0, 
J (9.51) 
r= V («— 29)” + (y— yo)* 
where a@< 2, the integral \\i (AJ) dw is absolutely convergent. 


Q 
Proof. Integral (9.41) being convergent for @ <i 2, we conclude, 


by Theorem 9.8 and inequality (9.51), that the integral \| | f (AL) dw 
Q 
is also convergent, which is what we set out to prove. 


Note. In the case of an improper N-fold multiple integral 
\\ eee \ f (xy, a i | Xn) dx, a ae dry 
2 


taken over an W-dimensional domain © where the function 7 (WZ) = 
= { (z;, -.., Fy) has only one singular point My = (Zz, .. -, ZN) 
in the interior of the damain Q or on its boundary we should take, 
in the special comparison test (Theorem U5), r= 
= \/ (x, — xy? +...4 (ry —2ny? and a cn. 

Frample. Let us compute the force with which a material point 
MT, (Zo. Wy. Zp) Of unit mass is attracted by a material body, 
occupying a domain Qin the z, y, 2-space. with volume mass density 
p (17) = (zx, Y. z). 

Let us write down the expressions of the projections on the coordi- 
nate axes of the force of attraction (see Sec. 5 in § 2 of Chapter 2): 


Fe WW pan a dxdy dz ) 


ri 
c 


o 


Py 


| 
ay 
——"3 
= = 

—— 

, a 
ue 
at 

weno” 

i 
S051 
|= 
a, 
& 
= 
gS 
ne 


o 
| Y \ | (AT) <= Pe da dy dz | 


where 


a 
po Gr wR dip ny? ble — te) Me (x, te 5) 


é ¢ 
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In Chapter 2 we limited ourselves to the case when the point 
Vy = (Zo. Yo. Zp) lies outside the body &. If Af, belongs to the 
boundary of 2 or is its interior point the integrals (9.52) are improper 
in the general case. Suppose that the density p UW) = p (z, y, 2z) 
is bounded on ©, that is O <p (AJ) < py = const for all the points 
Vee€ Q. Then 


oo —1q ae ste —_ HN ae 
o (17) = “Po | = : Say since : I 
llere we have w = 2<0 N = 3and therefore, by the special compari- 


son test, the first integral (9.52) is absolutely convergent. The other 
two Integrals (9.52) are also absolutely convergent, which ts proved 


similarly. 
In the case N >: 2 the improper V-fold multiple integrals possess 
a remarkable property which does nol extend to the case NV = 1. 


Namely, if NW 4 2, ordinary convergence of an improper integral 
implies its absolute convergence, that is the converse of Theorem 9.7 
is true im this case. 


9. Equivalence of Convergence and Absolute Convergence in the 
Case of Improper Multiple Integral. An improper integral of a func- 
lion f (CM) converges for N > 2 if and only if the integral of [7 (17) | 
converges. This follows from Theorem 9.7 and the following theorem. 


N 
(Sa 


ad 


Theorem aQ.t. TiN: 2and the integral \\ ee \ PGM) Gi pdr 
N = 
— 
converges, the integral \| ee |f(M1)|da,...dzy also converges. 
: Q 


Proof. To simplify the notation we shall take the case V = 2 
although the argument below is valid for any NV =& 2. Let a singular 
point AW, of a function f(A7) = f (z, y) be an interior point of a plane 
region @ the function is dehned in.* Suppose the integral 


\ {fan dw is convergent while the integral | | | f (AZ) | do 


is divergent. Then we can take an arbitrary sequence {A,} of con- 
centric circles 


Q5A,DK.D...DK,D>.-..3>Me (9.53) 


* Without loss of generality (sea Nolte 3 in §& 4, See. 1). we can suppose 
that Wo is the only stupular point of f (17) in. If Ave lies on the houndary 
of G we simply take, instead of A, tn (9.53), the intersections of the circles 
A, “ith the domain @, te. their parts belonging to Q. 
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with centre at Af, contracting toward JJ, and write the relation 
lim |) [/()|do= 4-0 (9.54) 
aa O~Kp 


because [f/f (.1/) | is nonnegative. Sequence (9.53) can therefore be 
chosen in such a way that the inequalities 


i [/ (12) | do > 2 I Lf C\M)| dw -j- 22, n=1, 2,... (9.55) 


* es 


Kna-Kras — Kn 
hold. Let us introduce the functions 
PAM) =e FD [+ AAD) | and f.(M) = 4 [f(D |— 74 1 G.56) 
We obviously have f, (AJ) 2 O, fo (AJ) SO and 

f (M1) = fa CM) — f(A), LP CAD) | = fe CAD) + Of (AY) (9.97) 
From (9.57) it follows that 


\\ ee ae \\ {.(M) do + \ f-(M) do (9.58) 


Kn—-Kn +t Ka-WKragqi Kna—-Kn+i 
We shall suppose that sequence (9.53) is chosen im such a way that 
\j {.(M)do> \{ f{_(M) do (9.59) 
Wn—-Knat Kn—-Knsi 


(i otherwise we can pass from sequence (9.53) to an appropriate 
subsequence and replace. if necessary, f (Al) by —f (AZ)). Then rela- 
tions (9.55) and (9.58) imply that 


(ff. Ndo> Vl [fn |do. nx, n=t, 2,22. (9.60) 
Kn-Knat QO Kp 

lf we break up the annulus A,—Anay a sir inane smal 

squarable cells Aw; the lower Darboux sum smi ‘Aw? correspon- 


ding to the integral ) {[, (AI) dw satisfies, by (9.60), the ine- 


Kn~—Knet 
quality 
>, nite Nw > \| If(VW){do+n, n=, 2, ... (V.01) 
O-—hy 


* Ilere mit designates the grealest lower bound of f, (17) on the cell Aw; <2 
CA, — Anat. 
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We have mit D> 0 for all these cells since f+ DO everywhere in @. 
Let us delete all the terms in the sum ba mit Aw; for which mit =— 0 
{this of course does not affect the validity of inequality (9.61)). 
Denoting by G, the domain which is the union of the remaining 
cells, we can write f (VJ) =f (7) for AY €G,, and 


\\ f(-W) do = [ | 7. (MW) dw > > mitAw; > \| | fC.) [deo -:- 22, 
Ga Gn AWicG, O- Kn 
os a re (9.02) 


furthermore, we have 


\\ {(\M) do > — \\ |\f (AT) | do, n=1, 2, ... (9.63) 


Q-Kn Q-—An 
Adding up (9.62) and (9.63) we derive 
(sf (M)dw>n, n=l, 2,... (9.64) 
Hn 
where 7/7, = (Q — A,) — G,. If we denote by o, the diflerence 
QO — /1,. the diameter of w, tends to zero for 2 — --0o. Consequent- 


ly, (9.64) implies that the integral Le (AJ) dw diverges, which 
"92 


contradicts the hypothesis. Thus, supposing that the integral 
\) |f (AP) | dw is divergent we arrive at a contradiction and hence 
° 


it is convergent. The theorem has thus been proved. 


Note. If, in the case .V D> 2, we cousider the domains 92 — wg, 
entering into the dchnuition of an improper W-fold multiple integral 
to be conneeted Theorein 9.10 remains true. In fact, the domain 
Hf, — (2 — A,) —G, (2 = 1, 2, ...) appearing in the above 
proof of Theorem 9.10 can be made connected without violating the 
validity of inequality (9.64). For this purpose it is sufficient to 
join logether the connected components constiluting //, by squarable 
strips of sufliciently small total area. The possibility of construc- 
ting such strips becomes obvious if we break up the annulus A, — 
— A,;,; into squarable parts entering into the integral sum 


} 2 
= m,*A\o; by means of rays starting from the centre A/») of 
40;7h N, 4 
the annulns and concentric circles with centre at A79. 
In contrast to this, if in the case N = 1d, i.e. for an improper 


by 
integra | tf (x) dx taken over an interval fa. bl, we take, tstead 
eo 


a 
of the sequenees of intervals of the form la, &@ — 27] (A pO, A 


we 
le 
am 
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<_6— a) entering into the corresponding definition (see rela- 
tion (9.17) in § 2), exhaustive sequences of arbitrary disconnected 
domains, this will lead to a narrower class of functions for which 
Lhe improper integrals exist. Indeed, in this case only the functions 
absolutely integrable in the improper sense will constitute the 
Class of functions with the convergent improper integrals and thus 
the functions the integrals of which are conditionally convergent 
Will be excluded (the classes of functions absolutely integrable in the 
improper sense will obviously be the same in both delinttions). 


6. Improper Integrals with Infinite Domain of Integration. The 
integrals over unbounded domains whose integrands are functions 
bounded in any tinite domain are investigated in quite analogous 
fashion. As an example, we shall formulate the definition of an 
improper integral over an unbounded domain and a sufficient condi- 
lion for convergence. 


Definition 4. Let Q bean infinite (unbounded) domain, A sequen- 
ce of finite (bounded) subdomains 


Ove, S2oe. 2.2 ee ea, ae. < (9.65) 


is said to be erhaustive if for any 2 >O there is m = m (ft) 
such that all the points of the domain © lying within the circle af radius R 
wilh, centre ad the origin belong to all 2, for u msm (2h). 


Definition 5. Leta function f (AI) defined in an infinite domain Q 
be integrable te the ordinary sense on every finite subdomain. If for 
auy chuice of vxttaustive sequence (9.65) the corresponding number 
seyuence 


\\ } (VW) da, \| {(M) dw, ..., \\ {(MW) dw, ... 


Q, 2 Orn 


converges to one and the sante finite limit J the integral \\ (\M) dw 


Q 
is said to be convergent: Uf otherwise the integral is called diver- 
gent. 


Sufficient Condition for Conrergence. If f CW) = f(z, y) 
satisfies the requirements of the foregoing definition and the inequality 
7 2 G _ 
[F(A I SS in ere C =const >, 


is fulfilled where Mo == (1%, Yo) is a lized point belonging to Q the 
infegsral | i (M) dw is convergent. 
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In conclusion we note that the general theorems analogous tc 
Theoreins 9.5, 9.6, 9.7, 9.8 and 9.10 also apply to improper integrals 
with unbounded domains of integration. 


7. Methods of Computing Improper Multiple Integrals. A convergent 
improper double integral can be reduced to the corresponding twofold 
iterated integral like a proper double integral under the following 
conditions: 

(!) if the mtegrand is a nonnegative (nonpositive) function it is 
required that the iterated integral of this function be convergent; 

(2) if the integrand is a function with alternating sign it is supposed 
that the iterated integral of its modulus converges.* 

The method of changing variables 1s applied to a convergent 
improper AN-fold multiple integral according to the same rules as 
in the case of a proper AN-fold multiple integral. 

Ilere we do not present the proofs of these general assertions and 
confine ourselves to an example in which we encounter reduction 
of an improper double integral to an iterated one and change of 
variables in an improper integral. 

let it be necessary to evaluate the Huler-Poisson integral J = 


XN 
® 


— | e~** dz (see also Example 1 in Sec. 4, § 1 where the conver- 


0 
eence of this integral was established). The value of a definite integral 


remains the same when the notation of the variable of integration 


—- 02 “1-20 
is chanved and therefore 7 = { e~X = dr — e~# dy. lence we 
0 ea 


eat write 


ah -$- 30 -+-00 20 
jy? | e- x2 fr { e-¥ dy = | (e-* enw? dy ) dx = 
0 0 0 0 
4-20 boo 
oe ee ( e~ 219) dy 
0) 0 


and the iterated intogral is convergent. The double integral 


-—% +o 


{ | e- 2 +N) dr dy 
0 ( 


* The situation is similar in the case of an improper Y-fold maltiple iategra’ 
for V 3S 3g. 
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is also convergent which is implied by the sufficient condition for 
convergence given in Sec. 6. Consequently, 


_ \ { e7 (etsy?) dx dy 
0 0 


Passing to polar coordinates we obtain 


This technique of evaluating the inlegral was developed by Poisson. 


10 Integrals Dependent 
on Parameter 


In this chapter we consider the properties of integrals dependent 
on a parameter which are effectively used in analytical methods 
of mathematics and mathematical physics. Such important integrals 
as Fuler’s integrals of the first and the second kind (the beta and 
gamma functions; sce § 3), integrals of the type of a potential function 
cic. belong to the class of integrals dependent on a parameter. 


§ 1, PROPER AND SIMPLEST IMPROPER INTEGRALS 
DEPENDENT ON PARAMETER 


1. Proper Integrals Dependent on Parameter. Let u =f (z, y) 
be a function defined in a rectangle II: ax<x2zr<aib, exgy<d. 
We suppose that this function is integrable with respect to z on the 
interval a <x < b for every value of y belonging to the interval 
e<y<d. Then the integral 


ty 


J (y= J f(x, y)dz (10.1) 


4 


(dependent on the parameter y) is a function of the parameter y 
on the interval c<c y <.d. Here we shall study the properties of 
integrals (10.1). 


Theorem 10.1 (On the Continuity of an Integrat De- 
pendent on a Parameter with Respect ta the Parameter). 
If the function f (x, y) is continuous in the closed rectangle Il:a< 

b 


<<z<bexy<d, the integral J (y) = \ f (z, y) dx is a con- 


a@ 
finuous function of tre parameter y on the interval ey < d. 
Proof. Since the function f (z, y) is continuous in the closed rect- 
angle I] it is uniformly continuous. IJence, for every & > Q there is 
§ — 8 (e) >> 0 such that the inequalities 


ja’ ~x” |< S(e) and fy’ —y* | < 6 (2) (1U.2) 
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imply the inequality 
(2. y—F ay |< (10.3) 
(here 6 (€) depends solely on € and is independent of the positions 


occupied by the points (2’, y’) and (z", y") within the rectangle TH 
provided that inequalities (10.2) are fulfilled). In particular, putting 


xo= 2x” = xwe see that for any y’ and y’ a ae oh to the interval 
e<iy<id and Satisfying the inequality 
ly —y |< (ek) (10.2°) 


and for all xz, aga ob, the inequality 


| f (2, y’) —f (2, yo 


holds. Therefore, for any y’ and y’ indieaien Lo ide intervale Gy 
<d and satisfying inequality (10.2") the inequality 


(10.3’) 


b 
alien! os (x, y')—f(z, y")Jdz\< 


—a)= 


<li y)—f(z y")| dag 
Qa 
is fulfilled, which means that J (y) is uniformly continuous on the 
interval exci y <td. Vhe theorem has been proved. 


Corollary. Under the conditions of Theorem 10.1, the function 


a 


F(a, v,y) = \ f (x. y) dx is continuous in the closed rectangle 


M*¥:agqusb, axvxtbh exyxd 


Proof. The function f (z, y) being continuous in the closed rectan- 
gle If, there isa constant C,U0 < C < + oo, such that | f(z, y) |< C 
everywhere in I!. Therefure, for any points (w’, v’, y‘) and (w", v", y”) 
of IIT* we have the following inequality: 


\F(w, wv, y)—F (ue, 7, y’ |= | \ (x,y )dx — \ f(z, y’) dx|< 
u’ ae 


<| j Lila, y'—S (a, yyide| =| se y")dz + 


v a/ 
siete dell Vie y= fe, yde| + 
ye .. 


bE puta |t elev | (10.4) 
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Now let the point (u’, uv’, y’) be fixed and the point (u", ve", y”™ 
tend to (w’, vw’. y’): (uw, v", y") > (uw. vu’, y’). Then, by Theorem 10.1 
the first term on the right-hand side of (10.4) tends to zero. The 
second and the third terms on the right-hand side of (10.4) alsc 
tending to zero as (uw", v", y") > (uw. vu’, y’), the theorem has thus 
been proved. 


Theovem 10.2 (On Differentiation of an Integral 
Dependent on a Paranteter with Respect to the Para- 
meter). If the function f (x, y) and its partial derivative fy (z. y) are 
continuous in the rectangle HW:agxrsibo, cexy<d, the integ- 

t 
ral J (y) = { f(z, y) dx is a differentiable function of the parameter 


a 


yon the interval ec <x y<d, and the relation 
b b 
adJ d ¢ ; : 
eae f(z, y)dr= | fy(z, y) dz (10.9) 
a a 


is valid for all y belonging to this interval. 

Note. Formula (10.0) is known as Leibniz’ rule (formula) for 
differentiating an integral with respect to the parameter it depends 
on: the derivative of the integral with respect to the parameter is equal 
to the integral of the derivative of the integrand with respect to this 
parameter. 


Proof. We must show that 


Jd St Ay)-—J 
ean (y - (17) 
Any of ¢ " 


b 
=| f(x, y)dz 


For this purpose we shall prove that the difference between the 
ane gee Flee Ay— FY) 
variable quantity ss (Ay AO) and the — integral 


U 
fy (x, y) dx tends to zero when Ay — QO. By virtue of Lagrange’s 


a 
formula of finite increments, we have 


aE, Se oo am 


b b 
JS(y—Nuy—J ©, yr Ay) — ae : 
(ty — Ay) (i) a) Mr, ya 7 f(t, ¥) dz \ fo(z, yt0 Ay) dar 


where QO << 0 << 1. Consequently, we can write 


b 1 
Fda —Nuy— Ff (4) oa Py 4 Ns 
ae —| Ty (t Y) salle 7, (2, y-! OAy)~— fi (x, y)] dz 


c uw 


(0.4) 
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Let us estimate the above difference for sufficiently small values 
of | Ay]. Let there be given « 20. Since the derivative fy (z, y) 
IS continuous on the closed rectangle II it is uniformly continuous 
on it and therefore there is 6 (e) > O such that, for |Ay |< 5 (e), 
the inequality 

| /y (2, yi Ay) — fy, y) |<; 
holds for all x € [a, bl and anv y and y -- Ay belonging to the inter- 


val le, dl. We have 0 < 0 < 1 and hence for all 7, y and y +- Ay 
mentioned above the inequality 


lin (x, y + OAy)—fy (ze, yw |<-— 


—s 


is fullilled. Thus, by (10.6), we have 


b h 
et) fi, (z, y) dz) =|\ Uz, y |-OAy)— fy (z, yl dz|< 


}, 
<Jh (x, y+ 0 Ay) —fy(z, y) |dr< 


<— ~ (0—a) =e 


lor all [ Nyt < & (e). The theorem has been proved. 


Theorem 10.38 (On Differentiating an Integral De- 
pendent on a Parameter Whose Limits of tutegration 
Also Depend on the Parameter with Respect to the 
Parantcter). Let f (a, y)and f, (7, y) be cantinuous in the rectangle WI: 
aqa<xrsbbcexy<d, and let x = 2, (y) and x = zz (y) be diffe- 
rentiable functions defined on the inierval e<iy <d and satisfying 
the condition a <<. xz; (y) <6 Gi = 4, 2). Then the derivalive of the 
integral 


x2( 1) 


J (y) = \ f(x, y) ax (10.7) 
<1(4/) 
with respect to the parameter y exists and is equal lo 
x2(%) 


J (y) \ fy (ec, y)dx +f (r2(y), ! y) 2 — (as (y), y) (10.8) 


xe) 
Proof. We have 


J(u) - F(x, (a, te Uy. y) (10.9) 
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where the function & (u, v, y) ali z,y) dc considered for a< 


7) 
Suqba Svs band ec < y <d possesses the continuous par- 
tial derivatives 


=—f(u,y), Fr=f (vy), fy (a, y) dz (10.10) 


rF 
© C4 


By Theorem 10.3. the partial derivative / exists, and the Corollary 
of Theorem (10.1) implies that it is continuous. The functions z = 
= «, (y) and z = x, (y) being differentiable, we can apply the rule 
for dilferentialing a composite function to integral (10.8) which 
results in equality (10.5). Fle theorem has been proved. 


Theorem 10.4 (On Entegration of an Integral Depen- 
dent on @ Paranceter with Respect ta the Parameter). 
li fie, y) is a continuous function in the rectangle Wi asx <b, 
cl ysid, we have 


d ef a b of 
\ (y)dy =) dy | f(x, y)dx=S dz} f(z, y)dy (10.11) 


b 
which means that to integrate the integral J (y) = | f (x, y) dz 


a@ 
with respect te the parameter yoiwe can integrale the integrand jf (zx, y) 
with respect to this paranieler. 


Proaf, Equality (LQ.11) is a consequence of the theorem on reduc- 
ing a tlouble integral to an iterated one (see Chapter 1, § 5). 

We shall present here another proof of the theorem which can 
easily be extended to the case of an arbitrary dimension \ (see § 4). 
Moreover, instead of equality (10.11) we shall establish a more 
general relation 


af t t d 
\ ay | I(x, y) dx = \ di | f(z, yydy for a<t<b (10.12) 


Introducing the notation 
t 


d 
oO =Sady li (z, waz, piy=J dz 


a a 


f(z, y)dy (10.13) 


0 teeny sy 


weesee Chat tt is sufficient to prove that q' (4) = y'(/) fora qi < 6 
and that q@ (@) = > (@) beeause this obviously implies the identity 


gq (ft) = (4), 2 € la. Ol. 
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The equality g(a) = (a) is apparent since ¢ (a) =O and 


wy (a) = 0. Putting F(t, y) = 


{ (xz, y) dx we can write g¢ (f) = 


Cee, ne 


d 
=\|F (f, y) dy where the function F (f, y) is continuous In the 


C 
rectangle II*: axzigb, cxiy<id, by virtue of the Corollary 
of Theorem 10.1. Furthermore, by the hypothesis of the theorem, 
the derivative Ff; (¢, y) = f(t. y) is continuous and, consequently, 
by Theorem 10.2, we have 


rf d 
cp (t) = \ Pi(t, y)dy = \ T(t, y)dy (10.14) 


t 
f(z, y) dy we obtain w(t) = Jr @ dz. The 


me 


Pulting § (7) = 


function & (z) Leing continuous in z on the interval a=r<b 
(by Thee 10.1), the theorem on differentiating a definite integral 
with respect to its upper Jimit of integration implies the relation 


d 
WOT) Ea) de=EV=J F(t, ydy (10.15) 


From (10.14) and (10.15) it follows that @’(4) =yp'(@/) fora fis b. 
Hence, by the equality (a) = wp (a), we have @ (4) =vw (¢) for 
a<xi<b. In particular, gm (6) = yp (6), that is equality (10.11) 
holds, which is what we set out tO prove. 


2. Simplest Improper Integrals Dependent on Parameter. Theorems 
10.1, 10.2 and 10.4 can easily be extended to improper integrals 
of the following special type: 


Sy =f f(a, vg (x) de (10.16) 


where the function f(z, y) is conlinuous and the function g (x) 


may be discontinuous, in the general case, but such that the integral 
b 


\ |g (z) | dx is convergent, including the case when one or both 


a 
limits of integration are intnite. 

Now we proceed to formulate the exact conditions of these general- 
ized theorems*. 


* Theorems 10.1', 10.2’ aml 10.4° are used in mathematical physics and 
in the theory ff Peurter’s integral, 
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Theorem 10.1' (Generalized Theorem on the Contl- 
nuows Dependence of an Integral on the Parameter). 
If the function f(x. y) ts ner enare and bounded foraxzx< +o, 


ex<y<d, and the integral i | g(x) |dx converges, the integral 


J(y)= { f(a, y) g(x) dz (10.17) 


2 


is a continuous function of y on the interval cl y <d. 


Theorem loc?’ (Generatized Theorem on Differentiating 
an dntegral with Respect tothe Parameter), If the function 
f(z, y) and its partial derivative J, (z, y) are continuous and bounded 

90 


for axr< , oO, ceysid, and the integral | | g (x) | dz is con- 


G 
vergent, integral (1U.17) ts a differentiable function of the parameter y 
for cex<.y<d and the _— 


J’ (y)= Vi (z, y) g(x) dz (10.18) 


holds for all y € le, dl. 


Theorent 104 (Generalized Theorem on lntegrating 
an Integral with Respect to the Parameter) Under ihe 
conditions of Theorem YA iaetegral (9.17) is an integrable function 
of the parameter y on the interval ¢e <y <d and 


: ee 
\ J (y) dy = \ dy \ f(z, y) g (z) dz = 
¢ _ C : 
= (g (2) \ f(z, yay) do (10.19) 
As an instance, let us prove Theorem 10.1’. Let | f(z, y) |< C = 
-f-00 
=const for ag r<i-- oo, eiy-cid and \ e(z)|\dr< K<-- ow. 


+00 
Let ¢ >> he taken arbitrarily. ‘The integral \ | g (x) | dz being 


a 
convergent, there exists a Sufliciently large 2 >>a such that 


-| co 


t x hh e ® ° 
| [g(z) |dr<5. Taking such a fixed value of / and choosing 
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arbitrary values y’ and y” belonging to the interval ex y<d 
we can represent the difference J (y’) — J (y”) in the form 
{ 
L(y')—J 9") =) Fe Fe yg (2) ae 
fro 
+) f(y —Ple, ye (2) do (10.20) 
{ 
Since the function f (z, y) is continuous in the rectangle a cx < J, 
cy <d, it is uniformly continuous. Therefore there exists 6 = 
= 6 (e) >O such that for any y’ and y” belonging to the interval 
c<y<d and satisfying the inequality | y’ — y” [<6 (e) we 
have the inequality 


If(z, ¥—I (a, WV <az 


for all z, a<ar<ql. Then equality (10.20) implies the relation 
t 
Fy) F< SIS (2, v—F le WD 1g (@) fee 


00 

~ (f(z y+ vDle@laz< 
f 

. : Feo 

<5z Sle (z)ldz+20 | lg a)ldz< 


d 


<a K Pose for |y’—y"|< 8 (e) 


which means that the integral J (y) is a continuous funclion of y 
on the interval cy < d. 

Let Lhe reader prove Theorems 10.2’ and 10.4’ for integrals (10.17) 
and also rephrase and prove Theorems 10.1’, 10.2’ and 10.4’ for 
integrals (10.16). We only note that in the case of integral (10.16) 
the boundedness of f (z, y) and fy, (z, y) is implied by the conti- 
nuity of f (#, y) and fy (z, y) in the domain ag2z<aib, ex<y<d, 
and that it is unnecessary to break up the interval of integration 
a<xzx< ob into parts as it was done in the proof of Theorem 10.1’ 
for integrals of type (10.17). 

Differentiation and integration of integrals with respect to para- 
meters are widely applied to evaluating integrals dependent on 
parameters and also for computing integrals not involving para- 
meters after a parameter is appropriately introduced. 
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Example. Let us evaluate the integral 
J (y)= \ en ax SY de where @aw=const>0, —A<y<A 
0 


(10.21) 
Pulling f(z, y= and g(z)=e-@* we see that f(z, y) and 
fy(z, y) are continuous and bounded for O<@a@<+o00, —A< 


<y<A, and the integral \ |g (x)|dxr= enue da = is conver- 
0 


0 
gent. Therefore we can apply gencralized Theorem 10.2" for the 
integrals of form (10.17). Performing differentiation with respect 
to the parameter under the sign of integration we obtain 
-+-0o 
J’ (y) = \ e—%* cos ry dz 
0 
Integrating by parts with respect to z in the latter integral twice 
we find 
, 0 4 


By (10.21), we have J (0) = 0 and, therefore, integrating (10.22) 
from 0 to y we derive 


& 


= eee = oe 
J (y) =| Bayt dy = arc tan . 
6 
There is another way of completing the evaluation of this integral. 
Namely, after relation (10.22) has been obtained, we can integrate 
it with respect to y which results in 


J (y) = arc tan = +¢, C = const 


But, by (10.21), we have J (QO) =: 0, and, consequently, putting 
y = O in the above relation involving the constant C we sce that 
¢ =Q. Both approaches involve a known value of the integral 
in question for a particular value of the parameter y. 


§ 2. IMPROPER INTEGRALS DEPENDENT 
ON PARAMETER 


Leta functionu = / (z, y) be defined forO WC za<40,c<s y <d 
and let, for every value of y € [c,d], the integral 
J(yy= | f(x, yde (10.23) 


a 


25* 


436 MULTIPLE INTEGRALS, PIELD THEORY AND SERIES 


be convergent. Then J (y) is a function of y defined on the interval 
[c, dl. According to the definition of the improper integral, we have 


{00 


Jiy=\ fey) dz= Nim | f(z, y) dx (10.24) 


a 


In the case of integrals of unbounded functions we have a similar 
Situation. bor instance, let a function u = f (z, y) defined for a <= 
<e<lb, cx yd be unbounded for z—-- 6 — VU and let the 
integral 


b—? 


Fe 
J* (y) = f(z, y) dx lim | \ f(x, y)dz (10.29) 


be convergent for every value of y belonging to the interval [e, d]. 
Then J* (y) is a function of y defined on the interval [c, dl. 


1. Uniform Convergence. The notion of uniform convergence plays 
an iinportant role in the theory of improper integrals dependent 
on a parameter. Uniformly convergent improper integrals can be 
operated on like proper ones (see Sec. 3 of § 2). We shall begin 
with the definition of uniform convergence for integrals with infinite 
limits of integration. 


Definition 1. We say that integral (10.23) is uniformly 
convergent with respect to the paranieter y on the tnter- 
rale<y<d Uf, given an arbitrary ¢ > vU, there is L = L (8) 
such that the tnequality 


: a 
| / (y) --- \ f (2, y)de|—| \ {[(z, y)dzx\<e (10.26) 
fn f 


is fulfilled for all l => LZ (e) and all y € lc, d) simulianeoustly. 


Uniform convergence of an integral of an unbounded function 
is defined in a similar fashion: 


Definition 2. Integral (10.25) is said to converge unifor- 
mly with pespect tothe paramctery onthe tnterval (ce, d) 
if for every ¢ >) there exists § = & (e) => 0 such that the inequality 


b 
=| \ f(x, y)dz|<e (10.27) 


b—d 


o-? 
| I* (y) — | f(z, y) de 


holds for all ~<cb — @ satisfying the condition 0 <0 A <6 (&) and 
for all y Ele, al simuttancously. 
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Exam ples 
-+- co 


1. The integral J (y) = ye-*" dz is convergent for every 4 


0 
belonging to the intervalOQ< y < 1 but not uniformly convergent. 
Indeed, we have 


--00 +00 
| ye~"Y dz = | e~'dt=e-¥ 
{ ly 


Therefore, for an arbitrarily large fixed value / >-0 the latte 


integral exceeds > for all values of y located sufficiently clos 


: 4 ; 
to zero and, consequently, for © = => there is no Z (e€) such that 


for > LZ (e) and for all y belonging to the interval OS y<1 
the inequality 
-+- 00 
| \ ye-*vdz| <e=. 
l 


tol = 


is fulhlled. 


But if the interval O < y <j1 is replaced by an interval of the 
+00 


form Ocdb<y<t, 6<( 1, the integral J (y) = \ ye~*v ‘da 
0 


is uniformly convergent on the latter interval. [n fact, we have 


-}-00 +20 


ye ?¥ dx = edt =e V’<ce- — for Voc ody <i anc 


i 
cotens the ina tiey 
-{o7 
| ye dz | <e 
7 
in 
holds for i>——, Q<ie<c 1, and all y belonging to the inter 


val Ob cy< i. 
! 


2. Vhe integral J (y)= \ yz¥-' dz is convergent for every y be 


0 
longing to the interval O-y-eci but not uniformly convergent 
Yo show this, we take into account that here the integrand is un. 


rn 
bounded for z->0!} 0. Let us estimate the integral ) ye! da == 


438 MULTIPLE INTEGRALS, FIELD TIIEORY AND SERIES 


=2¥|"—4¥. For any arbitrarily small and fixed A>0 this integ- 
ral] tends to unity as y>0-+0. Hence, for c=, there is no 


d 
6=6(e) such that the inequality y2v-'dz|<e=> simultane- 
6 
ously holds for all y belonging to the interval O<y<1. 


But if we replace the interval O<y<1 by an interval Oi < 
1 


<y<i, 65)9<(1, the integral J (y)= \ yz¥-'dx converges uni- 
6 


a 
formly on the latter. Indeed, we have ) yx¥-t da = a2 for 
0 


t 
OmA<1 and 6<y<1. Therefore, if O<me<1 and AN <i edo, 
r 


we Obtain the inequality | | yo! dz|<e for all y belonging to the 
0 


interval 6;.<y<1. 


2.*Reducing Improper Integral Dependent on Parameter to a 
Functional Sequence. An improper integral dependent on a para- 
meter can be reduced to a functional sequence which makes it possible 
to prove the fundamental theorems concerning such integrals on the 
basis of the corresponding theorems on functional sequences. 

If an integral 


+co 
Jiy)= | f(x yaz (10.28) 
a 
converges for every y € [c, dj, then, for an arbitrary number sequence 
ls, lo, o 8 ay bn, ar Se See lim l = + oo, where lp = a for k = 
k— +00 


= 1, 2, ..., the functional sequence 
a 


Fa(y)=\ f(z, y)dz, k=1, 2,-0.4, e<ycd 


is obviously convergent to J (y) on the interval [c, d]. 
The theorem below holds under the condition that integral (10.28) 
converges for every y belonging to the interval cl y <d. 
4-00 
Theorem 10.5. For the integral J (y) = \ f(z, y) dy to be 


a 
uniformly convergent with respect to the parameter y on the interval 
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{c, d|, it is necessary and sufficient that the functional sequence 
tp 


Fuy)=J f(z, y)dz, k=1,2,... (10.29) 


converge uniformly to J(y) on the interval c= y <d for any choice 
of the sequence l,, tbe, .. +) bay .-- Jim ¢, = +00. 
hk» +00 
Proof. Necessity. Suppose integral (10. 28) is uniformly convergent 
on the interval c<xy<d. Then, given an arbitrary ¢ > 0, there 
is £ (ce) such that, for all l>L (e), the inequality 


w—Jree yYdz|<e 


is satisfied for all y € [c, d) simultaneously. 

Let J, — +00 for k — +00 (where 1, >a,k = 1, 2, .). Then, 
there exists NV (e) such that J, > L (e) | for all k > N (e). Conse- 
quently, for all such &, we have, by the manner L (e) ‘has been chosen, 
the inequality 


tp 
lJ (y)— Far yl=|F w)—J| f(z, y)dz|<e 


which holds for all y € [c, d]. This means that sequence (10.29) 
is uniformly convergent to integral (10.28) on the intervale < y < d. 


Sufficiency. - us show that if every sequence of form (10.29) 
where lim 2, = +co converges uniformly to J (y) on the 


k++ co 


interval c<y <d, integral (10.25) is uniformly convergent with 
respect (0 the parameter y on this interval. In fact, if we suppose 
that integral (10.28) (which is, by the hypothesis, convergent for 
every y € [c, dl) converges nonuniformly with respect to y on the 
interval c< y<d, there must exist ¢, such that for an arbitrarily 
large © there are 2 > Zand y € le, a] such that the inequality 


Jy) fre, y)dz|>e 


is satisfied. Then, making LZ assume the values L = 1, 2, 3, 
, ky, ... we obtain the corresponding number sequence l,, k = 
— qi Z. e ¢ ey t), > ke, anc re | sequence Gr E le, dad}, k —_— 1, 2, e 8 ey 
for which 
ip, 


J (un) — J 12 yn) da] =] un) — Fu yn) |e 
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dr 
This means that the funetional sequence Fy (y) = | f (x, y) dz, 


4 4 
k= 1, 2, ..., thus constructed, converges nonuniformly on the 
interval ex<.y < d, which contradicts the hypothesis. The theorem 
has been Soak 


Note 7. If f (x, y) is a function, retaining its sign, for instance, 
-t. aS 
a nonnegative one, then for the integral J (y) = Jz, y) dx 


to he uniformly convergent with respect to y on the interval CYS 
<d, it is sufficient that functional sequence (10.29) converge to 
J(y) uniformly for at least one particular choice of the number seque- 
NEG i, 155. & e059 Up we & 


i 
Indeed, if f(z, y) is nonnegative we have \ f(, y) dx > 
a 


ty, 


>| / (a, y) dz for all 1 > /,. Consequently, 


dy 


w—fre. yyaz|<|FQ)—J fee, y)dz|<e for all I> th 


and for all y € Ic, dl simullancously provided that 2, is sufficiently 
large. 


Note 2. If the function / (7, y) is continuous for @ < x <Z -!-0o0, 
ece<xy<d and retains its sign (for instance, is nonnegative) and 
- 


the integral \ f(z, y) dx is a continuous funclion of the parame- 
a 
ter y on the interval le, dJ, this integral is uniformly convergent 


on Ic, a}. 
In fact, taking an increasing number — lex Tos & G05 bie: < 


f lim lL, = --oo (lL, Da, k = 1, 2, ...) we arrive at the 
tinetbonal “sequence 
tp, 
F, (y) = | f(z, y)dz, k=l, 2,... (A) 


The function f(z, y) being nonnegative, seqguence (A) is monotone 
nondecreasing, and, by Theorem 10.1, the functions £, (y), & 
= | 2? _. .. are rontinunons, Besides, this sequence canverges to ha 
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continuous function 
-}0o 


J(yy= | f(z, y)dz (B) 
gh the interval ce< y<d. But then Dini’s theorem (see Chapter 8, 


2, Sec. 1) implies that sequence (A) converges uniformly lo its 
ooo (13) on the interval [c, d] and, consequently, by Note 1, the 
-}-00 


integral J (y) = \ /@ y) dx is uniformly convergent on this 
a 
interval. 
Note 3. The improper integral 


J*(y) = \ f(z. y)dx= lim fi f(z, y) dz 


[2.~» 0-4. 


can he similarly reduced to a functional sequence FR (y) = 
b—-2 
kk 


= \ J (x,y) dz where 2, +040 for &#-—»-+0o but we shall 
a 
not go into particulars here. 
3. Properties of Uniformly Convergent Improper Integrals Depen- 
dent on Parameter. 


Theorem 10.6. Tf f (x,y) is a continuous function defined in 
a domain axiaz<_ +o, cmiy<d, and the integral Jy) = 
+o 
7 f (x. y) dx converges uniformly witle respect to the parameter y 


on the interval c<y <d, the function J(y) is continueus on this 
interval. 


Proof. Take an arbitrary numerical sequence J,, lo, . ~~, das 
a lin) d,—» -j-00, (1, Sa), and consider the sequence of 
li -}- 00 


functions 


F,(y) = Fre ydx, k=l, 2,..., e<y<d 


By Theorem 10.1 on the continuous depenaence of a proper integral 

on the parameter, the functions /;(y), © = 1, 2, .... are con- 

tinuous on the interval ce: yd. But Theorem 10.5 implies 

that this sequence is uniformly convergent to the imiegral JG) = 
fe 


= \ { (2, y) dz on the interval ey < ad, and consequently the 


le 
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function J (y) is continuous as the limit of a uniformly convergent 
functional sequence. The theorem has been proved. 


Theorem 10.7 (On Differentiation of an Improper Inte- 
grat with Respect to the Parameter). Let f(z, y) and fy (z, y) 
he continuous for cexiy<id, a<z< 400, and let the integral 


+00 
J(y)= \ f(z, y)dz (10.28") 
be convergent on the interval exc y << d. Suppose that the integral 
~f-00 
\ fy (x, y)dz (10.30) 


converges uniformly on this interval. Then J(y) is a differentiable 
function of y for yEle, d\ and 


-+-co -}-co 
=a f(z, y)¢dz= J fy(z, y) dz (10.31) 


Proof. Take an arbitrary number sequence i;, ly, ..., lay - - 
.. lim 2, = +00, 1, Sa, and consider the sequence of 
hk -»-- 00 
functions 
Ip 


Fay) =\ f(z, y)dz, k=1, 2,...,ce<y<d 


-+-00 
which is convergent to the integral J (y) = ) f(x, y) dx on the 


a 
interval [c, d). Theorem 10.3 on differentiating a proper integral 
with respect to the parameter implies 
lp tp 
’ d ’ 
Fi(y= ZS ia, wdz=\ hw y)dz, k= 4, 2,064, 


c<y<d 


where all the functions Fy (y), kK = 1, 2, ..., are continuous on 
Ic, d]. Integral (10.30) converging uniformly, the sequence of func- 
tions F; (y) is uniformly convergent to integral (10.30) on the inter- 
val [c, d]. lence, we have 

+ co 
Fay) + Jy) on fe, dl, Fa) = | Kile yde on [e, a 
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where the symbol ~~ indicates uniform convergence, and F, (y) 
are continuous on [c, d]. Consequently, by the theorem on diffe- 
rentiating a functional sequence (see Sec. 3 in § 2 of Chapter 8), 
J (y) is a differentiable function on [{c, d] and the relation 


+e0 
J'(yy= \ filz, yaa (10.31) 


2 | 


holds for every y belonging to the interval c< y <d which is 
what we set out to prove. 


Theorem 10.8 (On Integration ofan Iniproper Iitegral 
with Respect to the Parameter). If f (z, y) is a continuous 
function in the domaina <2x< +00,¢c ly <d, and the integral 

+ co 
Jiyy= | f(a, ya (10.28") 


a 


converges uniformly on the interval c<iy <d, then 


f d +00 ° 
JJway= [dy | 1(, Wae= (az fre y)dy (10.32) 


Proof. For any number sequence {,, lo, ..., ly, ..- (1, Ba 
lim 2, = -+0co), the corresponding sequence of functions 
R-~»00 


lp 


Fn (y) = \ f(z, y)dz, k=1, 2,6 


is uniformly convergent to J(y) on Ic, d]) which is implied by 
Theorem 10.5 on reducing a uniformly convergent integral to the 
corresponding functional sequence. By Theorem 10.1 on the con- 
tinuity of a proper integral as a function of its parameter, all F, (y), 
k =i, 2, ..., are continuous functions on the interval e <= y < d. 
Hence, by the theorem on integrating a functional sequence “(see 


Chapter 8, § 2, Soc. 2), we have lin au (y) dy =[su dy. 


But the theorem on integration of a von integral with respect 
to the parameter implies ‘that 


lp, 


d d ‘ 
J Fa(uydy— J dy anc yar { dx | f(z, y) dy 


a 
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Consequently, for any choice of the number sequence J), lo,... 
. lim d,= +00, we have 


? ln, a ar 
R=» 
'h d d 
ae \ dz | J(z, y) dy = | J (y) dy 

k-»-- foe ¥ s 

ee 
This means that the integral dz f(r, y)dy converges and the 

a c 


equality 
$00 


t* of te y= ay | (a, y)az 


a 


& 


The theorem has been proved. 
y) is acontinuous function retaining Us sign 
cxjyxd (e.g. t (z, y) is nonne- 


is fultitled. 


Covollary. If f (z, 
and defined for a<a< 40, 


gatlive) and if the integral 
++ 
Jiy= J} fle, yydz 


<< d, relation (10.32) is valid. 


is a continuous function of y fore ys 
Proof. tu fact, Note 2 after Theorem 10.5 implies that the integral 
<y<s 


+o 
| { (x, y) dx converges uniformly on the interval c¢ 


Jy) = 
a 

< d and. consequently, by Theorem 10.8, equality (10.32) is valid. 

For a function f (4, y) retaining ils sign we can prove Lhe fullowing 


Thearem 10.9 (On Reversing the Order of tLrtegratron 
(z, y) be a con- 


inoan Linproper Iterated Entegral). Let 
tinuous function of constant sign defined for cc y<t -+00, aS 
< x¢<t joo, and let the integrals 
See -}- co 
J (y) = | f(x, y)dz and J* (x)= | f(z, y)d 
rt Cc 
s be, respectively, 


regarded as funetions of the corresponding parameters be 
;eo and asxr<-poo. Then, if ai (cast 


o » 
continuous for ¢ my <>} 


one of the iteralea integrals 
a -; 60 -|.090 
\ dy yi (x, y)dz and \ dx’ { f(x. y) dy 
a c 


c 
the other integral alsu canrerges and their values coincide 


f°y7 ye re "VO ePR eres 
~ tw ¢ 4 Ca) » t 
Ss 
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Proof. We shall present the proof for the case of a nonnegative 
function f(z, y) defined for ct y<l +00, agta< -+oo. Let 
us suppose that the iterated integral 


+20 +20 
‘oo \ dy \ f(z, y)dzx (10.33) 
is convergent. Then we must prove that 
l -++20 oe 20 
lim { dz \ f(z, y)dy=J= \ dy \ f(z, y)dx (10.54) 
Ta 4 Cc Cc (a 


Let there be given e>0. We shall show that, for all sufti- 
ciently large ~, the difference between the —— quantity 


' -|-00 +- 70 
= f(z, y)dy and the constant quantity | dy J (x, y)dz is 
: . , 


less than € in its absolute value. 
We have, by the Corollary of Theorein 10.8, the relation 


{ ot.00 


Nod \f f(z, y) dy = \ ay | F(2. y)dx 


a 


The function f(z, y) being nonnegative, we can wrile 


4-90 4-00 Be 

U< dy J }(z,. y }de— | de f(x, y)dy = 
+o +o 

=| a J fe, wde= 
= in on 

= | dy \ f(x, y) dx |- ( dy \ f(z, y)dt< 

—_ ae 
<\ ay { f(z, y)dr+ \ dy | f(x, y)dr (10.3.9) 
Cc i Ct Q 


where «<< ¢c, < +00. We begin with estimaling the second sum- 
mand on the right-hand side of inequality (10.55). Since iterated 
integral (10.33) is convergent, there Isc, ie such that 


-!-~ is) 
a 


\ dy | }(r. yu) dr <> (10.56) 


C4 a 
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Let us fix ¢,; ~>c in such a way that inequality (10.36) holds and 
then proceed to estimate the first summand on the right-hand side 
of inequality (10.35). By the hypothesis, the integral \ { (a, y) dz 
a 
is a continuous function for ¢ < y < 4-co and, consequently, it 
converges uniformly because the function f(z, y) is nonnegalive 
(see Note 2 after Theorem 10.5). Therefore there exists Z (€) such 
+ oo 


that the inequality \ f(z, y) ey ey is fulfilled for all 
as i-- 


i > TL (e) and for all y € [c, c,] simultaneously. But then we have 
a 4 


Fay | f(x, yd S58 8 (10.37) 
C 


for all 1 > L(e). Now, taking into account (10.35), (10.36) and 
(10.37) we conclude that 


-+-oo + co I + 
O< | ey \ f(z, y)dr—\ dz | f(z, ydy<e 


for all 2 => Z (e) which is what we set out to prove. 

If f(z, y) is a function that may have alternating sign the theo- 
rem on reversing the order of integration in an improper iterated 
integral can be formulated as follows. 


Theorem 10.9’. Let the function f (x, y) be continuous for axSar< 
< +00, cx y<t4oo and let the integrals 


+30 4-00 
\ f(z, y)dy and { (x, y)dx (10.38) 


be, respectively, uniformly convergent on every finite interval a <= 
<x <A and on every finite interval c<cy <C. Then, if at least 
one of the iterated integrals 


+90 +00 +: = 41-0 
| dx J f(z, w)ldy and fay | [sy de 10.39) 
; 3 . 
converges. the iterated integrals 
+x +00 +o +00 
[dz { f(x, y)dy and | dy | f(z, wdr (10.40) 


are also convergent and their values are equal. 
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Proof. For definiteness, suppose that the second integral (10.39) 
converges. Then, applying the comparison test to the functions 


+20 


{(z, y) and |f (z, y) | and to the functions \ f(z, y) dx and 


+2 : 
\ | f(z, y) | dx we conclude that the second integral (10.40) 
a 


also converges. 
Thus, we must only prove that 
4 “1-90 +00 -f00 
lim | dz \ f(z, y)dy= \ dy \ f(z, y)dz (10.41) 
sans aa c a 
+ 


& 


The integral \ f(x, y)}dy being uniformly convergent, we have 
Cc 


( + 00 +00 
\dz \ f(z, y)dy= | dy\ f(z, y)dz (10.42) 
a Cc a 
for every finite / >> a. Let us estimate the difference between the 

+-99 
variable quantity | dx \ / (x, y) dy and the constant quantity 
Cc 


a 


+x foo ° 
dy \ f (x, y) dz entering into relation (10.41). Taking advan- 


Cc a 
lave of equality (10.42), we see that 


tec 60 ase 
| \ dy \ f (2, y)dz—\ dz \ f(z, y) dy | = 


+0 89 =f +00 d 
=|} ay | fe wde— J ay} fee, w)ae|= 


C 


=| Fay { f(z, y) iz|=|{ ay fre y)-dx -}- 
7 d c t 
os | +20 


+f ay | T(z, y)d dx|<|\dy f(x, y)dz|+ 
Cc d 


C4 t 


a Ps rf a a “+09 -+00 
Bs ay f(z, y)ldr< (dy j f(x, y) dz of dy \ If (r, y)| de 
= Cc Cc} a 


(10.43) 
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for any ¢,>>c. Since, by the hypothesis, the iterated integral 


-_- w 


\ dy | f(a, y)|dxz converges, for every e>>O0 there is ¢; > ec such 


that 
ae “boo 
\ ay \ Li (z, y)lde< (10.44) 


Now, fixing a value of ¢, >> e¢ for which inequality (10.44) holds 
and taking into account that the integral \ {/ (z, y) dz is uniformly 


(Z ; 
convergent, we choose, as in the proof of Theorem 10.%), a quantity 


fo 


L (e) such that inequality | \ f(z, y) dz |< z= is fulfilled 
i 
for all 2 >> Z (e) and for all y € le, c,). Then we have 
cy -j- 08 
| \ dy \ f (2, y)dx |< Se ee (10.45) 
re ° . 


for all 2 > (e) and, consequently, by virlue of (10.43), (10.44) 
and (10.45), we obtain the inequality 


“foo cee 


to t 
| \ dy \ f(z, y) dz — | dx \ f(r, y)dy|<e 


for all such 7, which is what we set oul to prove. 
it should be noled that similar Uheorems are alsu valid [ur impro- 
per integrals of unbounded functions involving a parameter. 


4. Tests for Uniform Convergence of Improper Integrals Dependent 
on Parameter. 


Cauchy’s Test. For an integral | f(x, y) dx to converge uni- 


a 
formly on an interval [e, d] it is necessary and sufficient that for every 
e >> U there exist LD = L(e) such that the inequality 


| 7 (x, y)dz | <& (10.46) 
. 


holds for all U, lb” >> (e) and for all y Ele. d|] simultaneously. 


Proof. Necessity. |i the integral is uniformly convergent, then, 
for every ¢ 2-0 there is 4 — ZL (e) such that for all l',2- 2 (8), 


re 
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1“ >L (+) and y Ele. d] the ineyualities 


| \ T(z, y)dal <=; anid | \ f(x, y) da | <> 
re ie 


are fullfilled. Therefore, for all U, /° o> 2 (e) and all y € le. dl 


we obtain the inequality 


‘ i 
{ f(r, y) da = i [ (ec. y) der -- | M(x, y)drl< 
1” (" 


rt \ f(x, waz] | | S(4, ydr|<++ ae 
J s 


es 
z 


Suflicieney. VF inequality (10.46) holds ye ali 2° > Z (e), L° > 

> L(e) and all y Ele, dj. the integral iv (x, y) dr converges 
a 

for every y E le, d| (see Chapter 9, $ 1, Sec. 3). Therefore, passing 


to the limit as /” —+ -]-co we ce Woe all 1’ => dL (e), the ine- 
quality 


which holds for all y € le, dl simultaneously. ‘Phe theorem has 
been proved. 


ee 5 
4 


f(s, ypdx|<e 


é 


~~ 


Weierstrass’ Test (Sufficient Condition for Uniform 
Convergence of an Tauroper Tutegrat). Fi (f(z, y)|< g (2) 


for a<xr< f 00 and the integral \ u(x) dx is convergent, the 


Q 
“> oT 


integrals \ f (x, uw) dz and \ |/ (4, yy) | dx are uniformly conver- 
7 | ql 
gent on the interval cy Sd. 
Proof. Let an arbitrary « > 0 be given. The integral id g(x) dz 
a 


eouverging, there is £ = L (e) such that the condition 


tr” 


{ g(x)de<<ier 


i‘ 
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is satished for all ’, 2" o> D (x) (l" 2» U’). This implies that, for all 
’o ol” s» Lie) (l" o>), the inequalities 
I I~ 


Fre y) dz|< \ite y)dz< | s(a)dz<e (L" >’) 


are fulfilled for all y € fle. dl] simultaneously. Consequently, by 
—_ ! 
Cauchy’s test, the integrals \ }(z, y) dx and i [7 (2, y) | dx 


al 
are uniformly convergent on the interval emy< <d which is what 


Wwe set out to prove. 

The corresponding tests for uniform convergence of improper 
integrals with unbounded integrands and finite limits of integration 
are formulated and preved in a similar way. As an instance. let 
us formulate 


Cauchy's Test (Necessary and Stufficient Cornditton 
for Cniform Conrergence of au lLmpraoper Integrat of 
anu Cnbounded Function). An improper integral of the form 

b b —?. 
J* (y) = (f(z, y) da = Jim \ f(z, y)dr, oe-Sysd (10.47) 
“ ?.—>()---0) 
n 


ce 


is uniformly convergent with respect to the parameter y on the interval 
cx y <.d if and only if for every ¢e >O there erists & == 8 (e) > O 
such that for all A" and a” belonging to the interval UCA< 
< min (4 -— a, 6 (e)) lhe inequality 


b-)” 
| \ i (x, y) dr |<e (10.48) 
bd, 
is fulfilled for all y Ele, d| sirnulianecously. 
izam ples 
! 
{. lt is clear that the integral J fp) = \ aro dr is convergent 
0 


for p >O and divergent for p <0. Let py 0. Then the inequality 
xr?! .< rPe-t holds on the interval O < x7 << 1 for all p & po. There- 
fore, we can put f(z, p) = 2? and g (xz) = zor! and apply Weier- 
strass’ test and thus conclude that. since the integral 


{ 1 
ri y 1 


\ g(x)dx-- | xP de | —— 
% 
0 {) 
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x’! dx converges 


vo) a a — 


couverges, the integral J (p) = j(z. p) dc = 
0 


uniformly with respect to Une parameter p on the interval O< 
< Po <X p< -feo for every arbitrarily small and fixed py > 0. 

Let us test this integral for uniform convergence on the interval 
Om p<t —oo. For this purpose we shall study the behaviour of 


~ 


AP 

Pe 
—+ --oco for p—O { O and for any arbitrarily small fixed 2 = 
Consequently, for any e¢ 2 U and any arbilrarity small 7 2 0, 
the inequality 


rif'idz= 


ae”) 


the integral \ z’-' dz for pO - 0. We have 


lr) » 


—> 
QO. 


mm <)* 


> 


| | ar-'del<e 
0 


cannot be valid for all p belouging to the interval O << p< --oo. 
L 


This means that the integral J (p) = a dx converges nonuni- 


0 
formly on the interval 0 < p< -; o. 
_) 


2. The integral J (¢) — —— dx is uniformly convergent 
0 

for ay Sa << Goo where Gp >> U is an arbitrarily small fixed 

positive number. This is implied by Weierstrass’ test if we put 


f (zx, a) — e7 axe and uf (7) ep &nx= SInCL Wo have | / (x, th) | — 
= OK g(x) — et for Om agma <a -} ow, OS zr < -! oo, 
-1 90 +T 20 


and the integral Wares ip = | e780 dz is converging. 
0 0 
Let us prove that if we substilute the interval U < a < +o for 
the interval O< ag < a< +o and thus consider the values of a 
which can be arbitrarily close lo zero. i.e. take the maximal range 
4-~ 
P 
of a for which the integral J (2) = | e~@** dr is convergent. the 
0 
uniform convergence of the mlegral is) violated. 
To show that the integral under consideration is not uniformly 
couvergent on the interval O<2< @< -; cf, we take initio aceount 
Aeao 
that | e-" dt isa posilive constant as an integral of a nonnegative 
0 
comtinuous function which is not identically causal ta gero. This 


29* 
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enables us to estimate the integral \ e-@=* dx fur an arbilrarily 
large fixed df aand O< a2< 3-00. Pulling ¢=2YVWa (dt = V2 do) 
we oblain 


= e-P dt +» | 20 for a —-- O LOD 
“446 
SEUce 


lim edt = e-! dt -const >0 


mmr) .-Q ce 
it 


@ 
® “+9 


lence. for any 7 > 0 and any arbitrarily small fixed « > 0 the 
inequalily 


---+ 7 +90 
i 1 ‘ 
| y ewe de | | 5 = \ e-®& dt|<e 
e Fae é 


ibe 

cannot be valid sintullaneously for all « belonging to the interval 
Om “w<t :-00, which means that the integral dees not converge 
uniformly on the whole interval O< wa2< +o, 


x, 


-pan 
‘ P sin pwr : 
3. Let us prove that the integral J (z) = | eax Sin pr dx is 
i 


uniformly convergent with respect to the parameter z for O-ga << 
<_+oo and any hxed B40. Fo do this, let us estimate the tnteg- 


—~ 30 
r Sin fir [ . 
ral eux SINE fy I>. Putting «=—, dv —e **sinfx dix 
7 ea 
_ integrating by parts we obtain 
j on ux Sif sae a e—7* sin (Px tf gq) [irs _ { e ““sin (fc ‘-@) dr 
xr Va?- R2 xual x2 V a -+- B2 


where qm is an anxiliary angle delermined by the relations 


—hx .: 
cOS Vane and sin a We have Sasa ie < 
V2 -p Vat ep: V 22 | Be 
<—— “ for Beet, al) c>O and all a pO and, consequently, the 
inequality 
{-00 
eax SH sin har dx a tf 1 ar = 
Pew tata nie ae {4 
t { 
» 2 
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is fulfilled forall a, CO a<t +o0, which means that the integr 
in question is uniformly convergent. 

lf we have an improper integral cependent on a parameter 
y Ele. dl. whose one or both limits of integration are inhimite a 
whose integrand has one or more singular points, we break up t 
interval of integration (provided thus is possible) in such a ow. 
that the integral taken over each part has either one intinite lin 
of integration or one singular point. Phen the original integra] 
said to be uniformly convergent with respect to the parameter y 
the interval c<y<d Wand only th each of the constituent integra 
taken over the parts the original interval of tutegration ts divid 
into is uniformly convergent tor ¢.. yd. 

>. Examples of Evaluating Improper Integrals Dependent on Par 
meter by Means of Differentiation and Integration with Respe 
to Parameter. The integrals below not only demonstrate some tec 
niques, but are also used im various divisions of mathematics ar 


physics. 
1. Knowing that 
-+- 00 
e 4 
oes 1 i 

————— dr = —— —____ | 
1---72n Pr ee | ( 
0 Sil a 


it 


for wm <n where m and 2 are positive integers (see Example 3 i 
§ 3 of Chapter 9), we shall prove, on the basis of the theorem ¢ 
continuous dependence of an integral on a paraimeter, that 


j7~ Co 
tp-l Br 
ea ‘ 
: at a Si pi 
U 


fur O<0 p<i 4. For this purpose we substitute x = &" into ( 
and thus obtain 


+0 aot ng 
ar ] be 
144 Bs _  Bm--1 (I 
0 Sin aos aaa ma 6 
{p-l 


The function f (¢, p) =r is continuous for Oai<c 4-« 
Oo p< |. Breaking up the interval of integration 9 «<< é< +c 
into two parts (eg. Ogi! and 1ot< -; co) and applyin 
Welerstrass’ test to the integrals over (0. 1] and [1, -- co) with th 


. | pPi— i sT2—1 
function g (¢) equal, respectively, to Ta and ae Qc p< 
i * ~ 
Te ype 


Spo< J, we see that the inteera! \ 7 _,@ is uniformly con 
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vergeut with respect to p on every interval of the form 0 < py < 


—-50 
i=l 


<pSpe<xi. Hence, the integral | a 


di is a continuous 


v 
function of the parameter p for 0 < p< 1. Every number p belon- 
ving to the interval (0, 1) can be regarded as the limit of a subse- 


: 2m+1 
quence of the number sequence —-——, 0<m<in, m, n= 


= 1, 2. ..., and therefore, performing an appropriate passage 
to the limit in relation (Bb), we arrive at relation (A), which we set 
out to prove. Equalily (A) is used in the theory of Euler’s integrals 
(see § 4 of the present chapter). 


-L.39 
1 


2. Let us evaluate the integral \ all — dz. It cannot be diffe- 


O° 


rentialed "directly with respect to the parameter f under the 
integral sign but we know (see Sec. 2 of § 1) that the more general 
4-090 


integral | e-ax S20 sll dx differing from the above integral in 


the factor e~%*, @ >> 0 (which guarantees uniform convergence of 
the latter integral) can be evaluated by means of differentiation 
With respect to the paraineter. This resulls in 
G0 
tae 


i 


sin Ber 
She dx —= are tan im 


As was proved (see Example 3 in Sec. 4), this integral is uniformly 
convergent with respect to a, A<a% << 3-00, for any fixed fi. Con- 
sequently, it is a continuous funclion of the parameter @ for 0< 
<Ka<c too. Therefore, 


Tee oe 1 . 
) SB? de = lim e-ax SIN gy 
4 e a- +0-4-0 " 
= for B>>O 
— lim are tan = 0 for B=0 (10.49) 
GO 1G % 
——— for <0 
In particular, we obtain 
+. Ww 
| San wz dx = = (10.50) 
, x 2 
0 


The last integral is used in the theory of Fourier's series and inte- 
gras. 
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qi 


3. Let us evaluate the Euler-Poisson integra] 
ices 
f= \ e-** dx (10.51) 


(see also the end of Chapter 9). Its convergence was established in 
Chapter ¥, § 1, Sec. 4. Putting z = ut, dx = udt, we obtain 


+72 
J = ewe iy dt 
U 
Multiplying both sides of this equality by e-** we find 
Hees 
Jew? |e Gat ty di (10.52) 
0 
Integrating equality (10.52) with respect to uw we obtain 
+90 led Te 
f=J \ ede \ du \ e~ Nt u2y ie (10.53) 
i 0 0 


Here the integrand f (4, uw) = e~Ut+@)u yw is a nonnegative and 
continuous function for O<t< +co0, O<u < 4-0. The inner 
integral in (1U.53) is a continuous function of u for O < u << -+-00 
Which is implied by (10.52). If we formally reverse the order of 
integration we arrive at the iterated integral 


+3  -foo 
\ dt \ e-Gtuty du (10.54) 
W 0 
whose inner integral 
{ euteney Ae a eee a ae (10.55) 
, 2 1--t? Je=o 2i1,;¢ 


is u continuous function of ¢ for 0c t< +00. Hence, by Theorem 
10.9 on reversing the order of integration in an improper iterated 
integral with a nonnegative integrand, integral (10.54) is also con- 
vergent and equal to the integral (10.53). Consequently, by (10.55), 
we obtain 


4-00 +00 +20 

See 1 tape = h dt om 
Jodi [ erettrn dues | a= 
0 Q 0 


Thus, 


J= | ede —-— (10.56) 
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This integral has various applications to the theory of heat conduc- 
tivity. probability theory. statistical plivsics ete. 
4. Evaluate the integral 
-+}+- 00 
J (p) = \ e~*"cosPrdxr where %~ =const>O (10.57) 
0 


Whieh is used in the theory of heat conductivity and statistical 
physics. Jis convergence tollows, for instance. from the faet that 


6 


—3 


the integral { e-@? dx is convergent. Performing formal cdilfe- 


0 
renliation with respeet to Pp we obtain the equality 


dt ur : 
— 4x2 ——) Q 7 : j OS 
aR e (— x) sin par dz (10.58) 


quality (10.58) can easily be justified. Indeed, we see Uhat (1) the 
functions e7@" cos fiz and 77? 2 sin Bx are continuous for —oo < 
<< +00. 0Oc<r< 4-00. (2) integral ({0.57) is convergent for 
—oo <i ff <Q +oo and integral (10.58) converges uniforinly with 
respect to B for —oo <i B < foo by Weierstrass’ test (in which we 
can put g (xz) = e7¢**). Therefore, by the theorem on differentiation 
of an improper integral with respect to the parameter. equality 
(10.58) is in fact valid. Now, integrating by parts in (10.58) (with 
respect to z) we obtain 


wo 


| e~&** vos Bx dx x- —FJ(p) 


Separating variables in the differential equation thus obtained we 
find 


at oe hap 4 
ieee ~ 2G (10.59) 
Integrating (10.59) we obtain 
_ 
J (Bp) ay i 4a C  vonst (10.60) 
Let us delermine the constant CL According to (J0.06), we have 
oo : ee : { ~ _ — 
Fy | e-etden Le fetus hey Ee eH 
‘ ae : * 
(10.61) 


Consequentty. by (lO.G0) and (lO.bL). we can write 


PO.6 yf = 


(L 


we 
a 
at 
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Substituting this result into (10.60) we tinally derive 


+s — 62 
; ae 1 mo | Age ie 
J (8) =- \ e~ @° cos Bx dr = / xe « (10.62 
0 
=: GO 
>. Let us evaluate the Fresnel integrals \ sin (77) dz ane 
0 


cos (a7) dz which are used in optics. Putting 27=¢ we obtain 
0 


$7 — 73 


° > “) Ss} i ? i : ‘Us 
\ sim (27) dx \ Bases alt, \ COs (“-) da => | sO 1 
=a \'e = e | { 
U 0 G 


As an instance, let us evaluate the first integral. Noting that 
-- © 


eae gees J et du (see 10.61) we derive 


a y ct : 


| ce? sintdu (10.63) 


0 


--oo i 


\ a = 7 [a 
(] 


If it were easy to justify the possibility of reversing the order of 
Integration in integral (10.63) we could complete our calculations 
ina simple way but it turns oul that this involves some complicated 
techniques. Therefore, as in Example {, we shall introduce the 
factor e*', &A = const > VU, and consider the integral 


: sind 2 i , : 
\ enh = dt =—= \ dt \ e~@ >) sin tdu = 
Vi ham a 
*, Go ms iad -bov 


(10.64) 


*) > 2 r] Wie 
ans \ du e~h+reyt sin tdi - ee \ es. ee 
| | Va) tre rep 
v D 


4h 


In the latter case it is easy to show that the order of integration can 
be reversed on the basis of Theorem [0.9. Since the integral 
ae) 


hi sind | 
emer, |, converges uniformly for O GA <-!- o, and its 


Vt 
() 
integrand is: continuous for OU aA <a 4-c0o, OS 1 << 4-00, this 
integral is a continuous funetion of / on the interval 0 < & << +o. 
Therefore, passing to the limit for &->0- UO we obtain 


ate +00 , 
- sine 2 
Sint) dt—~ : | _ ait 
Joa Py ul 
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Making the decomposition of the fraction ——, into partial frac- 


er 
tions and performing integration we finally obtain 
“p20 ; = 
) sin (2?) dr=t yf 7 (10.65) 


“The relation 
2 = 
( cos (z*)dr=-5-Y/ * (10.66) 
3 


is proved in a similar fashion. 
G. Let us consider the Frullani* integral 
ren 
{ [ tor) — f (az) 97 where Ox a<ib< +00 (10.67) 


F a 
0 


We shall limit ourselves to the following two cases. 
(1) [f f(x) is continuous and integrable on the interval O<z < 
<_~+oo and f(z) tends to a finite limit f (+00) as r+ +0, L.e. 


+> 
\ f (2) dz=f(+ 0) —7 (0) 
Q 
dhen the integral 
os 
\ f’ (uz) dz (10.68) 
0 


is uniformly convergent with respect to the parameter u on the 
interval 0 << a<u<b. Indeed, since f (z) tends to a finite limit 
f (+0) as x—~ +00, the necessary and sufficient condition of 
Cauchy’s criterion for existence of a limit of a function is fulfilled 
for f(z), that is for every ¢ >O there is WN (es) such that 
lf (v’) — f (&*) | <ce for all 2’, cz” > WN (ce). But then we have 

A” A”™u , ' 

A’ A’u 


<—-|f(A'u)—f(A'u)|<e 


for all A’, A” >< N(e) and for all uw belonging to the interval 
asiu<b. Therefore integral (10.67) can be evaluated hy inte- 


*Predani, Ginkianae 795-1834). an Italian mathematician. 
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grating (1U.68) with respect to the parameter uv from @ to Ob: 


x 


30 -+ 00 bb b +90 
Ee NE es, 1 a f (uz) du = \ di f (uz) dx = 
\ 2 a uz) du J t 


h 
=f du att + oc)—f(0)}In — (10.69) 


C2 


(2) If there is no finite limit of f(z) for z + -+-oco but the integral 


y £6 a) dz, A ~>O, is convergent, and the derivative / (Q) exists, 
A 
we have 
TF Ff (bz)—H b 
\ a f (oz) — flax) 7 z= — f (0)In— (10.70) 
0 


In fact, we can write 


| Billet AS, dt = | LONRIO) az (¢ = ax) 


0 
and 
be 3 
{ eB dt = { Sa AS (t = bx) 
Consequently, 
s bs bs 
f(@r)—f(ar), ( Fé at 
j Cerrar =\ 1 w—4z(0) ) += 
Cf) b 
t 
as 


whence we obtain (10.70) by passing to the limit for s— +oo. 

Frullani’s equalities (10.69) and (10.70) can bo applied to evaluat- 
ing various concrete integrals. For instance, applying (10.69), for 
O<a< b, to the function f{ (x) = e~* we find 


+20 + 
~ ew bX _ eax a arc tan bz — arc tanar 
\ See es and Od a 
x 5 ; z 
0) 0 
oa 4 ' 0) 
Tae ge en 
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Similarly, the application of (10.70) to the function 7 (z) = sin 2 
ears aT 


ww 


7 sin dz—sinas Sinee—sinazl 9 Ho and ( COs sera ar a = 
(1 0 
O<ca<cb 


§ 3. BULER’S INTEGRALS 
Euler's integral of the tirst kind 


B(p, g) =) ah-'A—a2)yi-! dz 


called the beta funetion of p and qg and Euler’s integral of the second 
kind 
+o 
C(p)= \ xPle* dx 


(} 


called the gamma function of p play an important role in various 
divisions of mathematics aud mathematical physics. As will be 
shown, the beta function is expressed in terms of the gamma Junc- 
tion (see relation (10.81)) and therefore we begin with the properties 
of the gamma funetion. 

f. Propertics of Gamma Function. 

-1. 00 

(1) he integral TF o(p) — | zP-le* dr converges for Om p< 
<< -! oo and diverges for p < O (see the end of § 2, Chapter 9). This 
integral is improper for p <i 1 not only because its interval of inte- 
gration is infinite but also because the integrand approacles infinity 
for p< iasz—>OQ-} O. 


Let us prove that the integral PF (p)— \ x’ Te"* dz is uniformly 
0 

convergent wilh respect to the parameter p on every finite interval 
Om pot pu: Py<c-j oo. As in the case of testing this integral for 
ordinary convergence, we break up the interval of integration 
(OQ, ; co) into two intervals, namely Ostza<it and {1 “a2< oo, 
and test, for uniform convergence, the corresponding integrals 
: ve J 
\a “da and xee™ da. The integral oil dx  couverges 
a { 


uniformly for 0 << pypxSz<— zoo by W rine test sine eo gb? 
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a 


<aP0-' for O< rec and p> po and the integral ) xrte-' dr con- 


Oe 


>. 
verges for py >> 0. Mstimating the integral v—e-* dx for p> O—O0 
0 


and 2 -= const >O we see that. 


i. 2 . 

sO se _ rm | 
ren de> | ttetidr=e°! { 2 So alas —+> 4-00 
0 6 0 


and, consequently, the integral we dz does not converge uni- 
formly on the tmnterval O< p< -j- oo. 
) 


oo 
Weierstrass” test indicates that the integral al le"* dx con- 
1 


verges uniformly for —oo < p< Pyg<t4- 00 Where Py is an arhit- 
rary fixed number because we have 
xP len* << rPo-le* for 1<2< --oo, —cocm p< Py 
1-00 


and the integral | ro-le*dz is convergent. Bul the integral 


~~ oo 
x’ eo" dx does not converge unifuriuly on the interval — co <p< 
t 
} oo 
<<-j-0o0. To show this let us estimate the integral \ xz’ le* dx for 


an oarbitrary fixed Jt 1 as p— j oo. For any integer N>O we 
have p—lowN, from some value of p on, when p ~» j- oo, and 
therefore, for such p, we can write 

*) -J-~ +- 0 

: pl -law® 7). WN 7X 5). —x_.N | boo N—~J],7~\ 

xt Ve-* dr > re de = — e*eN [ror 4 N xc’ -le-’ da — 

; t { 


poh VINA1 WN —1)EN-2 + LN eth > too 


for N -» 1} oo 


wan 


Consequently, 


-f-a0 


lian | LY 1e"* dg = + co 
7 


p-s-j-09 


for any fixed 1> 0. 
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Thus, the integral { e“zP-'ldz converges uniformly on every 


a 


0 
interval O < pp<p << +00 where po is an arbitrary fixed positive 
-+-v0 


number and the integral ( 2P-le-“dx converges uniformly on 
mh 
i 
every interval —oo < p<il’y < -j-co where Po is an arbitrary 
finite number. Hence. both integrals simultaneously converge 
uniformly on every interval of the form 0 < pp<p< fl’ < +0 


— 
6 


and, consequently, the integral TY (p) = x’~le“dxr also conver- 
gos unHforinly with respect to p on every such interval. 
(2) Since the integrand f (2, p) == z?-'e-* is continuous for 


41-~ 


Omar<cyz0, Omp<to, and the integral aig dr, 


understood as the limit 


t + 20 
lim | 2P-te* dx = \ sleet 
l-+-+-o s . 
21—70+0 4 0 
is uniformly convergent with respect to p on every timite interval 
WO 
O< pox p<Pyo < to, the integral TV (p) - \ cPOer“dr is 
( 


au Ccomlingous Punetioga om every such tolerval, dee. a cumlitugus 
function for all p satisfying the condition UO < p< 4-00. 


ae 
(3) Differentiating VP (p) = | x?te xz formally with respect 
i) 
to p under the integral sign we obtain 
-}-00 
I’ (p) = a°-l'lnaxje* dx (10.71) 
0 


But equality (10.74) can be justified because we can easily prove 
(hat the integral on the right-hand side of (10.71) is uniformly 
convergent on every finite interval O << pan Py <l — 00, and 
the partial derivative fp (@, p) = 2?) (In xr) e@* (where f (2. p) = 
= 7"-'e-‘) jis continuous for 0 z< -+7-00, O< p<z -!-0o0, The 
fact that the integral on the right-hand sice of (10.71) converges 
uniformly is proved by applying Weierstrass’ test to tue integrals 

2? (In x) e™ de and 


0 1 


+0 
3 
xX 


a’ (dir) e* dx 
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for which we can put, respectively, g (z) = z%-? | In z {and g (z) = 
= xPo-! | In x [ e-*. 
We likewise prove that the derivatives TI) (p) of all orders 


A=, 2, 3, ... exist and are expressed by the formulas 
rp) = \ aT nate de, esd 230% (100.72) 
n 


(4) Performing integration by parts we find 
— 90 


so 
pV (p) =p (a? te* dr ae |F%4- | ate dz 
; 


= 


that is 
C(p + 1) = pl (p) (10.73) 


Applying recurrence formula (10.73) repeatedly we can reduce 
evaluation of [I (a -— ”) where O<a<1 and ” is an arbitrary 
natural mumber to evaluation of JT (a): 


(a -:- nj) =: (a +n — 1) (a - nn — 2)... (a - 1) eT (a) (10.74) 
If we puta = 1 and take into account that 


+ 
C(t)= | e*dr= 1 (10.75) 


e 


formula (10.74) results in 
(a =- 1) — 2 (2: le -aek Sag (1.70) 


(>) Let us evaluate 


Lan 
fC o-> 
l(=)= x -e “dx 
1 
Putling «= £ we obtain 
a ae Va — eee 
(=) =2 e-@d 2ER=Va (10.77) 
0 


(6) Let us consider the graph of the function Pp) (see Fig. 10.1). 
For p—~>0O + 0 and p--—-co we heve (pp) —~ +00. The values 
of (yp) for natural p are given by formula (10.76). We have FP (1) = 
= 1 (2) = I. and therefore, by Rolle’s theerem. the derivative 
I’(p) turns into zero at a point belonging to the interval 1 < p <i 2 


-f{-20 


Let po be such a point. Since T* (p) = | xP (In r)® e* da _.- O 


0 
lorall p, OO < p< +o, the derivative I“ (yp) is a nonotone increas- 
ing function for 0 < p< -{ co. Consequently, the derivative V’fp) 
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has no roots on the interval 0 < p< +oo other than yo. besides. 
Mipy<t 0 for p< po and I’(p) > O for p> po because I’(p) 
is a monotone increasing function. Hence, the function VP (p) has 


ice, LO 


only one extremal value ou the interval U < p < oo, namely the 
Wyininiiuiim awallained at the point p-- po. 
Let us consider the corresponding numerical data: 


Po = 1.4616, nin F (p) > F (po) - 0.8856 
Since the gamma function increases for p 2 2 we have [ (p) >- 
™ Pte -- blban! for pra -- ft where nS. llenee. VV (p) — 
— 4-00 ws p—» -700. Furthermore, we can write 
: (p+) 
I (p) = 2 


(pt 
ee too for p—-0-..0 hecause 


for po and hence UT (p) = 
Rip d-+PCQ)=1 for p+O+0. 


2. Properties of Beta Function. 


(t) The integral Bp. gq) -= { ae ot — x)! de converges — for 
0 


p> OU and gq > 0. 
(2) The change of variable z= J—-¢ shows thal 


Bip, g) =B@, p) (10.78) 


Consequently. the beta function Bp. q) is a symmetric Tunction 
of po aud ¢. 
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(3) For g>> 1 we have 


t 
B(p, qy= {| (1—2)™#a(=") = 
0 


! 


+= | or (i—2)?dr= 
° 


xP (1 —x)9-) [xt 


(?) 


x=0 


i 


| xP" ({—a7)'-'dr= 
; 


) 
= HOP [rt (1 ay? de — 
" Pp 


q) 


Thus, we have 


Bip, a= 


i 3(p, g—1) for g>1 (10.79) 
The beta function _ syiminetric, relation (10.79) implies, for 
poi, the equality 


B(p, qg)= B(p—1, ¢) for p>1 (10.79°) 


eee 


(4) Performing the change of variable z= 
1 


B(p, gq) -: ( 2-1 (1—2z)""' dx we arrive at another analytical rep- 


-__ in the integral 
fag in the integra 


0 
resentation of the beta function: 
+00 
> zp-t e 7 ) 
(Pp, Q)-= \ i ayera d; (10.80) 
0 


(3) Let us deduce a relation connecling the beta and the gamma 
functions. Namely, we shall prove that 


r (pyr 
Mb (p, n= (10.81) 


for p>>O and q > QO. The change of variable « = f2 (f >> 0, da = 
-+ 00 


oe . C 
—~ ¢tiz) in the integral 43 er | zPe-* dx resulls in 


i ie | 
AP) \ aP-le-@ ds 610.82) 
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Substituting 1 4- ¢ for ¢ and p+ q for p we obtain from (10.82) 
the relation 


+o 


lr — ft peat, ksh Aah 
eat \ Sts er de (10.83) 


Multiplying both sides of the latter equality by “7! and integrating 
with respect to ¢ from 0 to --co we derive 


1 fpad ete 
I (p--- 4) \ Tippee = dt { {PIghtd-Ve-“U+Odz 
n U 0 


By (10.50), the last relation can be rewritten in the form 


+. 


4-4 oc 
ePATm1pP lp" DE dz (10.84) 
0 


Pipi gB(p, g= | at 


e 


0 


Now let us prove that it is allowable to reverse the order of inte- 
gration in integral (10.84) for p> 1 and go> J. Indeed, we can 
easily show that the conditions of Theorem 10.9 on reversing the 
order of integration in an improper iterated integral are fullilled 
here: 

(a) the function 


{ (2, {) ~ gPta- lyp- 1, (1! g- = () 


is continuous for Uz < +00, U<t < 4-0co; 
(b) if pot and g > 1 integral (10.84) is convergent; 
(c) the rotegral 


ip-l 


| {h-igPrt-1e-( D2 dt == TP (p +) STS aL 


is a continuous funetion of ¢ for O<t < -} co and the integral 


+cu 
0 
is a continuous function of z for Oz << -] oo. 
+- on -| 70 
Hlenee, the iterated = — integral | de (geal te Y= dt 
o 4 
i convergent and equal to integral (lU.84) (Theorem 10.9). 
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Consequently, 
Cip--g Bip, d= dz \ ge OF bes 
0 0 
~ j ZPti-le-- dz { tle" dt = | sh4i-1g-7# LP) dz= 
: zB 
0 ( 
= V'(p) | ote dz= 1 (p)l (y) 


0 


We have thus proved that equality (10.81) is valid for p>! 
and g => 1. To extend relation (10.81) to all p >> O and gy > UO we 
simply write this relation for p> 1 and g > 1 and then apply 
recurrence formulas (10.79) and (10.79°) to its left-hand side and 
recurrence formula (10.73) to its right-hand = side. 

(6) Let us derive the formula 


Bip, 1—q)= for O< p< (10.85) 


Sin px 


Substituting g = 1— p into formula (10.80) we obtain 
4-00 


Bip, 1—q)= \ ro dz, Nmp< (10.86) 
U 


But in See. 5 of § 2 (hxample f) we showed that tntegral (10.86) 

is equal to sa for 0 <t p <1, and this implies relation (10.85). 

Making use of formulas (10.81) and (10.85) we obtain the formula 

h(n d—-psaaz fer 0<p<l (10.87) 

Which plays an important role in the theory of the gamma [funetion. 

There ave many integrals that we can evaluate by reducing them 
to Euler's integrals. 


Exam ples 


30 


465 MULTIPLE INTEGRALS, FIELD TI{LEORY AND SERIES 


3 
os. 


Ni 


a4 

2 
2. Let us cvaluate the integral J=\ sin xcos-xdxe. Putting 

0 


i { 
sin? z=2z we obtain sinz= 22, cosz= (1{—z)* and dz=2sinxcuszrdz. 


Consequently, taking into account the foregoing example and 
formula (10.79’) we find 


j=28 (4, 3) = 2848 


3. Let us consider the integral 


Ps 6 


72 
| sin’! zcost'!zdz, p>O0, g>0 
0 


Putting sin? zx=2z we get 


9 
\ sin? 12 cos! ta dz =— 
0 


| += 
aia 
N 
a, 
— 
ae 
t= 
] 
iy 
Il 


In particular, for g=1 we obtain the formula 


: (4) 


2 

P a IU 
| sin? 1rdr=V 
Q 


§ 4. MULTIPLE INTEGRALS DEPENDENT 
ON PARAMETER 


For definiteness, we shall consider triple inlegrals dependent on 
a parameter although the resulls obtained below hold for inultiple 
integrals of an arbitrary order except certain cases which will be 
stipulated in what follows. 

Let a function f (2, y, z, «, B, y) be defined for (x, y, 2) € Q 
and (a, f, y) €Q* where @ and ©* are, respectively, domains 
of the z, y¥, z-space and the a, PB, yp-space. Suppose that the integral 


Jia, B, y= {\Vre u, 2, %, B, y)dxdydz (10.88) 


Lad 
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exists aS a proper or improper integral for all (a, B, y) € 82%. Ther 
it is a function of the parameters @, B, y in the domain Q*. 

As in the case of a onefold integral, we can easily prove the follow 
ing assertions: 

(1) 7f f(z, y, 2 @, B, y)_is continuous as a function defined i 
the domain Q «x QO* where Q and Q* are bounded closed domains 
the integral J(a, B, y) is @ continuous function of the parameter: 


a, —, y iz the dumuin Q”*.* 

(2) If, in addition, the derivative fy (x, y, Zz, &, fi, yp) exists anc 
is continuous in Q KX Q*, the integral J (a, B, y) can be differen- 
tiated according to the rule 

Os o 
Sade ||) fe wa a B, ydrdydz= 
2 


=|{\ xr (x, y, 3, &, B, y) dz dydz (10.89) 
Q 


The derivatives of J with respect to f and y are expressed simi- 
larly provided that the derivatives fg and f, exist and are conti- 
nuous. 

(3) If the conditions of Assertion (1) are fulfilled, it is perniissible 
fo integrate the integral J (a, B, y) with respect to the parameters 
a, =p and v under the integral sign. 

Assertions (1)-(3) are proved by analogy with the case of a single 
integral. They can also he easily extended to integrals of the form 


J (a, B, vy) =\\\ fe, Ys 2, By B, ¥) & (x, Y; 2) dv dy dz (10.90) 


2 


where f (x, y, z, a, B, y) satisies the above requirements and 


| hy le dpe Km coil ek 
j\\lec y, 2)(dzdydz< K =const <{-+ oo 


(here the integral \f) |g (xz, y, z) |de dydz may be proper 
Q 


Or improper). 


Example. The potential function of the field of gravitation gene- 
rated by a material body © with volume mass density p (M) = 
= 0 (x, y, 2) is expressed, at every point @ (Zo, Yo, Zo) lying outside 


* For given domains Q and Q* ((z, y, 2) €Q. (~, B. y) EO*) the domain 


O x Q* is the set of al! points ie y, z, &, B, ») (belonging to the correspond- 
ing §-dimensional Euclidean space) obtained when tho points (z, y, 2) and 


(z, PB, y) independently run through their damains O and O# 
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the body, by the integra] 


U(Q)=U (2o, Yor 2%) =} \ | 2 drdyaz (10.91) 
Q 
where rpy = I (2 — 2)? + (y — Yo)? + (2 — Za)? is the distance 


between the points 7? (z, y. z) and Q (zp, Yo. 29). If the point @O 
is at a positive distance from the body @ the function f (zr, y, 2, Zo, 


Yor Zo) = 


os is continuous and possesses the continuous partial 
af dt 
8X9 OY 
to be an absolutely integrable function in Q&. Differentiating (10.91) 
with respect to 2», Yo and z) according to Leibniz’ rule (see relation 
(10.89)) we find the projections on the coordinate axes of the force 
of attraction with which the body @ acts upon unit mass located at 
the point O (to, Yo, 20): 


derivatives 


d . : 
and ae The density  (z, y, z) 1s supposed 
0 


F.(Q) =< - is es ee 


a 


fy, (Q) = ail othe y PEO (y — Yo) ar dy dz (10.92) 


Yo 
= iI ow (2—2)) dxrdy dz 


£2 


vu 
F.(Q) = 


[f the point GU (x9. yy, zy) lies inside the body 2 we have ry, () 
when / coincides with G. Hence, in this case Q is a singular point 
of the integrand in the integrals (10.91) and (10.92) and thus these 
integrals are improper even if po (7?) -= 9 (z, y, 2) is a bounded 
integrable function in Q. A feature of these improper integrals 
dependent on the parameters 29. Yo, Zo (On the point GY (ry. Yy- Zo)) 
is thal the coordinates of the singular point of the integrand depend 
on these parameters, namely, are equal to them. Here we shall limit 
ourselves to studying improper integrals dependent on parameters 
Which are of the form 


J(Q)=\\h F(P, Q){(P) dx dy dz (10.93) 


where 
P(x, y, 2) €@ and Q (re, Yos 20) € & 


The function -F (?, Q) is supposed to be continuous for P -~ O 
and unbounded for P--@ while /(P) is a bounded integrahle 
function on & (integrals (10.91) and (10.92) are special cases of 
integral (1U0.93)). 
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Definition. We say that integral nt 93) is wniformily con- 
vergent at a point QO (x9, Yo, 29) € 2 Uf for every € > 0 there is 
& = 6 (e€) => such that the inequality 


VV) Fc, Q') { (P) drdy d:|<e (10.94) 
20) 
is fulfilled for any domain Q 5, of diameter less than d(¢), belonging 


fo Q and containing the point O, and for any point QO" whose distance 
from @ is less than 6 (e). 


Sufficient Condition for Cniform Convergence. [f there 
exist a neighbourhood of the point Q (Zo. Yo. Zo) € Q and constants 
Co>U andi < 3 such that for all P and VU belonging to this neigh- 
bvurhood the inequality 


\F(P, O)|< 


-— (A const <3, O<C=const < -: o) (10.95) 

PpQ: 

holds, integral (10.93) is uniformly convergentat the point Q(2 9. Yo. 20). 
Proof. By the hypothesis, we have |/(P) |< A = const << 4-00 

everywhere in &. Consequently, if a ball Sg. (@) of radius d(e) 

with centre at @ lies within the above neighbourhood of the point 

VY, we can write the inequality 


\}J ce Q') f (P) dx dy dz| < 


fi € 


KN dadyds<2CK \ { Aa (10.65) 
ry? 


m i 
; PQ’ 
S56) 5 a6¢ eh ) Q 


for every domain OQ, of diameter less than 4(¢) containing thie 
point @ and for any point QV’ € Sge, where Sovee,(V') is a ball 
of radius 26(e) with centre at OG’ (see Fig. 10.2). Passing to spherical 
coordinates with origin at the point G’ we obtain 


2n aT 25 (e) spo 
SJ ve \ we drs 
"PQ O 0 0 
5 26ce) 
25(€) 
=4n | r2-*dr=—— = [26 (e)|*~’ (10.967) 
U 


It foliows from (40.96) and (10.96°) that 
| \\ H(P, QO) i (P)dxedy dz | <- — (28 (e) PP" CA (10.97) 


since 3 — A =. the right-hand side of (f0.97) is less than e¢ if 
O(e) is sufficiently small, which is what we sef ont te prove, 
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Note. ln the case of an improper V-fold multiple integral of type 
(10.93) (N = 1) the exponent A must satisfy the inequality A< NV. 

If mass density 9 (7?) in integrals (10.91) and (10.92) is a bounded 
integrable function in 2 the above test implies that these integrais 
are uniformly convergent at every point @ (29, Yo: 20) € 9. 


Fig. 10.2 


The implications of uniform convergence are the same as in the 
case of onefold integrals. As an instance, let us consider the question 
of continuity and differentiability of an integral as a function of its 
parameters. 


Theorem 10.40. If integral (10.93) is uniformly convergent 
ata point 0 €Q and the functions f (P, Y) and f (P) satisfy the above 
condilions, integral (10.93) is a continuous function at the point (. 

Proof. let us show that for every ¢ > O there is 6 = 6 (e€) > 0 
such that the inequality | rag |< 5 (¢) implies the inequality 


Fig. 10.3 


}/J (VV) — J (0') |< e. For this purpose we take a ball Soe (V) 
of a sufficiently small radius 6 (€) with centre at QO lying inside & 
(see Fig. 10.3) and represent cach of the integrals J (G) and J (@*) 
as a sum of two terms, namely an integral J, over the domain 
Soe (VY) and another integral J. over the domain 92 — So (V). 
Then we have 


LJ (Q)— JQ’) 1 < [Fo (Q)— 42 (G’) E+ 1A CQ) Ea (GD 
(10.08) 
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If 6 (e) > O is sufficiently small the second and the third terms 
on the right-hand side of (10.98) are less than =~ because the integral 
J; is uniformly convergent at the point @. Let us choose an arbitrary 
positive S’(e) < +6 (c). Then, if the distance between @ and Q' 
satishes the inequality 
1Gy’ |< 8’ (e) (10.99) 
the integrals in the first summand on the cei side of (10.98) 
are proper. Consequently, if 6°(e) (0 < 6’(e) < > * &(e)) is sufhi- 
ciently small the theorem on the continuous i ee of a proper 
integral on parameters implies that the first summand on the right- 
hand side of (10.98) is also less than = provided that condi- 
tion (10.99) is fulfilled. These results indicate that (10.98) and 
(10.99) imply the inequality 
ly/@—J@)|<e (10.100) 


Which is witat we Set out to prove. 

Here we do not discuss the general problem of diflerentiability 
of improper integrals of form (10.93) with respect to paraineters 
and refer the reader to special courses (e.g. see [15], Lecture 7, § 2). 
We shall only illustrate the corresponding techniques in connection 
with a special case when F (P, @) = —— and {(P) = p (£) where 
o (/7) is a bounded (|9 (2) |< C = const < +00) and differen- 
Liable function in 9, that is when the integral in question is of 
form (10.91). This case is important for the theory of potential 
functions (see [17]). 

If the point OQ (Zo, Yo, 29) lies outside 2 (and P (zx, y, z) runs 
through 2) integral (10.91) is proper and, as has been shown, equali- 
ties (10.92) are valid. Let us prove that relations (10.92) remain 
valid when the point @ (Zo, Yo, Zo) belongs to &. We shall limit 
ourselves to the first equality (10.92). To prove this equality we must 
show that the difference 

_ Ul(zq+ Aro, Yor 20) —¥ (Xo. Yor 20) __ 
7 Ary 


|) aon dxdydz, Azy~0 (10.101) 
1Q 


lends to zero for every fixed point Q (x5, Yo, 20) belonging to © as 
Azo —~ Q. Let tlicre be yviven an arbitrary e >VvU. Take a ball 
Sse) (V) of a sufficiently small racdins 6 (#) lying entirely inside © 
and denote, respectively, by Oy (Zo, Yo, 20) and Oo (Za. Ua, Zo) the 
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integrals of type (10.91) over the domains 2; = Soe (VY) es Q, = 
= 2 — Q, = 2 — See (VY). We obviously have OU =U,4+ U, 
and therefore difference (10.101) can be rewritten in the form 


tr i ae 
— aro SS) PO A? ar dy as} (10.102) 
Oo 


Let us estimate the first term on the right-hand side of (10.102). 


We have 
AU, { 1 
Arg AZo \\\ cry ( r 
21 


| 
Aas oer) dx dy dz = 


_ { pq "poe 3 
aie \\5 o(P) es” dxdyd (10.103) 


where the point @’ belongs to 2, = See, (V) and has the coordinates 
(% + Azo, Yo, Zo). The sides of the triangle GPG’ are of lengths 
Teg, Teg and [Are] and therefore 


| rpq — Tea |S | AZ | (10.104) 
Taking into account inequality (10.104) and the apparent relation 


1 { ( i , 1 
ee ge eee 
T pg! par = 2 rhQ reg: 
we derive the made” estimate for i 103): 


Aly, ; 
“Arg S = SNS © a -—) dx dy dz (10.105) 
since |p (/?)| < C. The saceune! (| aga converges uni- 
we P 
Q 


formiy on 92, = Soe, (Q) (see the sufficient condition for uniform 
convergence) and, consequently, the right-hand side of inequali- 


ty (10.105) is less than = if 6 = 6 (ec) > 0 is sufficiently small. 


The second term on the aie hand side of (10.102) is a uniformly 


convergent improper integral, which is implied by the inequality 
| 


t— Z- » e ° . a 
a dental) OP | and the suflicient condition for uniform convergence. 
PQ 


Hence, this term is less than = in its modulus for all sufficiently 
small 6 = 6 (¢) >> O. Finally, let us estimate the third terra on the 
right-hand side of (10.102). Since the integral Os (29. Yo, Zo) = 


fe 
J 2 
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? (Zo, Yo. 2) lies outside 9,5) it can be differentiated with respect 
to the parameter z, under the sign of integration and. consequently, 
fur all sufficiently small /Az |] << 6 = 6 (€) we have 


Al's p (P)(z— 29) |oe 


Thus. for all sufficiently small 6 = 6 (e) and [Azo], difference 
(10.101) is less than ¢. which is what we set out to prove. 

Note. The results obtained here for volume integrals can easily 
be extended to fine integrals and surface integrals. Let the reader 
modify appropriately the formulations and proofs of the above 
theorems. 


{4 fourier Series 
and Fourier Integral 


In natural and engineering sciences we often deal with periodic 
processes such as oscillatory or rotary motion of various parts 
of machines and apparatuses, periodic motion of heavenly bodies 
and elementary particles, acoustic and electromagnetic vibrations 
etc. 

These processes are described mathematically by means of periodic 
funetions. A fuaetion f(t) ef ene independent variable t is said to be 
periodic if there is a number T 4 VU (called its period) such that 


fiat) =f) for all values of th —~-wo Ct< -}-oc (11.1) 


The well) known trigonometric functions sin é and cost with 
period FY = 2a are the simplest periodic functions. 

In physics the simplest periodic processes are described by means 
Of the Funetion 


E(t) -- Asin(wé +4), —-wocl< +oo (14.2) 
called a harmonie (or a harmonie vibration). We have 
E(2- <= &(1) lor —ocl< +o (11.3) 


s Ce era | e ° e e 
and therefore the quantity 7 esa period of this harmonic. 
i] 


The constants A and w are called, respectively, the amplitude and 
the frequency of the harmonic, the expression wt + q is called its 
phase and the constant q is the initial phase. 

The fundamental question this chapter is devoted {o concerns 
the problem of representing an arbitrary periodic function in the 
form of a sum of harmonies. 


$4. PROPERTIES OF PERIODIC FUNCTIONS. 
STATEMENT OF TIE KEY PROBLEM 


f. Periods of a Periodic Function. Let f (2) be a periodic function 
with period £0, that is 


fi 3- Y)az f() forall 4, —-o ct< +00 (11.4) 
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Then every integer multiple k7, & = a:1, 42, ..., of the period 7 
also serves as a period of this function. 
Indeed, if 7 is a period we have, for any integer & 7» 1, the relation 


fiQ+hT) =flt+ &-1) 7G TIl= 
=flet(kK—DTl=...=70 (11.5) 


for all 4, —o < ¢< +--oo, which means that &7 is a period of f (4). 
Furthermore, we have 


jit —T)=flt—T7)+T)=f (2) for all ¢, 


—oo <C t< +0 (14.6) 
and consequently the number —T is a period of f (é). But then it 
follows from (11.5) that the number k (—7) = —AT is also a period 


of f (2) for any integer & > 1. Thus, the above assertion has been 
proved. 

We ean now easily verify that if two numbers 7, and 7. are 
periods of a function f (4) Lhe numbers 7, + 7. are also periods 
of this function. 

constant quantity can obviously be regarded as a_ periodic 
function with an arbitrary period, i.e. every number is its period. 

If f(t) is @ continuous periodic function which is not identically 
equal ta a consiani it possesses the least posttive period called 
its prémitive period,* When speaking abuut the period of a function 
we usually mean ils primitive period. 


2. Periodic Extension of a Nunperiodic Fanction, Paking an arbi- 
trary novuperiodic function f (z)** dehned on an interval ea 
< a+ 7 we can construct a periodic function A(z) with period 7 
which coincides with f (z) on this interval. Geometrically, to obtain 
the graph of & (rz) we must translate the graph of the function f (x) 
(constructed ou the iuterval ez Qa-+ 7) along the z-axis to 
the Jeft and right by shifting this graph, in succession, by 
distances 7, 27, 37, ..., nT, ... aS 18 shown in Fig. Lf-4. 
This process (and the resulting function / (2) itself) is called the 


* Tf we suppose that a continuous periodic function f (+) diferent from 
a constant does not have the least positive period, it can easily be shown that 
there must exist a sequence of its positive periuds 7;. 72, ..., 7, ... con 
vergent to zero, The set of all the integer multiples of Chese periods constitute 
an everywhere dense point set lying on the taxis, —o <¢t << boo, and, 
consequently, tha values of f (2) assnined at the points of this everywhere dense 
set are cqual to its value at the origin of coordinates. Therefore f (2) is idanti- 
cally equal to the constant / (Q) on this set and hence, by the continuity of the 
function. Wo omust be identically equal to this constant on the whole taxis, 
—oo <1 t vl -f-00, which contradicts the hypothesis. Hence, the smallest. pasi- 
five period imust exist. 


** Tn what follows we shall denote the tydonendent varhilty b, 
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periodic extension, with period 7, of the funetion / (z) from the 


interval aq raa-- T to the z-axis. In the general case this 
J 
Fig. Ui.t a-aT a-T a |0 are a+cT aQv+3T = = 


process does not uniquely specify the values of f(z) at the points 
S2=@ ateaT.. he 1, 2, By eeu 
3. Integral of a Periodic Function. [f /(z) is : periodic integrable 

a+T 

function with period 7 we have \ { (2) tems (z)dx for any a, 
a 0 

Ne oo. In fact, we can write 

a+? atT a 


\ {[(z) dx -- J (arar+ [ 1a) de— J snyder fica =\ f(x) dz 
0 


ca 


ornare the periodicity of the function implies that 
a-~ 7 atT 


\ f(a) dc= ) [eT dem | fede where 2 =2—T7 
1 T 


Thus, the integral of « perivdic function with period T taken aver 
an arbitrary interval of length T has one and the same value. 


A, Arithmetical Operations on Periodic Funetions. It is apparent 
that a sum, a difference, a product and a ratio of periodic functions 
with the same peried 7 are again periodic functions with period 7. 

Let f (z) and g (x) be two periodic functions. If their periods 7; 
and 7, are commensurable, that is bt where p aud gq are 
integers, the number 7* = pT, = gT; is a period of both functions 
{ (z) and g (x). Consequently, the sum, the difference, the product 
and the ratio of these functions are also periodic functions with 
period 7*. 

But il the periods JT, and 7, of the functions f (x) and g (z) are 
incommensurable their sum is no Jonger a periodic function but 
a so-called almost periodic function. 

Let us give the definition of an almost periodic function. .1 fune- 
fion f (x) continuous on the entire real axis --0o <x2r< ; © és said 
fo be almost periodic if for every ¢ >O there exists a number 
as he Ce) +O such (hat for every intercal of length L, waa sy 
wee Ff NO ee ae lw there io at least ane ninber t= T Ce) 
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such that 
[f(z +t(e))—-f@l[<e 


for all xz, —o <2xr< —oo. 

Periodic functions are obviously a special case of almost periodic 
functions. It can be proved that a sum, a difference, a product and 
a ratio of almost periodic functions (under the condition that in the 
latier the divisor is different from zero) are almost periodic functions. 
Hlence, the set of all almost periodic functions (in contrast to the 
set of all periodic functions) is closed with respeet to the fundamental 
operations of arithmetic. 


9. Superposition of Harmonics with Multiple Frequencies. Let 
us cousider a sequence of harmonics 


2K F ; 
An Sin (=F co), fez, 2, ..., —womrac+-oo, Foe 
(11.7) 
; Ps : : 
Obviously, the number 7, = =~ is the period of the Ath harmonic.* 
Consequently, the number 7 = AT, is a common period for all the 


harmanies entering into sequence (Et.7) (but it is the least period 


4 : | 7 
only for the first harmonic .4, sin (— r-- 1) ) ~ The frequency 
° e 2k ‘“y ria 
of the Ath harmonic is equal to 2, = rime A- 1. 32, .. . Thus, 


the frequencies of the harmonics belonging to sequence (11.7) are 


Gaunt 


infeger multiples of one and the same number . The least positive 


T 
ee : Se vn T 
(primitive) period of the Ath harmonic is equal to 7, = re — 
‘> 
v Rais & a 
= 1, 2, ..., and, consequently, we have A, =—— and A, =: KA,. 


Th 
Such harmonics will be referred to as the ones with multiple frequen- 
cies. 
A sum (or, in physical terminology, a superposition) of a finile 
number of harmonics of the form 


N 
fy le) = Ay i SY Ansin (FE zt (x) (11.8) 
a 


2k v Tk “ 
* In fart, we have sin | = z+} un |=sin (= qn} 1. 270 | . 


Ik : 
— 510 (== J =-qt | . 
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is a periodic function with period T since the number 7 is a period 
of all the harmonics* and the least period of the first harmonic. 
Similarly. a superposition of an infinite number of such harmonics, 
or, nore precisely, the sum of a convergent series of the form 
+00 
2k 
ee an 4, sj op | 
f(x) = Ao !- Dy Ansin (= z-+q2) (11.9) 
h=4 
is also a periodic function with period 7. 


Equalities (11.8) and (11.9) can be transformed in the following 
way. Taking into account that 


. 2k | \ : 2k ee 
aly sin ( — X--- QU, lb = Ay Sin, COS — LT Ap COS G, SIN — os 
7 j r r 
we put 
—o = Ap. Qn= AnSIN GR, Op=AnCOSP,, 2I=T7 
and rewrite (41.8) and (41.9) in the form 
7 k k 
ayn , oT . AML . 
fy (x) =F DY (a, cos“ 4 by sin = } (11.10) 
A=ti 
ancl 
-} co , , 
a9 | 2 0 pe : a os 
{(z)=s--3- DD) (a, cos = -+- ba sin (11.11) 
k=1 


Alb the lunetions on the right- and Jeft-hanmd sides of (11.10) and 
(11.19) are periodic, with period 21. 
It should be noted that the functions f.. (r) and 7 (7) are of a more 


‘ ; ; : . Ieour 
complicated nature in comparison with the harmonics cos 

. Wot . 4 ; ; 3 °: 14.7 
aria sin— > , fo 2 1, 2, ..., they are formed of (c.g. see Fig. 11.70). 


The series on the right-hand side of (AI.11) is called a trigono- 
metric serées., A relation of form (11.11) (previded it is valid) 
is called the expansion of the franetion f (x) tuto a tri- 
gonametrica sertes. 


G. Statement of the Key Problem. The main aim of the present 
chapter is to elucidate the following questions: 

(1) What are the periodic functions with period 22 whieh can 
be expanded in trigonometric series (11.11), i.e. can be represented 
as a Sum of this kind? 


* We remind the reader that the ecanstant 4, can be regarded as a periodic 
function with an arbitrary peried, in particular, with peried 7. 
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(2) llow can we determine the coefhicients @g, a, and b,, k = 
= 1, 2. ..., of expansion ({4.11) if it is valid? 

(3) What is the connection between the character of convergence 
of series (11.11) and the properties of the function / (z)? 


7. Orthogonality of Trigonometric System, Fourier Coefficients and 
fourier Series. Relation (11.11) is the expansion of the function 
f(z) into a series wilh respect to the system of functions 
kyr . AAT 
sin 


pe fay ORS 


{ Le Bue, UE a 
ay Cos —, a eae dae a | COs 


(14.12) 


whieh will be referred to as the trigonometric system. 

Trigounomeltric system (11.11) possesses the property that the 
integral of the product of any two different functions of this systeni 
taken over the interval [—/, ¢] is equal to zero. Uhis property is 
referred to as the orthogonality of the system (the general definition 
of orthogonal functions will be given in See. 1 of § 3). Besides, 
the integral of the square of every function belonging to (11.114) 
is unequal to zero. 

lradteed., we have 


\ 
- 4 ae Anz ie | l ai Antz |x=( _( 
\ae oy, See ay peg ee Ned 
aay 
! € 
eal kor 1 i kag |x=! (11.134) 
\ = sin dx == —— — cos —— = 
J 2 t 2 AN {  |xamd 


1 1 
= — 55. i(--1)"—(—1)"1= 0 


ana 


a: 
dt= 


Aylz . oOmn 
| cos 7— sin 


4 
=> \ | cos SP pcos Sa x lax = 0 for Asn (11.1035) 


Similarly, 


l ) 

{sin sin de=0 for ken | 

ney e 
(11. 1-53) 
Pe ask aur r} 

\ sin : COs <= dxz=Q for any k and 7 | 

—{ ; 


31—~- 1824 
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Finally, 


t 1 -- cos 2? —— RAZ 
> kag ia 
\ Cos? — dr= {| —-—- . dxe=l 
-] —l ~ 
C ; f 4—cos? oat 
\ sin? ~—de - \—__-—— del | (11.4-3,) 
ae ae - 
I : 
e 1 2 
\ (3) ¢2 =3 
cay 


Now fet us discuss the problem of determining the coelhctents ay, 
Q,. YO, K-71, 2, ..., of expansion (11.11). 

As was proved, a functional series convergent in the mean or 
uniformly convergent can be integrated lterm-by-term (see §$ 2 aud 6 
of Ghapler 5). Let us suppose that series (11.11) converges uniformly 
or in the mean to the function f(r) on the interval [—J, Z). lt remains 
couvergent (in the same sense) if we multiply both sides of rela- 
lion (L411) by any continuous function. This property and the 
uvrthogonality of system (11.12) enable us to perform the operations 
given vw and to determine the sought-for coeflicients ag, an. On, 


i Ue Lo 
ee equality (11.11) lermwise we find 


f -!. 20 f i 
e _ a, “2 2 he-er | 
\ j (ec) dz as \ Ux > | an \ cus—— dz + by, | sin —b | til 
—i fs =01 lk — 
whence 
7 : 
ay, — p Ji (de (11.14) 
: nIUr 
To determine the coefficient a, in cos—— we multiply equality 
(li.11) by cos = and integrate it} wilh respect to xz from l 
to ¢. This results (by (11.13,)-(11.15,)) 
f f " OG i 
2: aA: = CITT nowy 
f (2) cos — dxy- :— | cos = - da SS ap COS i y ar a | 
= -1 k=l  — 
“ow f 
: os ota 7 ‘ a ATL 
-|- s) by. | Suu == COS a ha “= (la | COS ; da = tt sl 


CH. if. FOURIER SERIES AND FOURIER INTEGRA. 483 


and thus 


i 
ay, — f(z) cos = dx (11.14;) 


—l 


Similarly, to find the coefficient 6, im sin = we multiply equa- 
lity (1.98) by sin — and integrate it with respect to z from —/to é, 


which vields (by (11.13,)-(11.13,)) the relation 


ie Oa 


i 
| ?(z) sin ; da=-- byl 


~) 


and thus 


ee i‘ | f(z)sin —- dx (11.14.) 
=I 
Depinition t. The mumbers ag, a, and b,,n = 1, 2, .. .. deter- 


mined by formulas (11.149), (11.14,) and (11.142) are called the 
Fourier coefsictents of the function f(x) acith respect 
to trigonometric systems (V4.2). 


Definition 2. The trigonometric series 


too 
ay, _ haz : Asx 4: 
2S) (an cos > + bn sin =) (11.45) 
k=! 


whose coefficients are specified by the function { (x) according to formru- 
las (11.44), (11.14,) and (11.14.) is called the Fourier series 
af the fesection 7 (x). 

IL should be noted that the Fourier coefhicients dp), ay, Y,, & - 
= 1, 2, .... determined by formulas (11.14,). (11.14,) and (11.14,) 
can be delined wilhout imposing the reguirement that series (14.11) 
is convergent. Indeed, for integrals (11.14,)-(11.14.5) to exist it is 
suffieient that the funetion / (z) be integrable on the interval |—/J/, ZI. 
Therefore, to every function / (z) integrable on the interval [— 2, /] 
there corresponds its Fourier series. This correspondence can be 
written in the form 


ur Aer 


Leo 
f(x) ~ ~,- > (a, cos 


) 
J 


cei =) (11.16) 
k= | 

where the series on the right-land side ts the trigonometric series 

whose cocflictents are determined by formulas (14.149), (1t.14,) 

and (141.14.). But in the general case when the function 7 (x) satisfies 

only the condition that it is integrable on the interval [- @, 7) the 


a1" 
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sign of correspondence ~ in relation (11.16) cannot be replaced by 
the sign of equality. In § 2 we shall introduce some sufficient condi- 
tions fur expansion (11.11) to be valid. 


8. Expanding; Even and Odd Functions in Fourier Series. A func- 
tion f (x) delined on an interval [—J, l] is called even if 


J (—xz) =f (x) for all z€ [—Z, JJ (11.17) 


If a function f (x) defined on an interval [—J, l] satishes the con- 
dition 


}/(—z) = —/(z) for all x €[(--/, J (11.18) 
we say that it is an odd function. 


These detinitions imply that the graph of an even function Is 
svinmetric with respect to the axis of ordinates and the graph of an 
odd function is symmetric wilh respect to the origin. 

lf # (z) is an arbitrary function defined on an interval |—Z, 2] we 
can forin the functions 


hy (2) = Les) and PE a ars SS (11.19) 


where the former is even and the latter is odd. We obviously have 


f(x) =f, (@) + fe(r) for all xeEl—é, (14.20) 


and, consequently, every function f (2) defined on an interval of the 
form [ 7, dé) can be represented as the sum of the corresponding 
even and odd functions. 


If f€r) is integrable for zx € [—Z, we obtain 
0 l 


i 
| (r) da “| f(«\dx + | f(x)de = f(x) k}f(—a)\ dz (14.21) 


hecause sdusamiisiae —-x for xz we get 
0 


ty(x dx = —( f(--2)dx- (if (—2) dz 
: 1 0 


lt follows from relation (11.21) that 


: 


{ 
2 ( f(xz)dx if the function /(z) is even 


(f(c)dr= 4 | (11.22) 
= () if the function f(z) is odd 
. 1 wr 2AX AU 
The funetions +4, COS—+-, CO8—>—, ..., COs—> are 
; io eRe bo oe _ Aa 
even and the functions sin—>-, sin = rorees SIN", 


are odd. 
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Let f (x) be integrable on the interval [—Z, Z]. Then if this fune- 
tion is even its Fourier series is of the form 


-4-00 
Ar 
++ > (tx COS = (11.23) 
h=1 
and if the function f (z) is odd its Fourier series has the form 
= . AAT 
> by silt — (11.24) 
h=1 . 
lncleed, if the function / (z) 1s even the expression f(r) cos ~ 
is also an even function whereas the funetion f (zx) sin — is odd, 
and therefore in this case 
; ,! y 
a =7 Jf d= >| /@ a 
=! i 
i 
 okAE oe : 
bn = 5 \ £@) sin = dg-0, k=4, 2, ' (14.25) 
ay 
h k 
ne 2 at 
an= 7 | f (8 cos d= > | /Qcos 2 dk, k=1, 2... 

-1 0 j 
Accordingly, if the function / (7) is odd the function f(z) cos — 
is also odd and the funetion f (z) sin —- is even, and hence 

lf 1 knt 
a= \f@)dE-0, a= > | FG) cos dk --0 | 
at -i 
(11.26) 
{ kat 2 kink 
bh = | /(&) sin = a= 7 | f (£)sin —* dt, k=1,2,... | 
any J 


9. Expanding Functions in Fourier Series on the Interval [—x, x]. 
If it is required to expand a function f (x) defined on the interval 
J—z. x] into Fourier’s series we put / = a in formulas (11.13) and 
(11.17) and thus obtain the following expressions for the Fourier 
cocfherents and Fourier series: 

J 


\ 1 (8) cos né de 


— 7 


Jt 
) Ca j 
Mg { J(—) dE, an= a 
—n 
; 1 +30 
ce ‘ c a : 
hi, ae \ / (&) Sh NE ade, J (2) oS - oS >; (Qk cos kz L. b, stn Av) 
K- | 


ot 
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The general case when a function f (z) is originally defined on 
an interval [—JZ, Z| is reduced to the above by means of the change 


of the independent variable 2° = a In fact, if thefunction f (z) 


is detined on the interval [—J, Z| the new function ¢ (2’) = f (=) 


is dened for —n<2z’ <a. But in view of the applications of 
Fourier series to the problems of mathematical physics we shall 
deal with the general case of an arbitrary interval [—J. /] to unify 
the notation and facilitate the reader to learn the corresponding 
(echnitques. 


g§ 2. FUNDAMENTAL THEOREM ON CONVERGENCE 
OF FOURIER SERIES 


In §$ 2 our main aim is to prove that Fourier series (11.16) of 
w periodic piecewise smooth function ~ (z) with period 2/ converges 
lo f(z) at each point of continuity of f (2). 


1. Class of Piecewise Smooth Funetions. A function f (x) tis said 
to be piecewise continuous on an infercal la, b| if it is 
continunus everyivhere on dhis interval except possibly ata finite number 
uf points of ordinary discontinuity (i.e. discontinuity of the trst kind 
ar jump discontinuity). 

such a function has finite left-hand ands right-hand limits 


f(x—U). lim f(z 42), f(e--0)-= Lim J(x--3s) (11.27) 
=-+0 i— 


eof z>0 


at each interior point « of the interval fa, b] and finite limits 
f(e -W and f (b — V) at the end points @ and 4 of the interval 
la. Bb). At each point of continuity of f (z) we have f (x — 0) = 
=f(z+0) = f(r), and thus f (x — O) and f(x+Q) do not 
coincide only at a finite number of points at which f (z) has the 
jumps f (2 -|- 0) — f (« ~— 0) ~ 0. 

A piecewise continuous function f(z) defined on an interval la, DI, 
a<ib. is said to be ptecewise smooth if the derivalive f(z) 
exists and is continuous everywhere on [a, b| except possibly at a finite 
number af points al which finile right-hand and left-hand liimnits 


Miz: O) limf’ (a+s), f[ (2—0)=lim f' (x—2) (11.28) 
caf) z—+f) 
2290 z> 0 
exnst, Tt is alsa supposed that finite limits f'(a - O) and f(b - O) 
exist at the end points of the interval f[a, Db}. 
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A piecewise smooth function f (z) possesses finite left-hand = and 
right-hand derivatives 


20 = 
z/ 0 
f(z--2)—f (z+) een 


a 


n(x) — lim 


ut cach point z of the interval la, oJ. In fact, applying the formula 
of finite increments* and using relation (11.28) we obtain 


lim CSIC Salim f (2 + 02) =f (e740) (11.30) 
230 ~ 750 


and hence the derivatives {7 (x) and fy (z) exist and besides the 
relalions 


fi (2) = fF (e — 0) and f(z) = ff (x + 0) 
hiolil. 


The graph of a piecewise smooth function f (2) possesses a uni- 
quely specified tangent line at each point except possibly at a finite 


‘ 
‘ 
] 
ase 
{ 
I 
\ 


ee ee 
- = = = a 


aS) 
nt 


niwber of points but at these there must exist uniquely specitied 
left-hand and right-hand tangent lines (see Fig. 11.2). 

if f(r) is a piecewise smovth function on la, bf we can break 
up the interval fa, b] into a Anite number of subintervals 


(ao, al, {ay, Gol, ..., aj, Giga. <. = Bs lay, @ya4l 
where 


Ct ,, Aly... Oa; oO Gyn Oe Ca Cy, = bh 


* Ilerve we apply the formula of finite increments written in the farm 
f(r - 3) --— F(t > O) = of (x -+ Qs) og 0-2 0-751 which can he derived 
in ihe following manner: we lake 4, -§ < «. and write down the ordinary 
formula of tinite increments 


f(x-- 2) —f(r-- & = (2 — SH ¥ (x + 8 


Whores Oh - Ko ~ . 72 sli Tica jesbz> cy aire detail tis OF — UI, 
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such that the funclions /(z) wee f(z) are coutlinuous at the interior 


points of each interval [a;, a;.,], 6 = 0, ..., , and tend to finite 
limits 
fa; + 9), flea + and = f{(@iz; ~ 0), f(@ia1 — Y) 


when z approaches a; from the right and @;4, from the left. Ut follows 
that the functions f(z) and f‘(z) are bounded on each interval 
la;, @j2,) and, consequently, they are bounded on the whole interval 
la. b1.* 

2. Formulation of Fundamental Theorem on Convergence of Fourier 
Series. 

Theorvence ff.4. If f(z) is a piecewise sntooth function an ar 
interval —l<oa <.l, its Fourier series converges al each point x of 
fhe interval and the sum 

- +O 
a 
S(r)=2+ (a, cos 


j 
R= 1 


— + by, sin “= ) (11.51) 


of this series satisfies the following relutions: 
(lL) S (x) = f(x) if —l<tr<tl and f(x) tis continuous at the 
point x, 


(2) S(c) Op A claws bet dams 2 if —l<ex<cl and x is a point of 
discontinuity of f(x), 


(4) S( -O=S()= 
Wote. If f(r) is continuous at a point zr —i< r< l/l. we have 
f(x — Q) == f(x {- V) = Ff (z) and, consequently, 
f(z-' 0) + f(«—9) _ i (=) we), == | (.r) 


— 


fC -25-0)-+ f(E—O) 
Sg ee 


Therefore equalities (4) and (2) can be replaced by the relation 


Sine (11.32) 


2 


which holds for every interior point z of the futerval [—Z, él. 
3. Key Lemma. To prove the theorem we need the following lemma 


* In fact t, au Rds redefine # (x) and f(z) at the end points of an interval 
laz. a4), 1. by putting i (ay) = f(a, | 0) f (as 
== “f(a Qutt ~- 0). ia) : =f’ as ‘+t OQ) and f'(ajy3) > ff (agg, =O. Uhe functions 
f(x) and f (x) become eAntininils on the closed interval] la;. ageyl and. conse- 
quently, bounded on it. But, tin this construction. the values of f(r) and f’ (7) 
may only change at the end points of the interval [a;. @;,,] and hence the ori- 
ginal functions f(z) and f‘(z) are also bounded an [a,. a; .)\. 
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Iiey Lemma. If f(x) is a piecewise smooth function on ar 
inferval arb we hare 
o) 


lim | f(z) sinazdz—= (0) (10.53) 


({L—> oo é 
a 


Proof. Let us divide [a, b] into parts 


[ao, ail, la,, asl, o = a9 [a,, Qiarl, s @ “ere fay, Ay :4l 


where @ = @) < @, <0... Q; <C Gjny <li. To ay Cay SL 
in such a wav that the functions f(z) and f’ (2) are coutinuous tn 
the interior of each subinterval Ja,;, aj2;], @ = 0, 1... .. A. and 
tend to finite limits 


f (a, -+- 9), f(a, -+- OP) and $f (a;4, — OV), ff (aye, — 9) 


when zx tends to a;,, from the left and to a; from the right, respecti- 
vely. Since 


2 N “ist 
\ {(x)sinerdr= b ) f(x)sinurdr (11.34) 
i-0 a, 


it is sufficient to prove that 
Ce 


t4i1 
lim | f(r) sinardr=0 (11.345) 


CL—~- tf. 


for OSICN. We can regard f (x) and f’(z) as being continuous 
ou Lhe closed interval [a;, @;4.;| (Sec footnote on page 488), and there- 
fore it is allowable to integrate by parts, which gives 


é4t é+{ 
: ‘ x=—a: ;7 9 ‘ 
| f(z) sinardz= — He) con oF er aa a } (z)cosardz 
s oo — i 
aj ay 


(11.36) 


The functions f(z) and f’(z) being bounded on [a, b], there exist 
constants AF and Af" such that [f @j<ar and { f’(z))- Al’ 
everywhere on la, b]. Hence, relation (11.36) implies the inequality 


ist 

. 2M OM? (agi, —aj — 
| { f(z) sinaardz <i y Seine (11.37) 
a; 


Passing to the limit in equality (11.37) for @ —» o we obtain rela- 
tion (11.35). The key lemma has thus been proved. 
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Note 7. lt can be shown that the above lemma applies to a consi- 
derably wider class of functions. For instanee, if f(z) is an absolutely 
b 


iutcorable funclion on la, b], that is the integral \ | f (x) [ dz <I -- 00 


a 
(which may be improper) exists, the lentma remains valid. 


Note 2. We can similarly take cos az under the sign of integration 
instead of sin az- 


4. Proof of Convergence Theorem. Let f (z) be a piecewise con- 
tinuous and piecewise smooth function on an interval —/<qcz<l. 
We shall extend the function f (z) as a periodic function with 
period 22 from the interval [—Z, Z] to the entire z-axis and prove that 


{s,(z)—- ee} +0 for n—--0o (14.38) 


for every x where 
n 


Sn (x)= 4S) (ax cos = + ty sin ) (11.39) 


Z if 
h== 4 


is the nth partial sum of the Fourier series of the function f (z) 
corresponding to the interval —i<2< l.* Substituting the expres- 
signs of the Fourter cocflicients 


f 
ae 


d 
a, -=— | /&) cos = ak, bert, @ cout (11.40) 
=I 
t ks ne 
bh= > \s@)sin “Bas, k=1, 2... 
— 


* After the periodic extension has been performed, f(z) becomes a perio- 
dic function with period 2/, and the functions 


I ANS 
rd | i a: 


the integrals appearing when we compule the Fourier cucfficients ag-= 
t 


1 


w : - . , ; 
--« . COS » Sin are also periodic with period 2l. Therefore 


ATI nT 


\ (x) dz, an | £ (=) €0s dz, by = \ 1 (2) sin ; dz, ne. 


1,2, ..., can be taken not only over the original interval [—é, 2] but 
alse over any vlher interval of leagth 22, which duces aot affect the values of 
these coefficients, 
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into (11.39) we obtain 


n l 
., 4 Ant ks 
Sn()= sr JAH A+TD, J 1 cos cos * + 
oe k= —! 
t 
+ sin —* sin =| a= = = jr@[z + > cos ex (5 te | « de= 
1 k= 
i-—x 
=+ { j(z+2)[ ty cos = | dz (14.41) 
—li-<x k= {1 
where z=E—az. Now let us derive an expression for the sum 
On (2 J=s>+ s cos = (11.42) 
h=1 


Miltiplying both sides of (11.42) by 2 sin = we obtain 


eo ki 
26n (3) sin =; = sin => 5] may 2 sin cos = = 
k=1 
n 
=s : (k +5 2 (x = |=sin(n +3 = 
So aa - >} [ sin 7 i aa —z) I = dl = } I 
h--i 
whence 
mn Sin ( : = 
1 k1z +3) > 
On (s) =e + Dy OS ag (11.43) 
h—1 2 sin —— 


Substituting (11.43) into (11.41) we arrive at the following formula 
for the xvth partial sum of the Fourier series: 


S,(z)= 4 y feta) Jude (11.44) 
—(— 


The function f (x) (after it has been periodically extended from 
the interval [---2, /] to the whole z-axis) is periodic with period 24, 
1 P 
S12 (n+) = 
and the expression —W——————— is, by (11.43), a periodic 


IZ 
25i1n — ay, 


function of 2 with perind 27. Therefore the pradiuct of / me. 4 J 
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is also a periodic function of z with period 2/, 


3 
and the integral of this product taken over any interval of the 
z-axis of length 2/ has one and the same value. Consequently, the 
limits of integralion —/2 — x and ! — =z in integral (11.44) (which 
is taken over an interval of length 22) can be replaced by the linsits 
—f and 2. This resulls in 


> -: a Pr 


Integrating (11.43) with respect to z from —/ to / we deduce 


+ sin (n+) - 1; 
—_ ee ae 7 aT oe ye kL. (3 
2 oT eel | \dz-1 (11.48) 
ee any —} 
I 
; katz : 
since { cos i dz =0 for k=1, 2, 3, ... . But the expression 


—( 


sin (1 ) ales 
“25 hf « ; 
——_—_—__—-——— js an even function of =: (see § 1, Sec. 8), and 


2sin 
- Z 
consequently (11.46) implies that 
1\ ms ba is 
1 ¢ sin (ns) ‘3 ip sin (n+3) i i 
> \ ———_a=5 and + | —-—4- a5 
> ein 22 = t . eee 2 
mee Uae 3 QO —- Si oy 
(11.47) 


Multiplying the first equality (11.47) by f#(@ ~— Q) and the second 
by f(x +) and adding together the results we obtain 


j(n—0) Ff (eid) te sin (n+) T 
(7— a = \f{x—-0) — — dz 
ae 2 sin >- 
, 3. sin (n+) = 
| f(2+0) = dz (11.438) 
" 2 sin — 


Zt 
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Now subtracting (11.48) from (11.45) we get 


2 


| Az 
0 a} Spe eS 
1 wiibt sin (n >) j 


[f(a —s)—f(x—OQ)] or dz °- 
’ 2 sin of 
1 ns 
i sin HU cae ee 
~s\ ir (a --s)--f(z-+ acd ie? ee (11.40) 
ri 2 sin = 


Let us prove that both integrals on the right-hand side of equali- 
tiv (11.49) tend to zero when m— - oo. For instance, let us take 
the second integral. We can represent the integral in question in the 
form 


Lf fray —ile £0) a 
° et ;- )) 2 - AS 
> \eet* ae ee Sin ( n = x} 7 
0 enya 
I . ig ec) —f (x +0 , 12 ; - x 
27 | See EE sin(n ty) Fdes=Ja Jn (11.50) 
2sin = 3 


where O < 6 < l. Suppose we are given an arbitrary ¢ >0. Let 
us Show that for sufficiently small 6 2: O the first integral in (11.50) 
ix Jess Uaan — mm oats modulus for all 2 =1, 2, .... In fact, 

—_ A 
eee f(z — 0) as z-+ VO -+ O*, and therefore, for 
u sufficiently small 6 =>Q and all z belonging to the interval 
Oamz2< 4 we have the inequality 


ier ie <|{/f’ (r-+9)| i- { 


Furthermore, ———--—> 1 for z~-0 and, consequently, for a suffi- 


sin 
ag 


ciently smal! 60 and all ¢ from the interval G—o2—<—d we have 
the inequality 


* See relation (11.30), 
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Finally, for all real z and all m=+1, 2, ... we can write 


: 1 Mz 
sin ( nr -L zs) oa 


< | 


Thus, the relation 


é [ as 
; 1 f(zts)—/(x+0) Jl Be he SES 
[Jay {| Seer ee sin (2 3)+ dsc 
() re 


26 | 
<P yf (x 0) EE 
is fulltNled for alla = 1, 2, ... provided that 6 > Q ts sufficiently 


2) 
spall. Faking a sufficiently sinall 8 <-> O such that a L| fi) (r—O)] -+ 
oe tllh< — we see that 
[Jal<s forall aw 1,2. ... (11.51) 


We now fix a value of 6 = 0 thus determined and proceed (0 esti- 
Inale the second ditegeal in’ (11.50). We have 


a | i -- 2 a: -t( ° J ¢ rr 
i 2 sin == . 


where the function BAG cies aad Afr) is piecewise continuous aud 
2sin 
Zl 

piecewise smooth on the interval 6 < z <7 (for 6 >>) because 
here the numerator is piecewise smooth and the denominator ts 
a continuously differentiable function which does not vanish on that 
interval. Then, by the key lemma, we have J, — U for 2 — +00 
and, consequently, for all sufficiently Jarge values of a we obtain 
the thequality 


EArt (11.52) 


Taking into accoudt (11.50) we conclude, on the basis of (11.51) 
and (11.52), that 


- : “os fe. OE . 2 
|Yn ls fJanl [dnl << ~ a TE (11.53) 
for all sufficiently large 2 which means that lim J, = U. 
TL ->-{- 20 


We similarly prove thal the first integral on the right-hand side 
of (11.49) alse tends to zero for m— -Foc, and thus 


in & if . (11.54) 


1) —e— = 


CH. if. FOURIER SERIFS AND FOURIER INTEGRAL ATE 


We remind the reader that the function f (z) is regarded as being 
periodically extended, with period 22, from the interval [—/, /] 
to the whole g-axis. Therefore 


P(é--O) =f (—2 5! O) and f (—-l2—0) = f (LE —Q)) (L1b.55) 
Now substituting 2 = —land x = 7 into (11.54) and taking advan- 
tage of relation (11.45) we obtain 

lim Sx (1) = lim Sa(l)- ee 


Tl» 70 


(Lb .56) 


and thus the proof of the theorem has been completed. 


>. Examples. t. Lel us take the function f (z) = x regarded as 
being delined on the interval [—/. J) and expand it into a Fourier 
series. ‘This function is odd, and hence 


dx, m=z, 2, ... 


2 ( . oan 
Qy=0, an=O, dp a | / (r) sit { ' 
0 


[ntegratine by parts we obtain 


/ 
2? ¢ Ae 
bn= > | d sit —— di 


oe ] ae NIUC 
i a { =~ cos =) 


Consequently, according lo the convergence theorem, we have 


x-—! 


eevee Veo det } i yn 


= 
8 gy (1 kn 
S (2) = = pe } = 
kot 


S(z—9) FA 2-9) for ~—lea<l 


as | (11.57) 


(720200. O).. aee... 7 
z = —3— = for xotl 
The graphs of f(z) =z and S(z) are shown in Fig. 141.5 
The function S(z) is periodic with period 22, and S(a) — oa 
only for —lb<r<lo At the points 2 = (2k - il. k - 0. = 1, 
4-4. 2... the funetion S(z) has discontinuities, its telt-hanmd and 


nieht-hanod limits dal respectively, equal to f (@é + 1) 2 — Oo] = 
= —] and f((2s4 3. th)? --O) = 14. A=O0, +1. EP... at these 
points. A every point pee (2 Ak, Hoe Uy eT. SEZ, 2x > 
the funetion Sr} assumes the value which is the half-sum_= of the 


lelt-hand and right-hand limits, tee. equal lo zero. [In Fig. 14.4 
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3 h 
? ol ~ ore | na Kaz 
we see the graph of the partial sum S; (z) = oa >» Sa! sin — 
k= 1 
constructed on the iuterval —l-2. 2-7 0. 
J 
a 
A 
7 
4 


"ae “22 ~-2 PQ 6 


Big. 14.4 
\ ¥ 
\ { 
\ t 
: i 
\ f 
| . 7 
” 
% 
Fig. 5-570 = alk 2 2 Pf 4 


2. Let us take the function f(z) = 2? on the interval [—2, JJ. 

This function being even, we have 

t 

a ae 2 2 7B & 

do => \ 27 dx, an = \ 2% cos ; dz, b,=0, 
0 0 


After the coefficients @) and a,,n = 41, 2, 
we find, by the 


ne 


..., have been computed, 
convergence theorem, that 


ite 


Ar _4yk : : 
S(2) = i ume ¥) (— 1) ky0nx > 


3 AR wa COS ea for —learecl (11.98) 
Je == 1 


tu 
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The graphs of the function f (cz) = z* and of the suin S (2) of 
Fourier’s series (11.58) are depicted in Fig. P1.5. The funetion S (z) 
is continuous everywhere including the points x = (2k -| 1) a1, 
AR=0, +1. +2, .... since for the function f (z) = z? we have 
f(—l+0) =f — 0) = PF. 

[If we apply this expansion to the interval [—a, a], that is for 
f=a, equality (11.58) takes the form 


(—~ Lyf 


ot} T 
: - (7 
Pu th eo 
pa k? 


x 
z > coshka, —me<a<ga (11.59) 
) 
h=| 
Substituting 2 = VU into (141.59) we obtain the useful relation 


Iw 


=I eee (Hitt... (11.60) 


wt 


t. 
‘> 


3. Let f{ (xr) be delined on the interval {[—2, 7] by the relations 


fe, for —lor<cO 
r 
I(r) t cs for Ocr<ccl 
Then 
0 t 
{ { if 
lo ae \ f(x) di are fe dx 4° Coax —€, }-€9 
|} ae, Qa 
{ 0 
| 1 sta 
An = | f (x) cos —— dx = —- | c, cos —" dx } 
ae, _! 
l 
i 2 
oF | c, cos —— dz —0, (coe oe 
0 
and 
i 0 
1c : xX. 1 : 1. 
5, ae \ f(z) sin a dz =— \ isin 7 dz-p 
"| —l 
! 
Ir - ANE 
+ as ~— Qa, = 1, 2 
7 | cosin 5 dx. n=l 


U 


2 (Co —- 4) e 
Consequently, &, = 0 for even wand by +——— lor odd av, There- 


32—Us 4 
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fore, by the convergence theorem, we obtain 


Cy-e 2 (co— . a ; 
S (x) = Ay Sie) {sin ++ 4 sin + + sin = ea ped _ 
Cy for —l<x<0 
Co for O<cr<cl 


cyte 
“3 for s=+1, r=0 


The graph of S(z) is shown in Fig. 11.6. 


ya 


Fig. 11.6 Zi G2 48 «Sl «(OE 


-$1 -$2 -32 -22 -1 O 


“62 


fn Fig. 11.7 we see the graphs of the partial sums S,(z), S» (z) 
and S, (x) for the case c,; = —1 and co = +1. In this case the series 


turns into 
IAT 


S (x) =—+ | sin 4 J sin 5 ae — +> ; Sin ; +...} ext 
—1 for ae 
= 1 for O<czr<il 
Q for x=0, r=H4+1 


6. Fourier Sine and Cosine Series for Functions Defined on Interval 
[0, 7]. Let a piecewise continuous and piecewise smooth function 
f (x) be delined on an interval O<z<l. Jt can be extended in 
various ways to the interval —l<x <Q, in particular, (1) as an 
even function or (2) as an odd function. An the former case we obtain 
an even function on the interval [—2, 2], for which 


i { 
ao= | f (8) dE, m=) 1 (8) Ecos 2 dt, bh=0, k=1,2,... 

0 0 
(11.61) 


and whose Fourier series, on the interval [—J, lJ, is of the form 


{ (2) ~ 2 + >) an cos = (11.62) 


k= 4 
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In the latter case we have an odd function on the interval {—2, J] 
with Fourier’s coefficients 


d 
a9=0, ay=0, be=+-{ f (8 sin ak (11.63) 
0 
and Fourier’s series 
-}+00 
f{(z)~ >» bp Sin = (11.64) 
k=] 


Each of the series (11.62) and (11.64) converges to f (z) on the 
interval O<¢ z <0 l at the points of continuity of the function f/ (x). 


4f.. AL 1. JINX 
Sol 7 (sn + gin 7) 


Thus, we see that every piecewise smooth function f (x) defined 
on an interval O< zx <1 can be expanded both into a seriex of 
form (11.62) involving only cosines whose coefficients are doterminnd 


Bue 


sat 
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by formulas (11.61) and into a series of type (11.64) containing 
only sines with coefficients found by formulas (11.63). Series (11.62) 
and (11.64) are termed. respectively, a (Fourier) cosine series and 
sine series (they are also referred to as Fourier’s half-range or incom- 
plete series). 

for example, let f(z) = x on the interval O< acl. It f(z) 
is extended “in odd fashion” we arrive at the function f (z) = x 
defined on the interval —l < x < d whose Fourier series has already 


Fig. 11.8 


Jl 42 F 
been studied (sce bxample 1 and Fig. 11.3). Isxtending f(z) “in even 
fashion” we obtain the function f (xz) = | z |] on the interval —/ <= 
<az<l. Expanding f (z) = | x | into a cosine serics on the inter- 


val O<2zr <1 we obtain, by formulas (11.61) and (11.62), the 
relation 


+ 30 
kur 
ee S'a,cos——— for O0<zx<l 
2 pee l 
k =-l 
where 
i 2 
2 2 gen fe 1 
an= >| xdx~l, an == \ ccos dx = 
0 0 


{ () for even nr 


aot ‘i _ 
= entl(— 1) — MI) _ tte odd 


@ 
Consequently, 


_. Al cgel 1 55 3mz , 1 ‘ ONT 1 \ 
tm — Se {cos T+ gr cos + gp cost... 
for U<zr<l (11.65) 


The validity of equality (11.65) for z =O and x =2 can easily 
be established if we regard (11.65) as Fourier’s series of the even 
function f (xz) = | x | defined on the interval { -2, ll. Such an inter- 
pretation of series (11.65) enables us to construct the graph of its 
sum for any values of x (see Fig. 11.8). 

Generally, when an arbitrary piecewise continuous and piecewise 
smooth function f(z) defined ou an interval (QO. 2] is extended in 
even fashion to the interval [—/, 0] we always have 


{(—0) =f(10) and f(—! ; OH S/G—O) (11.60) 


CH. 11. FOURIER SERIES AND FOURIER INTEGRAL SO f 


Consequently, the sum of the corresponding Fourier series is contl- 
nuous at the points z — VU and z = +1, and its values at these 
puints are, respectively, equal to f (+0) = f (—0O) and f (—! 4+ 0) = 
=f (¢ — 0). If, in addition, the original function f/ (xz) ts continuous 
at the end points of the interval [Q. 2], that is f (-0) = / () and 
i (i — 0) =f (0, the sum of its cosine series is equal to f (z) at these 
end points. 

On the contrary, if we extend a function f (x) (originally defined 
fur U < x<l) in odd fashion to the interval —/ cz <Q, the sum 
of the corresponding sine series may have discontinuities at— the 


Fig. 11.9 


points x = QO and xz = +/ despite the continuity and smoothness 
of f(x) on the interval O<z<l. In Fig. 11.9 we see the praph 
of the suin of the Fourier series corresponding to the function f(z) = 
= z+ 1 originally detined for Ug r<gland then extended in odd 
fashion. Iu the general case, when a function f (x) is extended as 
an odd function trom an interval (0, 2] to the interval [—é, 0) we 
always have f(--0) = —/f (-+-0) and f (—l -|- 0) = —f (2 — QO). But 
for the sum of the corresponding Fourier series to be continuous at 
the points z =O and x = +/ it is uecessary that the relations 
f( QO) = f(4-0) and f(—l -}- OQ) = f (2 — 0) hold, and hence this 
sum 1s continuous only if 


f(-+-0) =0 and f(L—0) = 0 (11.67) 


§ 3. FOURIER SERIES WITH RESPECT TO GENERAI, 
ORTIOGONAL SYSTEMS. 
BESSEL'S INEQUALIVY 


Fourier’s trigonumelric series expansion of a function f (x) is 
a special case of expansion of f (z) in a series with respect to an 
orthogonal system of functions. 

f. Orthogonal Sysiems of Functions. Tuo fruneticns ¢ (x) and y: (2) 
integrable* Cae ail iniervat bea, fy | are said bay bre orthogonal Ode 


* In what follows, unless otherwise stated. integrability is understood 


wre ofthe scpren nf nenner intearral aad the fenetinne are copnaced fa ha roy] 
é 1 a ¢ 
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la, bl] if 
0 
\ e(z) ¥(2) dx =0 (11.68) 


A system of functions 
(Py (2). Ge (2), ~~ -s Pn (2), .- - (11.69) 
integrable on la, b) is called orthogonal on la, bl if 


ty 
- 1 QO for istA : 
| ps (z) Qe (2) dz = | (11.70) 
. >>O for t=k 
Let us consider some examples of orthogonal systems. 
(1) The trigonometric system 
1 ° 4 k e k; ~- 
oe cos, sin —, .--, COS —, sin — , eee (11.71) 
is orthogonal on [—J2, 2]. 
(2) Hach of the systems of funetions 
1 Tr JIr kx 
(a) —, coS——, COS T—, .--, Ccos——, 
and (11.72) 
dio, ate . SHE . Aur 
(hb) sin pos SIN eee SIN, eee 


is orthogonal on the interval [O, ZI. 
(3) The system of Legendre’s* polynomials 


{ Qn 


Vn (2) = Sani Gan | 


x*— 1)", TS 15.2; aany £9 (4) =) (11.73) 


is orthogonalon the interval [—1, 1] (see Appendix 1 to Chapter 11). 
If a function q(x) is integrable on la, b) the nonnegative quantity 


bh 


el =({ @? (a) az)” (11.74) 


¢ 


is called the norm. of @ (xr) on la, b|. According to relations (11.7Q), 
the norms of all the functions of an orthogonal system are positive. 
Using the notation (11.74) we can rewrite relations (11.70) as 

fy 


() for i=-tk 
\ Pe (7) Pa (2) ae U | rif? for iss 


z 


(14.75) 


* Legendre, Adrien Marie (1752-1833), a noted French mathematician. 
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We now consider the norms of the functions of some orthogonal 


systems. 
(1) By definition (11.74) and relations (11.13,). the norms of the 
functions forming trigonometric system (11.71) are 


— Vi, || sin S* J =V7, ka=1, 2, ... 
(11.76) 


(2) It can be easily verihed that the norms of the functions of 
systems (11.72) considered on the interval [0. /] are equal to 
kaz 


(a) ||5|=4 Mae kee 


{ 
a cos 
and (11.77) 


- AN es 
(b) | sin = l=V + A=1, 2. 


(3) The norms of J.egendre’s polynomials on the interval 
{—1, 1} are 


KA 


2-1 = [eos 


dl 
a 


if 


| Pa (ayil=() PR adr) =| oy (11.78) 
-1 


(the calculations connected with computing || /’, (z) || are given 
in Appendix 1 to Chapter 11). 


2. Fourier Coefficients and Fourier Serics of a Funetion / (4) 
with Respect te an Orthogonal System. Let a function f (x) be integra- 
ble over fa. 4] and tet the equality 

-f co 

f(z) te Angin (Z) (11.79) 
hold where @, are constant numbers and g,(zx) are the functions 
of an orthogonal system of type (11.69) on the interval [a, bl. The 
coefficients a, can be easily expressed in terms of f(z) if we multiply 
equality (LE.79) by g,(z), nr 1, 2, ..., and integrate the rela- 
tion thus obtained term-by-terin over [a, b|.* Indeed, multiplying 
equality (11.79) by @,(z) and integrating with respect to x from a 
to b we obtain the relation 


b oo b 
f(a) G9, (a) da = i Ak Or (2) Yn (z) dz, m=, 2,... (11.80) 
a k=} a 


* For termwise integration to be permissible it is sufficient) that series 
(41.79) converge uniformly er in the mean to its sum on the interval [a@. bl. 
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AU the integrals on the right-hand side of equalily (11-80) are equal 
to zero for & = av (sec orthogonality relations (11.70)). Consequently, 
we have 


4) ) 
\ F(z) Gu (2) dx san (3 (2)dr=aniignl2,  n=4, 2, 2. 


whence 


ae 
H Qa \\* 


an = f (2) Qa (x) de, wai, 2,... (11.81) 


S Cu, 


The numbers a, determined by formulas (11.81) are called Fourier’s 
coefficients of the function f (x) with respect to orthogonal! system 
(11.69) and series (11.79) whose coefficients are specified by for- 
mulas (11.81) is referred to as the Fourier series of the function 
f (x) with respect to orthogonal system (11.69). 

For the numbers a, determined by formulas (11.81) lo exist it 
is sufficient that the function f(z) be integrable on la, 6] (because 
the integrability of the functions q, (z) is one of the conditions 
of the definition of an orthogonal system). Thus, with every fune- 
tion f(z) integrable on [a, 6b], we can associate its Fourier series 
wilh respect te system (11.69) orthogonal on fa, 8]: 


-+ 90 
{ (zt) ~ a An.y (2) (14.82) 


where the coefficients of series (11.52) are determined by formu- 
las (11.81). 

The conditions under which a given function /(z) can be ex panded 
inlo series (11.82) (i.e. the sign ~ can be replaced by the sign of 
equality) depend on the properties of the orthogonal system {q, (z)}. 
[n the case when we expand a given function with respect to Lhe 
trigonumetric system the conditions of the convergence theorem 
proved in § 2, Sec. 4are sufficient for such an expansion to be valid. 
Similar convergence theorems for other orthogonal systems involve 
special investigation which we shal!) not present here. 


3. Least Square Deviation. Bessel’s Inequality. Consider an arbi- 
trary fixed number of functions belonging to system (11.69) ortho- 
gonal on la, db}: 


T1 (x), Po (2), - 5 Gn (2) (11.8:3) 


A linear combination 


S: anpr (2) (11.84) 


(‘= 
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of functions (11. 83) with arbitrary numerical coefficients a. & 
= 1, 2, .... nv. is called a polynomial of order n with respeet 
orthogonal system (11.69). 

Let f(z) be an integrable function on [a, bl and let it be necessal 
to solve the following problem. 

It is required to determine the values of the coefficients a,, A = 
= 1, 2, ..., 2, for which the corresponding polynomial of for: 
(11 84) has the least mean square deviation (see Chapter 8, § 6. Sec. 
from the function f(z) on the interval [a, 6]. Thus, we must fin 
the values of the coefficients @,, ao. ..., @, for which the quantit 


b 


p? | f, s Ory n) = | | f (2) — y Anh (2) | Se |" > — 25 a4 i 


h= { 1 k--] 
(11.85 
achieves its absolute mininium. 
Opening the square brackets we obtain 
n ty f; 
6° (f, Song) = \F (2) dx—2 » an \ f (2) pr (2) dz + 
k=1 a 
b n : b | n 
= | ( > Onten, (x) )o dx = | P(zjdx 2 » Ln@n || Gr []* =- » an Ide Il 
a k=! a hut hax | 
(11.86) 


b 
becuuse, by (11.81), we have \ f(z) Gr (2) dc = ay || Fx ||? and 


’ b 
\ ¢: (z)qrn(z)da=0 for isk an d \ qt (x) dx = || Ga |I* 


Completing the square we derive from (11.86) the relation 


fy 2 


p° (f, > ane) = ne [* (x) da — y! Be Il Pe {I? -+ > (Ap — an)” |] qa ||? 
i k=l ae | 


(11.87) 


Among the terms on the right-hand side of (11.87), only the last 
sum depends on the coefficients @,. This sum being nonnegative, 
its greatest lower bound (equal to zero) is attained for a, -= ay. 
PA 
. * . . ‘ . 
In this case the mean square deviation p? (f, “oasa,) achieves 
A= 1 
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its absolute minimum which is equal to 


n b nr 
min 0? (7, >> ung» | =} | / (z) — » AnPr (x) |" da= 
a R=! 


kh=1 
6 n 
=\ f(z) dz— Di ak len IP (11.88) 
a k= { 
The polynomial 
2 Ar Pr (x) (11.89) 


whose coefficients a, are the Fourier coefficients of the function 
f (z) with respect to the given orthogonal system {@, (z)} is called 
the Fourier polynomial of the function f (x) with respect to the 
orthogonal system {q, (z)}. 

Thus, among all the polynomials of order n (where 7 is arbitrary 
but fixed) corresponding to the given system {q@,(z)} orthogonal on 
la, bj, the Fourier polynomial of the function /(z) with respect to 
the system {q, (z)} has the least square deviation from the func- 
tion f(z) on the interval fa, 8]. 

Equality (11.88) expressing the least square deviation of the 
Fourier polynomial of a function f(z) from this function is known as 
Bessel’s* identity. 

Noting that the left-hand side of equality (11.88) is nonnegative 
we obtain the inequality 


n b 
S) ak ll on P< | f? (x) dx (11.90) 
k=--] a 


which holds for all 2 2 1 because its right-hand side is independent 
of nm. The sum on the left-hand side of inequality (11.90) is non- 
decreasing as nm-—» -+-oo and therefore, since it is bounded from 


b 
above by the integral ea (xz) dz, it tends to a finite limit for 


n—» -+oo. Passing to the limit in inequality (11.90) as n>» +00 
we arrive at the so-called Bessel’s inequality: 


+ 20 b 
>) ah loa l?< | #2) de (14.91) 


A= 1 


* Bessel, Friedrich Wilhelm (1784-1846), « German astronomer and mathe- 


mafsroon 
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iv relations (11.76), in the case of the trigonometric system inequa- 
lity (11.91) turns into 
+2 i 
2 | { ee 
94S) (ah + BASF \? (x) dz (11.92) 
hol = 
It should be noted that we have established Bessel’s inequali- 
ty (11.91) for any function f(z) which is integrable in the ordinary 
sense on the interval [a, 6] but it can be generalized to a wider class 
of functions. 
We say that a function { (x) is square-integrable or square-sum- 
mable (quadratically integrable or summable) if the integrals 


oc 


b 
{(z)dxz and \ 7 (x) dx (11.93) 
a a 

exist as proper or improper integrals. 

It turns out that Bessel’s inequality (11.91) and, consequently, 
inequality (11.92) remain valid for any function f (zx) square-inte- 
grable on fa, dl. 

Moreover, Bessel’s inequality (11.91) is also valid in the case when 
the functions q,(z) of the orthogonal system are square-integrable 

b 


on [a, dj. In fact, the convergence of the integrals \ f? (x) dz and 


a 
6 


{ (v) dz and the evident inequalities 


PP 2+ 9) F(z) +9 (2) * 
| f(x) Gn (2) [< —— and |; (x) @r (z) |< ——_, — 


imply (by the comparison test) that the integrals 


b b 
\ f(z) o (x)dx and { (x) pp (x) dx 


are absolutely convergent. But when deducing Bessel’s inequality 
we deal only with such integrals.** 

Using the notion of a square-integrable function and introducing 
the concept of orthogonality with weight function (see Appendix 2 
to Chapler 11) we can derive the generalized Bessel’s inequality which 
holds for a still wider class of functions. 


* In fact. we have 0 <= (| f (r) | — | gy (x) DP = FF (x) — 2 17 (x) pp (x) + 
25 Pp (z) whence | f (xz) g (z) |< z [f* (xz) + q, (x)}. 


** On some further weneralizatinns. see Annendix 9% ta Chantor 1 
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Bessel’s inequality for the nn system (see imequali- 


+20 
( », (ai > OR) is convergent 
‘on 
and, consequently, we have 
! 
: 1 4 Ar 
lint a@,=— fim \ f (x) cos dz = 
hk» =- 30 k- >to « 
~t 
and (11.94) 


~ dz ~=0 


{ 
lim 6, a lim | f(a) sin 


kh > -:- 30 R->-- 20 


Relations (11.94) are a special case of the more gencral relations 


{ 
lim \ f(z)cosaxdz—0 and lim \ f(x)sinazdz=0 (11.95) 


a—»-}- 00 2) a—+-}-00 


which, according to Note 1 after the key lemma proved in § 2, 
are valid for any absolutely integrable function f (z). 


§ 4. SPEED OF CONVERGENCE OF FOURIER SERIES. 
ACCELERATION OF CONVERGENCE OF FOURIER SERIES 


We shall frst consider the conditions guaranteeing uniform con- 
vergence of a Fourier series and establish the relationship between 
the degree of smoothness of a function f (x) and the rate at which 
the coefficients a, and 6, of its Fourier series decrease as k > --0o. 
This will enable us to estimate the speed of convergence of tlie 
series. 


Conditions for Uniform Convergence of Fourier Series. We 
shall prove that Fourier’s trigonometric series of a continuous and 
piecewise smooth function f (z) satisfying an}additional necessary 
condition is uniforniy convergent. We remind the reader that a func- 
tion f (z) is said to be continuous and piecewise smooth on an interval! 
{(—l, 2] if it is continuous and its derivative f(x) is piecewise con- 
tinuous on this interval. 


Theorem (1.2. If a continuous and piecewise smooth function 
f(x) defined on an interval | —1, 1) assumes equal values at the end 
points of the interval, i.e. f (—)) = f (Ll), its Fourier series 

4-90 : 
‘ ay. We Mx 
S {r) — s - Dy (ay, COS 3 hy) Sin 


(11.90) 


Be mam 4 
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in which 


at 
= ee (11.97) 


ay 
on the interval [—l, l] and S(xr) = f (z) 


is uniformly convergent 
at euch point of this interval. 
Proof. To establish the uniforni couvergence of series (11.96) 


that the dominant number series 


it is sufficient 10 prove 
00 
Lol DS) (laa | i fbn) (11.98) 
or, Which is the same, the ke 
(11.99) 


-!-90 
2: (Jan| ! | bn) 
R= | 
is convergent. Indeed, this will tmply, by Weierstrass’ test (see § 1, 
Sec. 2 in Chapter 8), that series (11.96) is uniformly convergent 
the whole z-axis since we have 


On 
hex . ok 
| <Jan| and |bxsin=F]<du, k=, 2, 


Zz 
a, cos — 
for all 7, —co < z¢ <t +00. Let us denote the Fourier coefficients 
of the derivative f(z) by an, and Og, i.e. 
t ! 
1 og ihe | , 1 j i. Th 
ap =7 | f (2) cos = dz, b, ==> \ (x) sin “= dx 
~{ =] 
Integrating by parts in the formulas expressing the Fourier coef- 


ficients of the function f (2) we obtain 


l 
1 
an= f (x) cos = dz = 


ot 
/ 
12 kx [x= i] ; . kn 1 4, 
a= — a f (2) Sin _: rae 5 : f (xr) Sin a dx= alae Te 
ai 
( since sin —"- turns into zero for z= + 1} and 
l 
l . kag d ANY [X= 
A, = — z)s — dy — -—-—— f (. S | 
Dh al f(x) sin di ; wa f(r) eo a 
sof 
/ . 
Qa 


. 
a 


i ?@ ¢ Arts 

ee “ryens te 

TORR | Pee ie 
; 


010 MULTIPLE INTEGRALS, FIFILD THEORY AND SERIES 
because, in view of the condition f(l) =—f(—2), we have 


cos (x) [ =F ()(—1)*$—F (9 (—1)* = 
=(—1)"(/()—F(—)] = 


‘Therefore 
{az | | 6, | 
Be 


l 
Jan) [ola (Sh —), k=1,2,... (11.100) 


But, by the conditions of the theorem, the function /’(z) is piecewise 
continuous on the interval [—J, Z/] and hence it is integrable on this 
interval and Bessel’s inequality 


2 re 
Dai 4 RZ) FP (2) dz 
h= 1 anf 
is fulfilled for f(x). Consequently, the number series 
2 to 
Ftd i i Oe) (11.101) 


h=1 


converges. Furthermore, the inequalities 


1 \2 ee se | 
itiai-iy vis 48 
and 
oc (1b; ty pt_g hal 
ae) eee 
imply the relations 
| a, | | 3 1 | by, | 1 /,.2 { 
Ie <x (ai ae] and = — <x (i+ 7) 
Thus, we have 
| a, | | 2; | .4 2 2 1 
Ss +4 Sa (Gn + On) + > (11.102) 


- GO 


The series >) “2 is convergent (this can easily be established on 


h= 1 
the basis of Cauchy’s integral test), and therefore, since series 
(11.101) is also convergent, we conclude that the series 
-+-20 


SI Ly (aie Wp”) a converges. Consequently, by the conipari- 
a } | 
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son test and inequalities (11.100) and (11.102), the series 


+-a0 
{ool 4S} (an [+1 4%) 
k= 


l 


(which is dominant for the Fourier series of the function f (z)) also 
converges. [t follows that Fourier’s trigonometric series of the 
function f (x) is uniforinly convergent to ils sum S(z) on the entire 
x-axis. The validity of the equality S(z) = f (z) on the interval 
[—i, J] is implied hy the convergence theorem proved in Sec. 4 
of § 2 because the conditions of this theorem are fulltled here. 
Thus, the theorem has been proved. 


Note. The condition that the values of the function f (z) at the 
end points of the interval [—J, /| are equal is necessary fur Fourier’s 
series (11.96) of the function f (z) to be convergent to f (z) al the 
end points. In fact, if the sum of the series satishes the equalities 


S(-Q=s(-), SMH=LW (11.103) 
the relation 
S(—-) = S (Ll) (11.10%) 


(which is a consequence of Lhe pertodicity of the sum of series (14 .{6) 
whose all terms are periodic with period 2/) implies the equality 


f(—D=f) (11.105) 


Therefore, for Fourier series (11.96) of the function 7 (z) to be uni- 
formly convergent tof (r) on the closed interval [{--2, @] it is wecessary 
that equality (11.100) hold. 

If the values of a cantinuous and piecewise smooth funetion # (xr), 
which is defined on an interval [—, /] and assumes equal values 
at its cnd points, are changed at a finite number of points this resulls 
in a discontinuous function whose values at the end points of the 
interval may uo longer coincide. But the Fourier coefticients of the 
modified function remain the same since the integrals expressing 
these coefficients do not change. Consequently, by the estimates 


co 


obtained in the proof of Theorem 11.2, the series >. (lay! -- 8x1) 


is convergent and thus the Fourier series of the modified piecewise 
continuous and piecewise smocth function is also uniformly con- 
vergent on the inlerval [ —/, ¢] and its sum is equal to the original 
function but not to the modified function. But it can be proved that 
for the Fourier series of a piecewise continuous and piecewise smooth 
function f (z) defined on an interval (— 7. @] to be uniformly con- 
vergent on that interval, il is mecessary that all the discontinuities 
of the function he removable and that the equality of the limiting 
values at the end points of the interval hold. i.e. Ff (—72 
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= /(f — UV). This can easily be proved on the basis of the theorems 
on continuily of the sum of a uniformly convergent series and 
the possibility of termwise passage to the limit in such a series 
(see § 2 of Chapter 8). 

Theorem 11.2 can be stated in a different manner. First of al! 
note that if a function f (z) is continuous on an interval [--l, lI 
and takes on equal values at its end points, the function obtained 
when f(z) is periodically extended with period 2/ is continuous 
throughout the z-axis. 

Nexl, let us agree that a function f (z) will be called piecewise 
smooth on the whole x-axis if it is piecewise smvoth on every finite 
interval of the z-axis. Then Theorem 11.2 can be restated as follows: 

It a periodic function f (x) with period 21 is continuous and pieceu'ise 
smooth on the entire z-axis its Fourier series (11.96) converges terniformly 
to this function on the x-axis. 


2, Connection Between the Degree of Smoothness of a Function 
and the Speed of Convergence of Its Fourier Scries. The investigation 
of the connection between the properties of a function f (x) and the 
speed of convergence of its Fourier series 1S important for applica- 
tions of Fourier’s series to some problems of mathematical physics 
in which the sum of such a series is replaced by its nth partial sum. 
lt is also important in view of the possibilily of term-by-term i- 
fferentiation of such series etc. 


Theorem 114.3. If a function f (z) and its derivatives f'(z), ... 
.. FO(x) (me SS 0) are continuous on an interval {[—1l, lf and 


assume equal values at its end points, that is 
fC D~-fO. £C-OY=HH OD, -. os PPO (-/ = f™ (EF) (11.106) 


and the derivative f'™i) (x) is piecewise continuous on the interval 
{.—l, ll, the Fourier coefficients 


t 
an=+ | /(@cos~ds and =z) /®sin =F ak 
=i 


=] 
of the function f (x) satisfy the relations 


an == 0 (geri) and b, =o ( i) jor k— oc, (11.107) 


and the series 


SY lay] thay). v= 0, 1,202.22 (11.108) 


i= 1 
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are convergent, * 


Proof. Integrating by parts, as was done in the proof ol 
Theorem 411.1, we obtain 


r 
1 ENE 3 
a, == | f (@) cos 7 ab = 
_/! 
11 kre [Eat 1, mnt je 
— pag sin 8 [af @sin“ a= 
-! 
' d 
=— I @sin 7 dg = 
=i 
' 
Lo ey sm (B=? Lo geyey ARE 
=pal (cos?) ae | f @eosF a= 
= 
i 
l k= 
= ~ Rak (E) cos = dg= ... 
-t 
Jinvl 1 COS = 
(7 ) ~ 
tps |/ *" (8) cin #7 d¢ (11.109) 
—/ —— 


l 


ln these calculations we take into account that (1) condition (11.10) 
of the theorem is fulhiled, (2) the cosine is an even function and (3) 


knz : 
the sine of the argument —-, k=: 1, 2, ..., turns into zero at 


the end points of the interval [—J/, Z| and therefore we have the 
relations 


=| to] 


_ % (8) sin MERE o 
4~=0 and  /'* (E) sin — ae = 0) 
for O<Xsxim 


The curly brackets under the sign of integration in (11.109) mean 
that, depending on the number of times the integration by parts 
lias been performed, the factor by which the function /"*t! (§) is 


(2) cos = 


gir vr 


ne : ATE .. AAS 
multiplied is either cos—= or sin". 
* Relations (11.107) mean that 
: b 
lina al | and lim a = () 
kh——a L k—»-30 | 


Arte +h fjmt+1 
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In just the same way we obtain 


Ae 
imel PP ee Sn 
na patter | pm*u (B) cre f CE (AT-ALO) 
pa OS 
From (11.109) and (11.110) we derive 
| Im+1 face | | bi mea) 
Jen |-- lox l= ay (Se t+ ee (14.111) 


where @3"*" and &j"t” are the Fourier coefficients of f+» (zx). 
Siene ar*” and Ot” tend to zero as k-»— oo, it follows 


from (11.111) that 
an=0 (san): bn =0 (sa) for y—»-- co (11.112) 


Relation (11.111) implies that 


<a jm+1 | oo | | bet) | 

k eee 
jms , 
sarast {Lanne [Pe | Bim |? -~ Ze} (11.113) 


because 


page { ee I [oper | { { 
2 R (mM+1) (2 
Sy (lak Pt ge). Sy (1b P+ a) 


Therefore, by, Bessel’s inequality 


t 


++ oo 
(m+1) 12 ie 
| ag | + > ({ay"*? |? ake | 7 eee i?) << = \ [fomey (x) |? dz 
k= 1 —l 
-{-co 
and by the convergence of the Series ea a we conclude that the 
h=>1 


4 
= oo 


series ¥) k™ (|a,| + |On|) is convergent. It follows that all 


k=1 
the series (11.108) are convergent and thus the theorem has been 
proved. 
Note 1. To apply the above theorem to the expansion of a func- 
tion f (z) which is defined only on an interval! [QO, 7] into a series 


: . Anz 
with respect to the system of functions sin——, i on ere 


we must verify the validity of the conditions of Theorem 11.3 for 
the function F(z) defined on the entire interval |—Z, Z| which is 
obtained when f(z) is extended as an odd function. In particular, 
for the function F(z) to be continuous at the point 7 = 0 it is neces- 
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sary that the equality f(0) =O hold because, if otherwise, the 
extended function would have a discontinuity at z = 0. Analogously, 
at the point z = i we must have f (/) = 0 because the extended 
function should satisfy the equality F(—l) = F(l). The derivative 
of an odd function being even. the condition #’(—2) = F’(/) aulo- 
matically holds for the derivative of the function F(z). 

Generally, for the derivatives of the function f(z) to be conti- 
nuous on the interval {—d, 2] and to have equal values at its end 
points we should impose the conditions 


hes (0) =f’ () =0 for v=), 2, 4, 


Then the corresponding conditions of Theorem 11.3 automatically 
hold for the derivatives of F (zx) of odd orders. 
In particular, for the series 


+00 
> kv da|, v=, 1, 2 
k= { 


kn 


_ ad& are the Fourier coefficients of 


t 
(where 6, = + j\re sin 


0 
a function f (z) defined on the interval [0, Z]) to be convergent 
it is sufficient that the function f (z) satisfy the following conditions: 
(1) the function / (x) and its derivatives f' (z) and /” (x) are 
continuous and the derivative /” (rz) is piecewise continuous on the 
interval [0O, Zl: 
(2) f(0) =f (2) and f" (0) = f*() =0. 


Note 2. lf a function / (c) satisfying the conditions of Theorem 11.3 
on an interval [—Z, Z| is periodically extended with period 22 from 
the interval [—Jl. Z] to the whole z-axis, the extended function and 
its derivatives up to the order m inclusive are cortinuous and periodic 
with period 22 for all 7, —co < z¢< +o. Therefore Theorem 11.3 
can be rephrased as follows: 

If a periodic function f (x) with period 21 and its derivatives up to 
the mth order inclusive (m > 0) are continuous for —co < xz < -+f co 
and the (m + 1)th derivative f(™ (z) is piecewise continuous, the 
Fourier coefficients a, and 6, of this function with respect to trigono- 
metric system (11.12) satisfy the following conditions: 


(1) ar =0 ( a7) and b, =0 (can) jor k-»- 00 


+o 
(2) the series >, k¥(lan|+[o|), v—=0,141,...,m, 
k= 


are convergent. 

Hence, this theorem establishes a relationship between the degree 
of smoothness of a periodic function and the speed of convergence 
of its Fourier series. 


33% 
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Note 3. Vf the conditions of Theorem 11.3 are fuliitled for a2 => O 
the Fourier series of the function f(z) can be differentiated term-by- 
term at least ym times, that is we have Lhe relations 


f (2) = Dy (axcos S25 by sin ye (14.114) 
k={ 


for 1<s<aim, —/<izi<l 


since the dominant series 


+70 
>; ki (| dy l-i-|On |), Lascm 
h= 


{8 


are convergent. 


Note 4. The proof of Theorem 11.3 enables us to estimate the 
speed of convergence of a Fourier series, i.c. to obtain an cstimation 
for the error arising when the sum of the Fourier series is replaced 
by its partial sum. In fact, under the conditions of Theorem 11.3, 
we can apply relation (11.111), the Cauchy-Bunyakovsky inequality 
for sums, Bessel’s inequality for Fourier’s coefficients of the func- 
tion /("+) (v7) and the obvious inequality 

-+-0oo 00 


which leads to the relation 


-7 00 


Asix ketx 
| > (a), cos = — + bh aneers s (Jan[-j Jol) < 
 R=Ao-+ | "= ho +1 
. imti 2: a 
<S Fmt Vv Soh Joamt+2 iV s (ant? |? = | byt? | ) 
hk=Ng+! R=Roy-- | 
ee) ' 
eee | + dx \t/2 f{ 2 (M41) 2 1/2 
<r ( ante) (+ | If (x) | dx} = 
ho pa 
a a 
_ sf A (f | femeen (x)|? dr) a Q) 
mth 2 1yi/2 ni ae mx | 
yA : 2 
ky kp 


3. Acceleration of Convergence of Fourier Series. A Fourier series 
with respect to the trigonomelric System appearing in a concrete 
peoblem may turn out to converge so slowly that it is impossible 
to use if for practical purposes when tls sum ois unknown. 
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In this connection it is natural to pose the question whether 
it is possible to choose for a given slowly converging Fourier series 


f(z)= 3+ > (a, cos“ + by sin), —l<az<il (A) 
=f 


a new slowly converging trigonometric series whose sum @ (2) 
known such that the series eutering into tle relation 
+x 
i(n=¢()t+> (an cos “F .; Bra s sin = ) (B) 
h=t 
converges fast enough, that is such that its coefficients a, and Py, 
tend to zero sufficiently fast as h—- —oo. 

When passing from representation (A) of the function f (z) to 
representation (B), we say that the convergence of series (.\) is 
accelerated (improved). 

[f some singularities of the function 7 (z) (such as the limiting 
values of f (x) and of the derivatives f@ (24). s=- 1, 2, ..., m, 
at their points of discontinuity and for z—» a-/ etc.) are known the 
convergence can be accelerated by means of a simple function «p (7) 
(which is known) having the same singularities as f (zx). 

for instance, suppose we know that f (z) is continuously differen- 
tiable on the interval [—/, Z|] and lim f(z) = +2. The values 


Prey 
of f (x) assumed at the end points of the interval [—J, 2] being ime- 
qual, series (A) converges nonuniformly on this interval. Let. us 
put qm (2) = az. The fatter function is also continuously dilferen- 
liable on the interval [—J/, /] and possesses the same limiting values 
at its end points as f (zr). Therefore the function / (z) = x is cun- 
tinuously differentiable on the iuterval |—2, 7] and its end point 
limiting values are equal. Consequently. the series entering into 
representation (3B) of the function / (7) for @ tr) = zx is uniformly 
convergent on the interval [—4, 

Now let us discuss another method of improving convergence 
of series (A) which is applicable when we have no additional infor- 
mation concerning its sum. This approach was suggested by 
A. N. WNeylov*®. The basic idea of the method is Lhat we select tnose 
coefficients a, and 6, of series (A) which contain the lowest powers 


: : 1 oe 
of the quantity oa and try to compute the sum of the auxiliary 


scries with these coefficients by using the tables of Fourier series 
expansions of various functions whose lourier series are Slowly 
convergent. 


* Krylov, Aleksei Nikolayevieh (1863-1945), a prominent Russian mathe- 
matician and engineer. 


915 MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


For example, let it be necessary to improve the convergence of the 
Serjes 


--20 7 
f(z)= >) (—1)"ysinnz, —acrcn (11-115) 
N=z 
We have 
ns 1 7 1 
ni_— | nm ' Ad—R 


and therefore 


f(n=> (15 ae | +3 (—1y" =, —nor<1 


But we have already found (see Example 1 in § 2, Sec. 5) that 


z=2), eS —N<Cr<cn 


n= i 


(to obtain the last expression we must put / = x in the above-men- 
tioned — Hence, we can write 


y = jy HUME 2 4 sing, —ACr<cN 
N==2 a 
Consequently, 
f(x) = —>tsinr+ >) (—1)? =, —norecn (11.116) 


Series (11.116) converges much faster than the original series (11.119). 


§ 5. UNIFORM APPROXIMATION OF CONTINUOUS FUNCTION 
BY TRIGONOMETRIC AND ALGEBRAIC POLYNOMIALS. 
WEIERSTRASS’ APPROXIMATION THEOREMS 


Let ¢ >O be an arbitrary fixed number. If the inequality 
le (z)-—p[<e 


is fulfilled for all x € la, 6) simultaneously we say that the function 
@ (x) is uniformly approximated on the interval la, 6) by the function 
w~(z) to an accuracy of e&. 


Theorem 11.4 (Weterstrass’ Trigonometric Approxt- 


mation Theorem). If a function f(z) is continuous on en 
interval —l << xz < land assumes equal values at its end points, then 
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for every &=>U there is a trigonometric polynomial 


" *3 . kur , 
T,(z)= 0+ 3 (a, ene = -L by sin — (11.117) 
k=] 


which uniformly approximates the function f (x) on the interval 
‘—L <= 2<l to an accuracy of €. 
The proof of this theorem is based on the following 


Lemma. For every continuous function f(z) defined on an interval 
asxi(x<b and for every © >O there exists a continuous piecewise 
smooth junetion g e(x) defined on this interval such that 


lf(z7)—- giz) |< = for all <x € la, dl (11.118) 


and 


Be (a2) =f (2), ge (6) = f (6) (11.119) 


Proof of the lemma. Siuce the function f (x) is conlinuous on the 
closed interval fa, 6] it is uniformly continuous on it, that is for 
every ex 0 there is 6 = 6 (e) > U such that the inequality 


[(2\—f(z")|<5 (14.120) 


is fulfilled for any 2x’ and zx” belonging to the interval [a, 6] and 
salisfying the condition | 2’ — x” |< 6 (€). Therefore, if we break 
up the interval {a, b] into subintervals {z;, z34,l, i = 0, 1, ..., . 
mf leneths less than & by means of points of division i) 
Oo... oygy = 8, inequality (11.120) 
holds for ane two points 2’ and x” belonging to one and the same 
subinterval (2z;, 2;4,]. 

Let us construct a continuous piecewise smooth function y = 
= g, (x) defined on the interval [a, b] by putting g, (z;) = f (2,) 
fori = 0,1, ..., n+1 and g,(z)= g, (7;) + Seis 8c) (g (xz — Z;) 

r= 
for x, Sz <—2zj,4,;. This means that the function y = g, (x) 
is linear on each subinterval [z;, z;4,], i=0O, 1, ..., 2, 
and its graph is a polygonal line inscribed in the graph of the func- 
tion y =f (z). According to the construction of g, (xr) we have 


Be (2) = f (2), Be (0) =f () 
Now we can show that 
lf (z")—#e (2) <> 
for any x’ € [a, b]. Indeed, let, for instance, z’ € [z;, 2,;4,]. The 


function gy, (x) being linear on the subinterval [x,, Zi+sls the value 
g. fr") lies hotweon the values go (a) — f (ai) aid ge (4341) = 
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= f (4;4,)- As is known, a continuous function assumes all inter- 
mediate values lying between its end-point values and therefore 
the function f (x) takes on all intermediate values between / (z;) 
and f (2:41) on the interval [z,;, 2;4,). Hence, there is x” € {zj, Zi44] 
such that f(x") = g, (z’). Consequently, 


¢ , f ” & 
f(x") —ge(x')I=1f (2) f(z") |< 
since 2’, x" € [z;, t:4;), which is what we set out to prove. 


Proof of Theorem 11.4. By the hypothesis, the function f (z) is 
continuous on the interval [—J, J) and has equal values at ils end 
points: f (—l) = f (4). Let us take an arbitrary ¢ > QO. According 
to the above lemma, there is a continuous piecewise smmuoth func- 
tion ge (x) delined on [—ZJ, l] such that 


| f(z) — ge (z) |< for all z€(—J, 4 (11.421) 
and 
Be (—)N=f(—), bt) =f) 


which implies 
Se (—!l) = ge (l) (11.122) 


f(—) =/ (2 


By Theorem 11.2, Fourier’s series of the function g, (x) is uni- 
formly convergent to g, (x) on the interval [—J, I]. Hence, for 


a sufficiently large m, the mth partial suin 7, (a) = + 


since 


vr 

: kit . Arr . ae 

r > (a. cos — +- 6, sin 7 of this series satishes the rela- 
R= 

tion 


| Be (z)—Tn(z)| <> for all rE[—J, J (11.123) 
From (11.121) and (11.123) we conclude that 
| f(z) — Tn (2)|<]f (2) — Be (2) +] Be (z)—Ta (|< Z+sy--€ 
(11.124) 
for all « ¢[—l, J]. The theorem has been proved. 


Note. Taking a number sequence ¢€;, &2, ..., te - .. convergent 
to zero we can construct the corresponding sequence of trigonometric 
polynomials Ta, (2), Ta, (@), .-. uniformly convergent to the 
function f (x) on the interval [—/, Z]. But in the general case these 
trigonometric polynomials are not partial sums of one and the 
allie Urigglustiekale series. [ni Fad, tlic: poly dati Tay Ti 6! 
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ponding to a given ¢ > QO) which enters into inequality (11.124) 
is Fourier’s polynomial of the auxiliary continuous piecewise smooth 
function g(z) which changes when ¢ varies and hence the coef- 
ficients of the polynomial 7,(z) also vary. But it should be noted 
that the above fact is not a consequence of the specific method used 
for constructing the polynomials 7,(x) in the proof of Theorem 11.4 
because it can be shown that in the general case a continuous func- 
tion f (z) may not be the limit of a uniformly convergent sequence 
of partial sums of one and the same trigonometric series. Indeed, 
if f (z) were the limit of a uniformly convergent sequence of partial 
sums of a trigonumetric serics 


+a 
Ft > (ancos F* + Bu sin F*) 

k=1 
on the interval [—Z, /] this series would necessarily be the Fourier 
series of f(z). But there are examples of continuous functions f (z) 
detined on an interval {—J, 2) whose Fourier series diverge at a finite 
(and even at an inlinite) number of points belonging to the interval 
[—/, ?]. Such examples are rather difficull to construct and we shall 
nol consider them here.* 


Lheorem 11.5. (Weierstrass’ Polynomial Approsctma- 
tion Theorem). If f(x) is contiiuous on an interval azar, 
then for as t <> U0 there exisis an algebraic pul ynumial 


ai (x) = 4 0 ee A it ae A ax? a 7 5 5 4 Sr Rnd 
such that 
f(z) —Pr@)|<e (11.125) 
on the interval [a, 6). 


Proof. Take a sufficiently large 1 > 0 such that the interval [a, 6] 
is strictly contained within the interval |[—2, Z]. Lel us construct 
a continuous function #(z) delined on [—Z, /] by putting F(z) = 
=f (zx) foraxarxtbh, F(—Y=F O= 


PB (2) = i 7 (z-+ 4) for —l<ar<a and F(z)= — Tap! st x) 


forbx<zxr<l tin F(x) is a linear function on the intervals [—J, a] 
and [b, /J). By the Weierstrass’ trigonometric anproximation theo- 
rem. for every ¢ > O there is a trigonometric polynomial 
Tm 
At ; : AM 
Lj (2) = aa + Be (as COS = -— b, sin <=) (11.126) 


es | 


Loy. see fay. 
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such that for all —! <2z<cl we have 
|F (z)—Ta (x) |< (11.127) 


Let us expand into Taylor’s series the trigonometric functions 
entering into (14.127): 


cos q-=1l— tae + ayr t'—.-- (11.128) 


and 
AB BR (1A 


Power series (11.128) and (11.129) are absolutely convergent for 
all zw, —co << x< +00, which can be, for instance, proved by 
applying D'Alembert’s test. Substituting (11.128) and (11.129) 
into (11.126) we arrive at a power series 

TY, (t) = Ay + Aqz + Az? +... + A, Ht... (11.150) 


which is convergent for all xz, —c%o < z< -+-oo. Consequently, 
series (11.130) converges uniformly on every finite interval of the 
z-axis and, in particular, on the interval [—i, Z|]. Therefore. taking 
«a sufficiently large m we obtain the mth partial sum 


Pi (2) = Ap } Aye +... + Amz™ 
of series (11.130) such that 
| Tn (x) — Pm (z) |< for all x€[—4, YJ (11.131) 
From inequalities (41.127) and (11.131) it follows that 
| F (x) — Pm (z)| <| F(z) —Tr (2) [+] Tn (2) — Pm (2) |< Z+s =e 
(41.132) 


for all z € [—1, 1] and, in particular, for all x € [a, 6]. But we have 
F (x) = f (x) for all z € [a, 6b) and thus inequality (11.132) turns 
into the relation 


lf (z) — Pm (x) |< e (11.133) 

which is what we set out to prove. 
Note. If we take a number sequence &, &5, ..., &,, ... conver- 
gent to zero we can construct the ccrresponding sequence of algebraic 
polynomials Pym, (x), Pm, (z). ..- uniformly convergent to / (z) 


on fa, 6). But in the general case these polynomials may not be 
partial sums of one and the same power series which can be conlirmed 
by an argument similar to the presented above in connection with 
tricanametric polynomiale (see the nate after “Pheorem 44 4) 
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Weierstrass’ theorems do not provide effective means for practical 
construction of polynomials uniformly approximating a_ given 
continuous function to any preassigned degree of accuracy ¢ > 0. 

The problem of constructing polynomials yielding the best appro- 
ximation was posed and solved by Chebyshev*. Chebyshev's polyno- 
mials make it possible to construct effectively polynomials appro- 
ximating a given continuous function. 

We now denote by H,, the totality of all algebraic polynomials Py, 
of degree m <n. Let P,, (x) € Hp and let f (z) be a continuous func- 
tiou on fa, bl. The number 


E (f, Pm (t)) = max [f (zt) — Pm (2) | 
Q=x<b 

is termed the deviation of P,, (z) from / (2) on [a, b]. The greatest 
lower bound £, (f) of the values of the quantity E (/, Pm) when 
Pm (x) runs through the whole set H, is called the least deviation. 
Chebyshev proved the existence and uniqueness theorem for a poly- 
nomial of the best uniform approximation, that is a polynomial! 
P., (z) € A, such that 


E (f, P in) = Ey (/) 


and also developed some methods of constructing such polynomials. 
He found the so-called polynomials of Ieast deviation from zero, 
also known as Chebyshev’s polynomials (see [2], vol. 2, Chapter 4). 
In practical problems of constructing a polynomial uniformly 
approximating a continuous function f (7) on an interval ta, 6] 
to an accuracy of e¢ it is important to obtain a polynomial whose 
dlegree is as low as possible. It is obvious that such a polynomial 
is the polynomial of the best approximation (for the function f (z) 
on the interval la, 6]) belonging to the totality A, with n such 


that 
Bx (f) Se < E,-, (/) 


§ 6. COMPLETE AND CLOSED ORTHIIOGONAL SYSTEMS 


Let us denote by Q [a, 8] the class of functions containing all the 
piecewise continuous functions defined on [a, J]. We shall introduce 
the notions of complete and closed orthogonal systems for the func- 
tions belonging to the class Q [a, bj. Basic theorems concerning 
these notions will also be proved for this class of functions (Theo- 
rems 11.6-11.10). But it should be noted that this theory can be 
generalized to a considerably wider class of functions, namely to 
the squarc-integrable functions on la, b] and even to the functions 


_ ™ Chebyshev, Pafnuty Lvovich (1821-1894). a famous Russian mathemati- 
cia. 
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which are square-integrable with a weight function p (z) on f[a, bd} 
(see Appendix 2 to Chapter 11). 


. Complete Orthogonal System. An orthogonal system of functions 


Gi (LZ), Po (Z), ~~ +, Dy (Z), .- - (11.134) 


on la, b] is said to be complete if for every function f (x) belonging 
to QO la, bl its Fourier series with respect to orthogonal system (11.134) 


-+- 00 
2 Cn'Pa (2) (11.135) 
k= 1 
where 
“i § . ( ai(aydz)"? (11.13¢ 
ck = Tex 5 V1 @) ea (2) sae Hewl= (J ake r) (11.136) 


is convergent in the mean to f(z) on fa, b], that is 


o*(f, y crn) = [[/@—-> Ck Pr (x) | dx—>QO forn— -- CO 
= _ (11.137) 


Jn this case we say that system (11.134) is a basis of the functional 
space la, 6] since, in the case of completeness, for each “element” 
j (xz) € Ola, b| we can write the generalized equality 


-!+90 is 
P(e) = by Cran (xz) where c.p= TCTTE a I | { (x) (py (z) dz (14.138) 
k= 


which should be understood in the sense of convergence in the mean 
on the interval la, bd], i-e. in the sense that relation (11.137) is ful- 
filled (see § 6, Sec. 1 of Chapter 8). 


2. Parseval Relation as a Necessary and Sufficient Condition for 


an Orthogonal System Being Complete. Let us make use of Bessel’s 
identity 

a ° 
| f (x)— >) CrEn (2) | dz = 


kR=1 


0? (7. > crip | = 


k= | 


7 te 


b n 
=( f(x) dz— D> clon | (11.139) 
a h=1 
(see § 3, Sec. 3). Passing to the limit in (11.139) for m—» + 0o we 


obtam 
n F -{-00 


lim 6? (7, DY cnn) = | f2(x)dz—S chileu ll? (11.140) 


Tl & ~46 “WO ‘ ' a tt 
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whence it follows that the relation 


a 


lim eo (7, » ps CrPr) =O (14.141) 
is equivalent to the equality 

b -j- 00 

{7 (xz) dz= S ckilerll? (11.142) 

a k= 1 


Equality (11.142) is known as Parseval’s relation. Thus, orthogonal 
svstem (11.134) is complete if and only if for any funetion f (x) € 
€ Ola, b) Parseval’s relation (11.142) is fullitled. 


3. Properties of Complete Systems. dz orthogonal system 
FI (x), st (x), oe eg Gy (x). yea (11.143) 


un an interval [a, b| is said to be closed if every function f (xz) € 
€ 0 la, b) which is orthogonal to all the functions af system (11.143) 
is the zero element of the functional space Q la, bj, i.e. f (x) is equal 
to sero at all its points of continuity and hence is different from cero 
only aia finite number of points of the interval {a, 8). 


Theorem 11.6. Tf system (11.143) is orthogonal and complete 
on la, b} it is closed. 


Proof. Let a piecewise continuous function f (z) be orthogonal 
on fa, 6] to all the functions of system (11.143), i.e 


b 
(f(z) pn(2)dz=0 for k =1,2 


Then the Fourier coefficients of the function f (7) with respect 
to system (11.143) are equal to zero: 


Cc 
> 


5 
npg Nem de~0, bat td 


By the completeness of system (11.143), Parseval’s relation 


b +90 
A (x)dz=S\ chien ll? (11.445) 
aQ k-={ 


is fulfilled for any function f(z) €Q la, b}.. But then, by virtue 
of (11.144), equality (11.145) implies that 

is 

| f° (x) dz =0 (11.1 46) 


a 
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Suppose that f (29) x U where Zp € la. bl is a point at which f (z) 
is continuous. Let us embed the point 2) in an interval [a’, 6°] 
(ying within fa, 6]) on which f (z) is continuous. The function /? (x) 

iS 
being continuous and nonnegative on la’, b’], we have | P (x) dz > 


tf 


=) 


> 0 since f* (c4)) > O. But this implies that | f* (¢) dz > U which 


Pm, 


contradicts equality (11.146). Consequently, 7 (z) =O at all the 
points of continuity on la, &], and thus the theorem has been proved. 


Theorem tli. If two functions f (xz) and g (x) belonging to 
Y la, b| have the same Fourier series with respect to compleie orthogonal 
system (11.143) on [u, b], these functions coincide us elements of the 
space ( la, 6], that is they may differ only at a finite number of points 
of the interval fa, bj. 


Proof. The function (2) = (f (z) — g (x)) € Y la. 6] is orthogonal 
to all the functions of system (11.143) on [a, b]. In fact, we have 


3b b v 
( (2) gr (a) dx = (f(x) gel) da— ( g equ (2) de = 


= ch [| Gall]? —ef |] pa II? =(ch—c8) [ye 2, = 41, 2,3, --. (11.147) 


where ch, are the Fourier coefficients of the function f(z) and ck 
are the Fourier coefficients of the function g (z). Dy the hypothesis, 


the Fouricr series of these functions coincide, i-e. ch = cf for k = 
= 1, 2, ..., and hence it follows from (11.147) that 

b 

\ 4 (x), (z)dz—=O for k=1, 2,3, .. (11.148) 


But then, by the foregoing theorem, the difference wp (z) = f («) — 
— g(z) is identically equal to zero on [a, b] at all the points of 
continuity of 4 (7) and thus may be different from zero only at 
a finite number of points of the interval fa, b| which is what we 
Set out {o prove. 


Theorem 1.8. If system (11.143) defined on the interval (a, bi 
is orthogonal and complete an la, b\, then, for any two functions f (2) 
and g (xr) belonging to @ la. bl we have the generalized Parseral 
relation 

b -$ 
\ f(a) g (2) dz= DY) cack il ve II? (11.149) 


Q k= 1 
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wiere ch (cf) are the Fourier coefficients of f (x) (g (z)) with respect 
to orthogonal system (11.143). 

Proof. quality (11.149) is obtained if we write Parseval’s rela- 
tion for the functions f (z) — g (zr) and f (x) — g (a) and then sub- 
tract the latter from the former and take half of the result. 


Theorem 11.9. Let f(r) €Q la, bl. Tf an orthogonal system 
of functions {p; (x)} defined on [a, b| is complete, the Fourier series 
of the function f (x) with respect to the sysiem {p,(xz)} can be integrated 
term-by-term. that is 


- 4-0 x 
\ f(§) dg= >) Ch \ Gr (&) dé (41.150) 
Xo k=! Xp 


for any xX and x belonging to the interval l[a, bl. 

Proof. This theorem follows from the fact that the Fourier series 
+00 
S) cC,P, (x) converges in the mean to f (rz) on [a, db}. Indeed, as 


k=] 
was proved, it is allowable to integrate termwise the series which 


converge in the mean (see Theorem 8.14, in Chapter 8, § 6, Sec. 3). 
4. Completeness of Trigonometrie System. 


Theorem 1.10. The trigonometric system 


of. ; e | og 5 AN, = 
= cos —, Sin =, nc cos ——, sin —s are (11.401) 


is complete. 
Proof. It is required to prove that the relation 


pf 
oF, 75) -( U@)—Th(@)Pdz+0 for n---90 | (11.152 
—t 


holds for every piecewise continuous function f (z) defined on [—J2, 7] 


where 
Tr 


f ayn . Ax _ AUX 
Ti, (x) =—2 3-3 (an cos = + by sin =) 


k= | 
is the Fourier polynomial of the function / (z) with respect to 
system (11.151). 

Let {f (x)] < Af on [- 2. l] and let © > © be an arbitrary number. 
Without loss of generality, we can suppose that / (z) has a single 
puint of discontinuity 2) lying in the interior of { J, Z]. We shall 
construct a continuous function g (xz) on the interval [.-é, 2] such 
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Lhat it assumes equal values g (—l) = g (1) at the end points of this 
interval and satishes the inequality 
t 
9 : % é an 
er = \ f(z) (atdz<t (11.153) 
| 
For this purpose we take a sufficiently small 6 >> 0 and put g (z) = 
f(z) lor —!S rx) —Sandforr,+6xr<al—o6, gill) = 
f{—l), and consider g (z) being linear on the intervals z — 6 < 
LN ~h8andl—bgqQe< i (see Fig. 11.10 where the graph 


WAT 


Fie. 14.10 


of f (z) is shown in the continuous line and the graph of g (zx) in the 
dotted line). According to the way g (x) has been constructed, we 
have g (—l) = g (J) =f (—2), and the difference f (x) — g (x) may 
be different from zero only for 77 —~S<z2< zm + Sandl—bo<— 
<x<i/. Therefore we can write 


( xot+5 
we) =) (—g rds = | VG) -g Paz 
t phe 
+ | f@—-g@Pdz< | {/@] +e |Par+ 


f—6 xg-6 


l 
4 \ {1 f(z) [+1 g (2) [PP dz <4M?26 4. 4M6 = 125 < 
1-6 
provided that 6 >> 0 is sufficiently small. Since the function g (z) 
is continuous on the interval [—d, 2) and takes equal values at its 
end points (g (—l) = g (J), Theorein 11.4 (Weierstrass’ trigono- 
metric approximation theorem) implies that there js a trigonometric 


polynomial 
4 
r Xo : kitx P Ax 
Png (x) =" ie >i ( cx oo ar + Br sin “) 
A=} 
such that 


g(—Tm(OI</ & for all cE {—I/, J] (11.154) 


Consequently, 
t t 
p? (g. Tne) — | lg (2) —Trg(2)Pdr<gyp | dep (14.155. 
=f a4 
Now taking advantage of the inequality 
(a -- b)? < 2a? + 2b 
and putting @a@ = f (xz) — g (2) and b = g (z) Tn, (x) we oblair 
if (2) — Tay (2)}? <2 {If (x) — g (I? + Le (2) — Tr, (23 
lt follows that 


of, En) = \ (2) Png @)P dz <2 |) — 2 (a)? da 
=f —l 


t 


: ope 2 r 4 t 
2 | [e(@)—Ta, (2) Pda < 274 2f:-8 
af 
If we substitute the Fourier trigonometric polynomial (ee (2) cor: 
responding to the function f (z) for the trigonometric polynomial 
Tn, (Z) in the last inequality we shall have 
: mpl ae 
tie Che dae) ef (11.2563 
because Te gives the imtnimum to the mean square deviation. 
Making nse of Bosseol’s identity we can rewrile Ineqaahily (ib. bau) 
in the form 


! ‘2 
oC), Tho) = \ P(a)dz—0 4 + Sak i by} ce (11.157) 
i k=} : 


Consequently, we have 


d A 
ef, Pn) = \ f*(z)dx—l i= + DS (ah 3 bi) | <x (1.158) 


—{ R= 


for all 2 3 ry. Since ¢ > has been chosen quite arbitrarily, it 
follows that 0° (f. t\,) -- U for n-» -|-00 which is what we set out 
to prove. 

The completeness of the trigonomelric system which has been 
established here implies that this system is closed. Ht also means 
that a piecewise continuous function f (2) is uniquely specitied by 
its Fourier series with respect to the trigonometric system every: 
where on the interval { 2. /) except possibly ata finite number of 
points (at whieh f (2) is discontituous). The completeness of the 


34 US24 


530 MULTIPLE INTEGRALS, FIEI.D TILEORY AND SERIES 


trigonometric system was for the first time proved by A. M. Lya- 
punov™*. 


3. Completeness of Some Other Classical Orthogonal Systems. In 
mathematical physics we deal with various orthogonal systems, 
other than the trigonometric system, whose completeness is establish- 
ed similarly. As an example, let us prove that the system of Legen- 
dre’s polynomials is complete. Consider a piecewise continuous 
function f (z) delined on the interval [—1, 1]. Suppose we are given 
an arbitrary ¢ >> O. By analogy with the proof of the completeness 
of the trigonumetric system, let us construct a function ge («) which 
is continuous on f{—1. IT] and = satishes the relation 

se 
Oy Be) = \ (2) ge (@P de <b (11.159) 


“3 


(but here the requirement that g, (z) must assume equal values al 
the end points of the imterval [—1, 4] is dropped). Theorem {1.9 
(Weterslrass’ polynomial approximation theorem) indicates that 
there exists an algebraic polynomial 


mn (zx) = sl ao A qv + A ot ba +- . 8 6 -}- Ps ee cite 
salisiving the imequality 


| Ze (xz) — Om (x)[< 2 


for all —1 q2r<1. This implies the inequality 
1 
9? (Se5 Om) = | (ge (z) — Om (2) Pde <p (11.160) 
-1 


The functions 1, 2, 27, ..., 2" are linear combinations of 
Leeendre's polynomials** and therefore 


Om (2) = By + BPs () + BoP? (ze) 4+... + BaP (2) 
where /; (z), ..., Pm (v) are Legendre’s polynomials. 
Taking advantage of the inequality (a 4+ 6)? < 2a? + 2b? we 
conclude, on the basis of relations (11.159) and (11.160), that 
=& (11.161) 


F. 


Pf. Om) < 207 (f, ge) +207 (Kes Om) <2£42 4 


Let us substitute the Fourier coefficients of the function f (x) with 
respect to the system of Legendre’s polynomials for the coefficients 


* Lyapunov, Aleksandr Mikhailovich (1857-1918), a prominent Russian 
mathematician. 
** See Appendix 1 ta Chapter 11. 
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Bo. ..-, Bm in the expression of 0? (f, V,,), i.e. replace B,, k = 
=Q0. 1, ..., m, by the quantities 
t 


My BE \ f(z) Py(z)dz, k=0, 1,...,m (11.162) 
; t ae 


Since Fourier’s polynomials minimize the mean square deviation, 
the above substitution cannot increase the mean square deviation. 
Therefore, introducing the notation 

Oh, (@) = ¢9 Py (2) ee ee P (H) (N16 


we arrive at the inequality 


of, je (11.164) 
furthermore, by Bessel’s identity 


r 
0? (f, Oh) = | f? (z) dz — »> ci. {| Pu I? (11.16) 

_ k—1 
we couctude that relation (1!.164) implies the validity of the ine- 

quality 

rf, Gye (44.466) 
for all 2 > m. Since e > 0 ‘a been taken arbitrarily, it follows that 
w- (f, C3) > O for m—> --oo (11.167) 


and thus we have established the completeness of the svstem of 
Levendre’s polynomials. 


& 7. FOURTER SERLES IN ORTHOGONAL SYSTEMS 
OF COMPLEX FUNCTIONS 
Ifere, besides real functions, we shall also consider complex 
functions of a real independent variable z which are of the form 
p (x) = p* (x) + ig** (2) (11.168) 
where g* (z) and g** (xz) are real functions. The function which 


is the complex conjugate of @ (z) (i.e. the one which differs froin 
@ (z) only in the sign of its imaginary part) will be denoted by 


(> (zr). Thus, _ 
© (x) -= @* (x) — ig** (2) (11.168°) 
lt should be noted that 
pe (2) ¢ (x) = [q* (x)? -1- lq ** IF = | q (@) F&O (11.169) 
A function g (x) = g* (x) + ig** (z) is said to be continuous 
(piecewise continuous) on [a, b) if ils real and imaginary parts, that 
34% 
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is the functions q* (z) and q** (xz), are continuous (piecewise con- 
linuous) on fa. Ol. 

The derivative und the integral of a function q@ (xz) = q* (x) + 
— ip** (xz) are delined, respectively, by the equalities 


dq dg* . agt* , = 
and 
b b b 
{ ¢ (2) dx = \ (p* (z) dx + i \ (pt* (a) dx (11.174) 


and the function @ (2) = q* (x) + ig** (z) is said to be differer- 
tiable (integrable) if g@* (x) and ¢** (x) are differentiable (integrable). 

If two functions ~p (x) = ~* (x) + ip** (x) and y (z) = * (z) + 
~ ip** (x) are integrable on [a, b], it is obvious that the function 
G (z) wp (z) is also integrable on [a, bj. In particular, if q (zx) is 
integrable on la, b] the funetion (xz) @ (zr) is also integrable on 
la, b| and 


b ds tf, 
\ (p (2) (Pp (2) da = \ | <p (xr) [? dx — {1y* (c)]* + [ept* (2) PF} dx “2 0 


Two functions q (7) and (2) integrable on an itinterval [a@, 5] 
are said) ta be orthogonal on this interval if 
q' (2°) V(r) dao 74) (Ui .t¢2) 
A system of complex functions 
qs (2), G2(Z), ~~ +s Gun (CH). (V1.172 
integrable ou fa, 6] is called orthogonal on fa, b] if 
f- 
— Q for jsth 2 
{ (2) YR (2) dx =| : és (11.174) 
lox [Po O for jok 


‘ft 


b 
where |] qa {|---| bq Cr) fda is the norm of qy. Generally, (he nerin 
o! ° 
? 
of an integrable complex function (xz) is delined as the nonnega- 
live quantity 
dy 


ly t= Ny Crd Ge (a) dr) eS ( tig (xP da) “8 LATA) 
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One of the most important examples of orthogonal systems of 
complex functions 1s the system 


Ppl 
eo  .heOy 1, Se 2 oe (11.176) 
which is orthogonal on the interval [—d, d]. The orthogonality 
, kux , ugix 


of e © and e © for kstjn is established directly bv integra- 
ting the product 


. Atx . MAX _eAX . mastx (R—nynx 
ae eee es ee edd Aa 
e (¢ \=e e = € = COS a= ai 


ke — nn) 
— isin Bits bd 


. OT 
, melee 
over the interval [—/, 2]. For the norm of the function e 
we obtain the expression 


a i= aT Vt (a -_ Vay 11.177 
fe I= (fe ¢ du) = (far x)’ =VR (11.177) 


—? 


The Fourier coefficients of a function f (z) (inlegrable on la. bl) 
with respeet to orthogonal systent (11.173) are determined by Lhe 


formulas 
b 


) J 1 (2) Gn (2) da kif, 2... 9 (14.178) 


“he Tope I 


The fourier series of an integrable function /f (z) with respect 
to orthogonal system (11.173) is, by defnition, the series 
Bb 
f(t) ~ Pe Cn(py (2) (11.17%) 
=1 
whose coveflicients c, are determined by formulas (11.178). 
In particular, the Fourier coefficients of f (7) with respect to 
system (11.176) are equal to 
t . RAX 


es Line de, k=O, 4:1, 2,2... 9 (14.478') 


and thie corresponding Fourier SEerloes af / (.r) with respeet to (his 
evstem is the two-way series 


i(z2)~ N cae o (14.179 
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Let us prove that. if the function f (z) is real on the interval [—. Zl, 
relations (11.178"°) and (14.179") are equivalent to the relations 


(11.180) 


f 
b, — \ f(x)sin 


2) 


Asur 
i 


and 


= A. 1 
f(x)~ s+ ¥ ay COS +b, sin ) (14.181) 
= | 

thal is relations — and (11.179’) are the complex form of 

Fourier’s cueflicients and series of the function f (2) with respect 
to the trigonometrie system. 
Applying Euter’s formula 

eo = cos q - ésin g 


(11.178S') we obtain 


{ 
coma \ /(a)dc=H (14.182) 
a 
/ RIX 
{ { ! 
Ch = OP }(zye dz = 
-t 
{ ¢ Kaur _.. Aare | 
=zr ) f(z) | cvs “Tee ay dz = 
~t 
wet, esd, & xcs (11.183) 
an 
1 hrwx 1 ‘ 
C-h = 3) | f(x)e di = 3, { f(z) [ cos j [- 
ay at 
+ ésin pL ey ser1, 2, ... (11.184) 


series (11.179') can be rewritten as 


“$90 5 x, + 50 ; Mtstx se _ kate 

) (ne 6 -segt Yocxe ? + Nene ° (11.155) 
nsw= 0 h =| k =] 

Substituting expressians (10.182), (21.183) and (411.154) of the 

coefficients cy, ¢c, aud e_, into (11.155) and taking advantave ol 
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Muler’s formulas 


eT eT ; — te 8 
cos q =——,——_» Sg = oF 
we arrive at the equality 
oo ‘ TILK “6° 9 b ; kw acca 7 _; AX 
1 —i— ao. a@y — tOk VY Gh-— (Bh f 
Be ee get eee 
n——- w =} R- 1 
hee RAN F WAX 
a Ee a 
ay . ¢ 
— > -L >i e -) a 
k=) 
RAN . bstx 
; cae 
, e ——*€ ag 
ye ee 
t Oy, oy a 
— k k 
S, wire ° PT {Vg 
hes 


which is what we set out to prove. 

If the function f (xz) is not only integrable bul also piecewise stucoth 
on | —Z, é], the theorein on convergence of a Fourier series and rela- 
liom (14.186) enable us to write down the expansion 


4 fo ; ON 
f(z) = > Cn dj (11.187) 
2h. = — oy 


where the Fourier coefficients are determined by the formulas (tl.178). 
At the points of diseuutinuilty of the function f (z) the Teil-band 


r- UD — { 
side of equality (11.187) should be replaced by (¢@)1U—)) 
if -Leor<l and by LEED) it ge 40 


Complex form (11.178’), (11-179’) of expansion of functions into 
trigonometric series is widcly used in mathematical physics and 
its applications. This form is especially convenient for performing 
calculations and transformations, in particular, when the expres- 
sions we deal with involve the products of Fourier’s series and also 
for Fourter’s series of functions of several independent variables. 


&§& FOURIER SERIES FOR FUNCTIONS 
OF SEVERAL INDEPENDENT VARIABLES 
Let a funclion f (2, y) be defined in a rectangle —/, <x <2 dy, 
—ly Sy Slo. We shall suppose that for every y € [—/.. 72} the 
function f (z, y) salishes the conditions under which it can be expan- 
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ded into Fourier’s series as a function of x on the interval [—d,, d]. 
Then, using the complex form of Fourier’s scries we can write 


+2 nix 
f(z, y= DS ealybe (14.188) 
n=—— © 
where 
dy i Natt 
én (Y) =a a \ it yye " de n=O, 41, 2,... (411.189) 
ar 


Let cach of the functions ¢,(y), in its turn, have the lourier 
series expansion 


aay , muy 
en(yy= “ came @&® , n=0, #1, +2,... (411.190) 
™m==— oo 
au the interval —/l, < y < ly. The coeflicients c,m are determined 


by the formulas 
_; mm 


‘2 
c, (ne fe dy, nm, m=O, +1, +2,... (11.191) 
—le 


Cretan 


Now, substituting (11.189) into (11.191) and (11.190) into (11.188) 


we obtain 


{0 -}-00 ; Loo ny 
(2H) = 2) tae ~ % (14.192) 
Where ————— 
fy le nme) min 
Com = 5 \ Fé me -%  % “dtdy (11.193) 
* aes ee dy 


Thus. we have obtained, in complex form, the Fourier series expan- 
sion for the function f(z, y) of Lwo independent variables 

Making use of Kuler’s formula e? = cos m + isin @ we can 
rewrite expansion (11.192) in the form 


os aie 


NIU . .) ATT mIly 
fiz. = S Cram (cos r, --tSsin I, (cos r. + 
N, wMm=oo— co 7 
--a0o 
mIty a RITI . rae sts 
+ ¢Sihn — I = > Amn | Qaner COS a Ya COs i, + 
Mm n==— we 
. IT mst ; : mit 
i ath S] Ni COS J ats Cyan COS ry n J -1- 
ty LT Ly ly 
‘ ia a : furl 
' dinn SIN j— Sin — | (11.194) 
1 2 
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where 
a | 
| ig for m=n=O 
__ J . 5 
—_ > for nx =O, n=O and m>OQ, n=O (11.192) 
[ 1 for m>O0, n>O 
and 
fy da 
1 NAL nesty 
imn = 7 | a y) cos [7 68S dx dy 
Ci —(Q 
. a 
————— \ \ f(z, y) sin a cos ---* dx dy 
aE J ty Ly 
; i (11.196) 
Cun = \ f(z, y)cos sin — dx dy 
1e> Lh 2 
ly dy 
Inn = 7 \ | f(a. y) sin sin “4 dz dy 
ee 


If f (vz, y) is an even function with respect to cach argument, that 
is if 
fl—zr. mn =f (rt, —y) =f, y) (11.197) 


we can easily see that 6,,,, = Cun = dm, = VU and therefore the 
Fourier series of such a function takes the form 


20 
a NICT £2437) . 
j (2°, y) -— > honnGiin COS 7 CUS ' (1 {.4 5) 
1 2 
m, n=0 


If f (z, y) is odd with respect to each argument z and y. only 
its cocflicients d,,, cau be dilferent from zero and, consequently, 
its Fourier series is of the form 

ie 
. RITZ ‘: 28 TU? 
f(r, y= > Ginn SiN 7 sip — (11.0909) 
= i ” 


m, n= -Q 


If f (z, y) is cven in y and odd in z its expansion contains only 


. ° : ey toe “re 50s op + z ‘ 
the functions sin -7— cos -——* and if it is an odd function of y aud 
fs 
an vven function of az the expansion involves the functions 


9 IT. es mere 
COs Sills 
{ Le 
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ilere we do not investigate the conditions guaranteeing the possi- 
bilitw of expanding a function of two variables 7 (z, y) into a Fourier 
mnultiple series and limit ourselves to the formulation (without proof) 


: oe Sf if u-f 
ob the following assertion: , — and —— are con- 
the fol ing assertion: ¢ f (x,y), ——-, ae d Fray ere con 


finuous functions periodic in x with period 21, and in y with period 2lo, 
the Lourter double series of the function f (x. y) converges to f (x. y) 
ai every point. 


$9. FOURIER INTEGRAL 


1. Formal Derivation of Fourier Integral) Formula. In this section 
we preseol a formal derivation of fourter’s integral formula which 
Is Obtautmed if we take the Fourier series of a funclion f (v2) en an 
interval {—Z, /J and then extend this interval to inthnity, i.e. pass 
to the limit as @-» ;-oo. Then the Fourier series turns into the 
Fourier integral. 

When we consider a function { (2) delned on an arbitrary Jinite 
interval [—2. 2], it is expanded into a stim of “harmonic oscillations” 
whose frequencies form a descrete number sequenee. But when we 
take the limit fur 2 — --co we pass lo a funetion detined over the 
whole z-axis (or on the semi-intinite Tuterval [O, -too] of the z-axis) 
Which is presented by an integral, f-e. a sum of “harmonic vibra- 
tious” whose frequencies A coustilute the continuous interval QO ss 
- A&< :-oo. Let us consider this formal passage to the Itmit: from 
(he Fourier series to the Fourier integral. 

Let f (ej) be deltued va the entire 2 axis. We shall suppose that 
the function / (z) is piecewise smooth on every Hnite interval [—-d. I. 
Then. by the convergence theorem for trigonometric series. we have, 
for exery € > 0. the expausion 


ees 
f et ° Aj wc . 
f(-e) = Se Re ( w, cos Oy, Sin - 7) (11.200) 
ot | 
where 
} ‘ 
i W seek Ge We oe: oe 
Qa=— \J(s)d& ar= > f (€) cos 7 dé | 
a - 1 (11.201) 


aw 
@ iw, 


i 


f 
tn =— \7(®sin di, ke-1, 2... 


~-{ 


“amite (1.200) is valid if 2 is an interior point of the interval 
(—2, 2) at which / (c) is continuyvus. If 2 is an interior point of the 
intervabat whieh the funetion # (2) has a ciseontinuily, the left-hand 
side of equalditw (1E.200) must be veplaced by the expression 
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f (r+ 0) —f(z—9) 


*) 


Gus 


we obtain 


Substituting formulas (11.201) into (11.200) 


( 2. 7 
H2)=sr \/O9dE+ TS [7 Oeos-FE—adz (11.202) 
=I hat —l 


If the function f (z) is absolutely integrable over the whole z-axis, 
that is 
-- 00 


\ | f(z) |dx =U < +0 (11.2033) 


then. by virtue of condition (11.203), the lirst sunmmmand on. the 
right-hand side of (11.202) tends to zero for > +00. Consequentty. 
we have 

a ? 


| Poe kno. . 
f(c)= Rc - >, \ {(&) cos = (©— 2x) dé (11.20%) 
—?-+- ro pi: oe 
; AST. ‘ 71 je ; : ee ere 4°92 
Putting =A, and —= Az, we can rewrite relation (11.204) 
i othe form 
>) 4 
f(x)= lim SAM, | feos ay E—rdz (11.205) 
letro 7 homed : 
NA, h-t = 


We ean now conclude. intuitively (without any rigorous areniment). 
Peyer] 
f 
(1) the integral | f() cos 2. (E —2) d& can be replaced, for taree 


@ 


or) 


valnes of 7. by the integral | 1 (8) cos An (Ss —2) dt. and 


p00 co 
(2) the expression >, Nn {(E) cosa, (§—2z) de is an integral 
k=l — 0 
$9 4-00 
sum corresponding to the integral | a \ /(&) eos 4 (& —- xz) ds. and 
(has. relation (11.205) implies the ae 
“+ 00 ‘430 
f(x) -— \ di \ { (2) vos2(E—2) dk (14.201) 
r a 


If «isa point of discontinuity of f(z), the left-hand side of (11.206) 
Mr FOF (eH 


os 


should he replaced hy the expression Pelati- 


4, 
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on (11.206) is called Fourier’s integral formula (theorem) and the 
integral on the right-hand side of (11.206) is called the Fourier 
integral, 


2. Proof of Fourier Integral Theorem. The above derivation of 
formula (11.206) is formal because it involves sume passages to 
the limit which have not been justified rigorously. But it turns 
out that it is easier to present a direct proof of formula (11.20b) 
than to justify these passages to the limit. 


Theorem Ul.t1. If f (x) is a piecewise smooth function on every 
finite interval of the x-axis absolutely integrable on the whole x-aris, 


+<O9 


LC. \ lf (x) | dx is convergent, then 


+00 
lim \an \ f (8) cos 2, (E— 2) dt = LETOFIE=% (44 997) 
ire PP ee : 


+-0o 
Proof. Note that the integral { f(&)cosA(E— x) dE dependent 


— oo 
on the parameter A is uniformly convergent with respect to A for 
UviA<--co since |/f(E)cosa(E—z)|<|f(—E)| and the integral 
+o 
[f(&)|{d& is supposed to bo convergent. Consequently, it is per- 


= 60 


miissible to reverse the order of integration (sce Sec. 3, § 2, Chap- 
-}0o 
ter 10) and rewrite the integral a di \ fi{&) cos A(E— x) dé in 
" eo 
the forin 
Se ee 
+ (ar \ s@cosag—zydt=t dé | { &) cos'A (E—2) dk = 
0 oe ces 0 
, sin ¢(E—2} sin it 
ere a — - | 
=— | /@— >“ «= if f(x +a) —— dt (11.208) 
© S S 


where €:- 2—.c, dz =d&. Ilence we mnst only prove that 


0 
lim — \ fety SS ea Le. (11.209) 
i—> Loo sce : 
and 
£0 
im o> oe ae (11.240) 
i-s-l-op ° 4 
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For this purpose we shall take advantage of the relation 


1 ~ sin 1% 1 | 
= \ ake ee (11.21 
0 


which is implied by formula (10.50) derived in § 2, Sec. 5 
Chapter 10. 

As an instance, we shall establish the validity of relation (11.2! 
(formula (41.209) is praved similarly). By equality (11.211). 
cau write 

J (zr --) __ t sin ts 
= 


f(z-- UV) de (tt.24 


. 


sin ?® 
—_———— 


zl 


ao 
[a eo .4° ° 1 if P) & 
Vherefore the ditfereuce between the variable — | f(2 -g 
0 


aud the constant EB chacan A entering inlo relation (11.219) is equ 
to the expression 
1 7 
: Sin lo 44 jf (z+) 
Jo.sees \ Met QAEs dh AS 
0 
4 r 
Sun = ° 
ee = | (f(a-+oy—fi(a 1) iS (11.21. 


Vhs. We tttist slow Gn the imtepral on the right-hand side « 
(11.215) tends to zere as f-> -j oo. For this purpose we divide U 
interval of inteeraltom O << = ae nto tlitee parts, named 
Os Cx6, OL Cx A and <€<--oo. Then the integr 
we are interested in is oneal as Llie sum of the correspond 
tntevra ls: 

J Otte SS G6. EK HP Ges (W4.21 


We shall frst take an arbitrary ¢ > 0 and prove that for all su 
hciently small &9 > 0 and all sufficiently large \ > 6 we have t} 
inequaliltes 


& F ‘ 
lfo.ni<ap and | Fatpoo |< (14.21. 


Which are fulfilled for all 2 2 1 simultaneously. Then we shall fi 

some values of & and \ for which inequalities (11-210) hold an 

then choose a sufficiently large é 2 1 for which Lhe relation | Js x [< 
eo. 2a be & Be 4 : : 

<_— is satistied. The key Jemma (see $ ¥) indicates that sue 


ef 
a choice of / > 1 is possible. Vhen, by (1b.214). we shall eouchaa 
that | Jo.a0 | <i e for all sufticientlw large 7 > | 
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qs 
+» 
lo 


Thus, let us begin with estimating the integral 


8) 
J 5. & =—| dhe Te gin lo dé 


) 


0 
For all sufficiently small 620 we have 


Ler eya te | fie (z)|-- 1 for all GE (0, 5) 


Consequently, 


‘ - t &.T ESTE 
ee y = ane : is (; 
Jo.s|< a {| fn (2) | Tb z for all 6< Sti, Ge) 1 (11.206) 
and Jor all values of  /. 
Next, let us estimate the integral 
_ | na a su es f(r: Q) “ae SIN i= 
JA, peo = \ p(asec) dy as eae sae \ : de 
. ‘ ‘ 
We can write 
i o¢ SC f(e f-0)] -— e 
[Ja + at | 7 (2 a) : ped | dy, 
A 
.oS Le ELIT 
. | " ns x Elise Ie 
ma [f(x +O] do pf sins = 
an iA 


qs be od 


where ¢* =: d¢ (11.217) 


» 


, $00 
QO | Wary ff sing oy 
mA i: x1 | t* a” 


iN 


By condition (11.203), we have G= ( if (z)|da— co and, there- 


= “a! 


fore. for all sufficiently large AU _ the isco <> 
: , : ; ij oe oe 
is fulfilled for all 2. Furthermore, the integral ¢ d=* berg 


0 
convergent, we have 


Ade 2) ( sin g* are 


ol 


< t 
= 2° G 
is 
for all sufficiently large A tO and all 2 2 1. Tenee, by virtue 
 (VL.2E7), the inequality 
| Ja, tno |< (11.218) 


holds for all sufficiently large A sO amd all @ a 1. 
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Finally, let us estimate the integral 
= U 
I r+ .)—f(r— ; i. ees : 
i) T ; ‘ 
é 


I(r +=) f (42 -% ()) 


The expression is a piecewise smooth function 


%- 


of the argument 2 on the interval 5- <f< \. Consequently, by the 
kev lemma (see § 5), the inequality 


Iori <a (11.220) 


is valid for all sufficiently large / 2 1. On the hasis of (11.216). 
(141.218) and (11.220) we conclude that, for all sufliciently large 
f>1, we have the relation 


Petes tet (11.224 
Which is what we sel out to prove. 


Nole. The above theorem on Fourier’s integral can be Sides under 
more general conditions imposed on the function f(z). Namely, 
if the function f (z) is absolutely integrable over the z-axis and satisfies 
the conditions ai (1) tt ts piecewise smooth on every finite interval 

r-+-C)— / (2-4-0 
af the x-aris and (2) the esrpressien ee eo is bounded 
for any Naed « and all sufiiciently smatl G > OQ, the above theorem 
remains valid. 

Indeed. the proof of the theorem reduces (0 estimating the three 
integrals Jus. Js. go and J/g) po for Jogo and the three integrals 
Jour. Js. and Joly 0. whieh are cousidered similarly. By the 
absolute iutegrability of f (x), the integral Jo.6 is small for all 
sufficiently laree A. The integral Jo9.6 is smail tor all sufficiently 

: co: —f(zx--d 
small O&O >> QO) provided Uthat the expression woes 
is asia for every fixed x2 and all sufficiently small ¢ >> Q. ‘To esti- 
mate the integral 


IAS EO hes) 


> 


Jen nltat 
& 
o (pb) = LEAD H Le 


we note that the Funelion IS precewise 


continuous on the interval O0< 6 <0 < A for any fixed z. Let 
fa, 6) be an interval on which @ (&) is continuous. Take an arbitrary 
& > 0. Let ous construcl a piecewise sinvoth function gy, (2) such 
that the imequalty 


eH—aeDl|<——-—— for Venere“ 
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holds (which can be done as in the proof of Weierstrass’ trigono- 
metric approximation theorem). ‘Then we have 


— Se (c) | dq +- 


nels 


v 
|) (sin bat} < 


+f re (t) sin U5 dz 


for all sufficiently large 2 => 0 since the key lemma is valid for the 
piecewise smooth function gp(¢). Breaking up the integral J», , 
into the sum olf integrals taken over the intervals of continuity 
of @ (S$) we see that Js, .-+ UO for l-—+ --0o0, which completes the 
proof of the theorem. 


3. Fourier Integral as an Expansion into a Sum of Harmonics. 
Fourier’s tntegral formula (t1.206) can be rewritten as 


-+-ao 
f(2)-= \ [-l (A) cosAz -/ (2) sim Aa] dz Clhig222 
0 
where 
(A) = | /(S)cosréds, BUA) = \ f sin Adz (11.223) 


Relation (11.222) is analogous to an expat Sion of a funetion into 
a trigonometric series, and expressions (141.229) are siuniar lu the 
formulas for the Fourier coefficients. Let us transform expression 
(11.222). We have 


A (4) cos Ac -- B (A) sin Ar = WY (A) sin (Az + qa) (11.224 


Where 


ee aan 

N (A) = | A? (7) § BRA), cos =a ; sin 1. = WH (11.225) 
Thus, relation (141.222) can be interpreted as an expansion of a fune- 
tion f Ce} delined for wll a2, -co <r --oo, inte a suin of harmonie 
oscillalivuns whuse rs Acoutinuously cover the semi-infinite 
interval 9 <A < +7. The functions .1 (2) and 2 (A) (see (11.225)) 
vive us the daw of distribution of the amplitudes and initial pha- 
ses ~p; When A varies over the positive half-axis A, O Sa < 4-90. 
(fo a funetion f Gr) is defined on a Nnile interval [—d. Z|] it can 
he evnnnded. under the conditions stated above, into barmonic 
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J 
oscillations: 
-++-00 
a YT Naz : ‘ kuz 
{(2)==> a », (an cos — --. Op sin ; }= 
fr == 
+ co 
a | ‘ ‘ ° 
= — >; Ny Sin (7,2 -!- Gx) (11.226) 
k=1 


: . An ; 
where the frequencies An =, AKo=1, 2, ..., form an arithmetical 


—? 
progression, 
4. Yourier Integral in Complex Form. The Fourier integral formula 
can be rewritten in the complex form 
--00 + 90 


ae 
f(z) = se ) dis \ { () e=-® df (11.227) 
— 90 —oo ae 
equivalent to (11.2UG): the integral \ f(e) cosa (x — ENaAE 


+ 30 
is an even function of 2% and = the integral \ {(&) sin A (a — &) dé 


— oo 


is an odd function of a, ancd therefore, we have 


>= a + co cies oe 
— adn | f (E) cos (E— 2) dE = \ dn. \ { (&) cos 4 (2 — &) d& 
and 
{ Tat Ts ae 
| \ { () sin 4 (z—§) d&= 


Consequently, by Euler’s formula 
ei(x— 5) == cos A (x — £) + isin A (x — &) 
Wwe Can write 


-f- 00 ++ co +00 -+-00 
1 pt ‘ , 7 
oa \ adn \ f (&) ei @-® dE = = \ dn \ / (8) cos A (x —€) d&-- 

, a “00 

tae | @ | /@sinda(z—at= 
\ + -+co 

=— { a \ f (E) cos ?. (x —E) df 

0 —0o 


35—U 824 
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whence it follows that formulas (11.206) and (11.227) are equivalent. 
But it should be noted that in the general case the integral 


: 30 +00 
a \ dh. \ f (§) sin A (x — &) d— = O entering into the relation is 


ot 


understood in the sense of Cauchy’s principal value (see § 3 of 
Chapter 9), that is 


40 +00 
= ) dh { f(®) sin d(z—®) dE = 
~ ; a. 
= lim + \ aa | 7 (8) sind (z—8) dE=0 
a = — 00 


9. Fourier Transformation. Equality (11.227) can be rewritten 
in the form 


+x -+-o0 
pore: Fe iAx 1 int | 
{()=e je 0. (= ) 1@6¢ dg) (11.228) 
Introducing the notation 
+ a3 
Fy ——} —int 
iW= Te J /@- dt (11.229) 
we obtain, by (11.228), the formula 
-++0o 
Be ee ra idx 1 
(= ) F(A) et= dA (11.230) 


Thefunction f (A) is called the Fourier transform (or spectral characte- 
vistio) of the function f (2) defined on the real z-axis, —oo<2 x<< +00. 
The transformation from f(z) to f (A) performed according to for- 
mula (11.229) is called the Fourier transformation. Formula (11.230) 
(Fourier’s inversion formula) expressing the original function f (x) 
in terms of its Fourier transform f (A) describes the (Fourier) inverse 
transformation, and f (x) is termed the Fourier inverse transform 
of f (A). 

Now we can rephrase Theorem 11.11 on Fourier’s integral as 
follows: 


Theovem 1141.12. If f(x) is an absolutely integrable function 
(on the whole x-axis) piecewise smoolh on every finite interval of the 
z-axis, then (1) the Fourier transform determined by formula (11.229) 
exists, and (2) we have inversion formula (11.230) which should be 
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undersiood as the limiting relation 
t 


lim \f (A) e*4* dA 
Y2n t~»--00 


MO) = TR 


Note. According to the note after Theorem 11.11, we can assert 
that Theorem 11.12 remains valid for every function f(z) which 
is absolutely integrable over the entire z-axis and piecewise con- 
tinuous on every finite interval of the z-axis provided the expression 


a is bounded for every fixed z and all sufficien- 


tly | ¢ | 0. Fourier transforms of functions defined for 
—oo <i x <= 7-00 are widely applied to various problems of mathe- 
matics and mathematical physics (see Appendix 4 to Chapter 11). 

For functions defined over the semi-infinite interval 0 = 2 <-+ co 
we also use the so-called Fourier sine transform and Fourier cosine 
transform. Let us dwell in more detail on these notions. Applying 
the formula 


cos A (— — x) = cos Aé cos Ax -;- Sin AE sin Ax 
to the integrand in formula (11.206) we deduce 
-+-oo --oo 


f (z)— = dh ) 7 (8) cos AE cos Az dé + 


+ { dd. \ f (2) sin 2E sin Ax d€ (11.231) 
0 - oo 


where, by the absolute integrability of f (a) uver the whole z-axis, 
both integrals are convergent. If f (€) is an even function the product 
/(&) sin AE is an odd function while the product f (&) cos AE is an 
even function. Therefore the second term on the right- hand side 
of (11.231) turns into zero and we thus obtain 


+00 -|00 
f(z) == \ cos Ax dA { f(&) cos AE dE (14.232) 
0 0 
Similarly, if f(z) is an odd function we find that 
f(x)== | sindzda { 7 (8) sin 28 dk (11.233) 
0 0 


If x isa point of discontinuity of the function / (zc) the left-hand 
sides of equalities (11.231), (11.232) and (11.233) inet be replaced 
by the expression ext aI 


3o* 
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Now suppose that a function /(z) is defined only on the interval 
O<x< +co. Then it can be extended to the negative half of 
x-axis in such a way that we obtain an even or an odd function 
defined for all xr, —co <xr< -+oo. If f (x) is extended in even 
fashion we obtain the representation 


{/(x)= eae cos Az dar (j/ 2 2 Jie )cos AE dé) (11.234) 


om 


and if it is extended in odd fashion we get another representation: 
— +» 

f(z)=]/ > | sin azda (J/ & ‘ { (€) sin rE dé | (11.235) 
6 


If the function f (z) defined on the semi-axis 0 <x < +0co Is 
continuous at the point z = O then, after it has been extended as 
an even function to the entire z-axis, it remains continuous at the 
point z = QO, and therefore relation (11.234) will also hold for zx = 0 
in this case. On the contrary, for the function f(z) extended in odd 
fashion relation (11.235) does not hold for x = 0 in the general 
case even if the original function is continuous at the point z = OQ. 
It is clear that this relation may only hold for x = 0 if f (0) =O 


ter se Beh 


since we have the equality =(Q for every odd 


function. 
Equalitv. (11-234) can be rewritten in another form. Putting 
ree 
fe) =|7 a, f (B) cus 2E dE (114.238) 
0 


we derive from (11.234) the formula 


a Ee 


f(x) = y= = \ fe (2) cos Ax da (11.237) 


which is equivalent to (11.234). The function f, (A) is called the 
Fourier cosine transform of the funelion f (z) defined on the semi- 
axis OX x<t +o. Accordingly, the transforination from f (2) to 
f. (4) performed by formula (11.236) is termed the Fourier cosine 
transformation. The Fourier inverse cosine transforination described 
by formula (411.257) yields the ex pression of f (x) (which is Fourier’s 
inverse cosine transform of f. (A)) in terms of the function /,(2). 

We see that transformations (11.236) and (11.237) are inverse 
to each other. 
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Similarly, instead of relation (11.235) we can write the formulas 


[s(N=Y = | s@sinasae (11.238) 

ancl ' 
f(2y)= p= [ fe) sin axa (11.239) 

j 


which are equivalent to (11.235). The function 7; (2) is known as 
the Fourier sine transform of the function f (x) defined on the semi- 
infinite interval Oz < }-oo, and transformation (11.238) from 
jf (x) to f,; (4) is called the Fourier sine transformation. Formula 
(11.239) describes Fourier’s inverse sine transformation which ex pres: 
ses the original function f (z) (Fourier’s inverse sine transform o! 
fs(A)) im terms of fg, (A). 


Exam ples 
4. Consider the function 


1 for Olaz<ca 
{(zx)-= + for r—4a 
QO for z>a 


Its Fourier cosine transform is the function 


fe(h) = | ‘= ( cos AE dE = ye SIN AL 
a 


Applying formula (411.237) we obtain 


1 for Ozarca 


ere 
y) Sin Aw CUS AZ 1 — 
= | me dA =f (x) = fur r=a 
0 
0 for z>a 


2. For the function / (z) = e~**, @a>O, «VO, we find, per 
forming integration by parts in formulas (11.236) and = (11.238) 
the expressions 


fa ere 
ae —ac ONE od eee Re . 
fe {A) / = | e Scos AEdS == | , Ge 
0 
and 
+00 


x att-72 


fs (A) — te e~% sin azSdt [fs fi 
n 
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Accordingly, applying formulas (11.237) and (41.239) to the above 
equalities we obtain 


-+-.90 
2a COSA rT _ 
\ adh =e ", 20 
0 
and 
+00 


2 1. Sin Ar = 
=a \ at di=e , «&t> 0 
0 


We see that Fourier’s cosine and sine transformations enable us 
to find the values of some integrals dependent on a parameter. 
But the inain application of these transformations lies in using 
them for solving various problems of mathematical physics (see 
Appendix 3 to Chapter 11). 


6. Fourier Integral for Functions of Several Independent Variables. 
We shall begin with the case of two independent variables. Let 
a function f (z,, Zz) be defined for —oo < x, <l-+4+ 00, —w << r4,< 
<< too. We shall suppose that f (z,, x2) is absolutely integrable 
with respect to each variable x, and x, from —oo to -+oo for every 
fixed value of the other variable. If, in addition, the function f (a,, 2X2) 
is continuous and piecewise smooth with respect to z, (xz) for every 
fixed value of z. (z,;) we can apply Fourier’s integral formula to each 
variable for every fixed value of the other. Fixing an arbitrary 
value of x. and applying Fourier’s formula (11.206) (for the variable 
x,) we obtain 

$00 fw 


f (x4, t2) = — ) dh, \ f (Ei, Xo) COSA, (1,—Er) dE, (11.240) 
0 —on 
Similarly, we can fix z, = & and apply Fourier’s formula (41.206) 
to the variable z» which results in 
I Gen a2) = | ae | f(Gs, Ge) COS Ae (za— Ee) dE» (11.244) 


= 0S 


Substituting (11.241) into (11.240) we derive the formula 


-} 0° 4-90 -+ 00 -foo 

f(x, ¥y) == \ dh \ cos Ay (x, — ©) d& { dhe \ f (1, &) x 
0 — oo 0 —a9 

Xx COS A» (Xo = Eo) do =e \ dh, \ dey \ dhe \ f (S1 Es) x 
. 0 — oo 0 —oo 


x cos A; (21 — &) GOS Ag (22 — Eg) dEe (11.242) 
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lf f (z,, Xe) is an even function of each argument 2, and zz formu- 
la (11.242) turns into 
as 
f(z, Xo) == ) COS A,2,; dA, \ cos A,&, dE; x 
0 0 


es +oo 
Y \ COS Apt, dre | f (&, $2) cos Abode, (11.243) 
0 d 


Similarly, if f (z;, 22) is an odd function of each argument z, and 2, 
we obtain 
j 7700 +00 
{ (21, X2) = — \ sin eX4 adh, \ sin rey dé, a 
d 0 

a a ied 
x \ Sin Agr, dy { fils, E>) sin Agks dEs (11.244) 

0 


0 


Passing to the complex form of Fourier’s integral we can rewrite 
formula (11.242) in the form 


f (21; = = 


{ ah; i aes j ans { F (Ss, Ge) etlAver~ Ent astra t9)1 dE, (11.245) 


*) any 


where the integrals taken with respect to A, and A, should be under- 
stood, in the general case, in the sense of Cauchy’s principal value 
(sev § 3 of Chapter 9 and § 9, Sec. 4 of the present chapter). If it 
is allowable to reverse the order of integration with respect to £, 
and As, formula (11.245) turns to be equivalent to the following two 
formulas: 

f (As, Ae) = > \ dt, \ i (Eq Eo) e~WsErt Aakal dE, (11.246) 


o- OO 


and 


+00 8 fo 
i (41, 2) => \ das | F (Aq, Ag) eilarxrtaere] da, (411.247) 


Formula (11.246) expresses the Fourier transformation from f (2,, 22) 
to f (A,, As) and formula (11.247) describes Fourier’s inverse transfor- 
mation. Accordingly, f (A;, A.) is the (two-dimensional) Fourier 
transform of f (z,, 22), and f (z;, 22) is the Fouricr inverse trans- 


form of f (A,, Aq). 
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In the_case of three vr more independent variables the Fourier 
transformations are constructed in a similar manner. Ilere we shall 
give the corresponding formulas for functions of three independent 
Variables. The Fourier — formula is written as 

a a a +99 +90 
3 { dy | a i dg ic dhs \ i (Gu Se $3) X 


— oo 


f(z, X91 Z3) = — 


X COS Ay (21 — &) COS Ay (Zz — En) COS Ay (Zp — Eq) dE, (11-248) 
or 


eis +50 509 +2 T3 
f (21s 2, ts) =e J dhy | dbs | day | dk j dh i f (Es Bes Es) x 
0 


— 30 } d 


« elites — G1)-+ A242 — F2)4-A.3(¥3— =3)] dé, (11 .249) 


in complex form. 

If the conditions which guarantee the possibility of reversing 
the order of integration are fulfilled, formula (11.249) is equivalent 
to the following two formulas: 

— +30 ; 
I (ta Bar = Tse J ab ij dt, | f (En te, &) x 


— oo 


Ss eT TArsibAes2+A353] Aes (1 1 .2)0) 


and 
[21 te 2) = TSF f dhy if dD ij F(Mrs Aas ha) x 


x eilArtithexetasxal G2, (11.251) 


In the veneral case the integrals on the right-hand sides of (11.247) 
and (11.2351) are understood in the sense of Gauchy’s principal value. 
We now briefly discuss the justilication of formulas (11.246) 
and (11.247). Formulas (11.250) and (11.251) are proved in a similar 
Way. 
Theorem (t.t3. Let a function f (z;, 22) be continuous throughout 
the 2,, te-plane. Suppose that the following conditions are fulfilled: 
(1) The integrals 


420 $20 
lf (x4, 22) { dx, and \ f(a, 2) {dz, (11.252) 


are uniform ly convergent with respect to Zo and ry on every fitiite interval 
LoS Lp RX, and xy ao Ry a De 
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(2) The iterated integral 
+99 Be 
\ dts \ | f (as, 22) | dz, (11.253 


is convergent. 
(3) For ald sufficiently small |¢| #4 O the inequality 
| f(tire. set Zz) |<C, — const 


holds for every fixed x, and all Zz. 
(4) For all sufficiently small |G |x U0 éhe relation 


| i (74. Fa at (41, 22-4) < Cy (x1) 
is fulfilled for every fixed xz and ail x, where C2 (x,) is a function suct 
--o9 


that the integral \ C', (z,) dz, converges. 


—oa 
Then the two-dimensional Fourier transform 


= = 2 
(hs Pa) =r | dis | 1G Seperated, (11.254) 


of the function f (x1, %2) exists, and we have the Fourier 
tneveersion formula 


-+- 00 +05 
f (21, 22) = > \ aa, \ F(a, Ae) etlmrrtaaxel day (11.255) 


which is understood in the sense of the limiting relation 
,; F Uo 2 
J zr 2) =e dim, | day FF (dy, Aa)et aerterel dy (11.256) 


ty, lg-+-+ 00 aap aa 
where we firsi pass to the limit for lg- > 4-co and then for l,—- —oo. 
Proof. The one-dimensional Fourier transforin (with respect to the 
argument 24) 
_ _ 
hi Xo) = ——— \ Ze) e— is dE 1.257 
{ (Any 22) Vix. f(&1, Ze) J ( 3) 


exists since the first integral (11.252) is convergent. The uniform 
convergence of this integral implies that the integral on the right- 
hand side of (11.257) is uniformly convergent and therefore the 


function f (Ay. Ze) is continuous in re. By the hyrathesis, inte- 
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gral (11.253) converges and therefore the integral 
+02 +30 


--00 
\ lf (An, Le) | dr_ = \ dz, | J 7 (Es, Xo) etre dé, 


— (11.258) 
Vie 
also converges. 

Taking into account conditions (4) and (3), the continuity of 
fF (2, 2o) as a function of x, and the note after Theorem 11.10 (see 
Sec. 4 of § 6), we see that the inversion formula 


+90 
f(z, «2) == TE J 4 (he X2) ethixs an, = 
ds 
et Re.4 Pm (11.259) 


is valid here. By condition (4) and equality (11.257), we can write 


| 7 (a1, 2+0)—f (Ar, z2 +0) [< 


oo -f oo 
< J) FG m+ 1s 22+ Ol 4E <1S] | Cob) dbs 
that is 
aes 7 s +00 
| f(Aq, eats 2-4 Q) |< \ CG; (E,) dk, (11.260) 


Since integral (11.258) is convergent the two-dimensional Fourier 
transform 
-f-o0 


— | = 
f(y Pe) = sree J Fey £2) “Ott diy = 


+00 00 
=a J db | (Gs, b)ertOatet ested de, (41.261) 


of the function f (z,, x2) exists, and the inversion formula 
+00 
ve) 
le _ 
f \ ok 
OER teste | re eeere enemy 
—(2 


is valid because the function / / (dy, Zo) is continuous in z, and condi- 
tion (11.260) is fulfilled. Substituting (11.262) into (11.259) we 


f(s, 22) = 7 (das Ao) e2*2 diy = 
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obtain 
| at lo = 
f (x1, %)=>— lim \ esi dd | lim | f (Ay, Ao) eMets di } 
—"" lya-b ao 


l je 6 
eared $a 


(11.263) 


or, Which is the same, 


f(a %)—=<e lim \ dh, \ F (ha, ho) et PszrtP2t2) ddy (11.264) 
t d 


2m Ig, la=pboo 


where the passage to the limit is first performed with respect to 
i, and then to 2,. The theorem has thus been proved. 

In the case of three independent variables the formulas for the 
three-dimensional Fourier transform and the corresponding inverse 
transform are written in the form 


t-o0 20 -f-20 


f (bay far bs) = —a7eeme J JY 1 (Gs Bes Ba) x 


—oo —cs0 —c 


x ent [Aki +Aeia taste] Ze, dE, dE, (11.265) 


f (1, Ze, 2) =a { \ j f (Aq, Ae, As) Xx 


—-wm -@® — co 


and 


x ef [Aixipraxeth3%3) dA, dA dA (11.266) 
Substituting (11.265) into (11.266) we arrive at the relation 
co oo +20 +c -+c0 foo 


a 


f(t m=z | J | fj S | re. & & x 


—CO —& —@® — co —oo —-ao 


% ef (Aa (x1 $1)-+A2 (xa Ee) +2 (23~-E3)) GE, dE, dé, di, dA, dag (11.267) 


In the general case of N (N > 3) independent variables the corres- 
ponding formulas for Fourier’s transforms can be easily written 
down by analogy with the above formulas. 

To justify equalities (11.265) and (11.266) we should introduce 
the condition that the corresponding integrals (analogous to those 
entering into the formulation of the foregoing theorem) are conver- 
gent and, in addition, impose the rcquirement that for all sufficiently 
smatl |¢] 30 the following inequalities hold: 


{ f (zi 4-6, Fey Fs) —f (21+9, 22, Zs) 
(1) | Kerb tay ts) = Os 2 2s) 


for every fixed x, and all ze and Zz, 


(ay | Pits ebb, tal Pre Fah Oy 2a) 


<C; = const 


< Ce (2) 
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for every fixed zo and all x, and 23, 


(3) 4 (21, M2, re ty, I3-T | <es (2), Xo) 


for every fixed zy and all x, and x, where Cy, (z,) and C3 (x;, Ze) 


oc 


are some functions such that the integrals \ C. (z,;) dx; and 


— oo 


~f00 +90 

J UX» J C3 (21, 2) dz, are convergent. Then, under these res- 
trictions, the three-dimensiona!l Fourier transform of the function 
f(%1, Ze, Z3) determined by formula (11.269) exists and equality 
(11.266) holds, the latter being understood in the sense of the limi- 
ting relation 


dy lo 
{ * c 
» t2, 43) = TF lim di li dAs W 
f (Z1, Lay Ts) (Vin)? y-+4-00 ) 1 pine 1 an 
ty = | 
lim + ] (Ai; ha, A3) ef (7.421-4-AeXo-4-2.7X3) dhs | } (11.268) 
' 5-490 


where the passage to _ limit is first performed with respect to 
iz, then to @. and finally with respect to fy. 

The general case of N independent variables (V > 3) is treated 
similarly. 


APPENDIX 1 TO CHAPTER 11 

ON LEGENDRE’S POLYNOMIALS 
Hiere we shall prove that Legendre’s polynomials 
Pyle t, 22) = sar l(a? — 1)"1, WHT 2) Kae (1) 


are orthogonal on the interval [—1, 1], i-e. 
\ Pa(x)Pm(x)dx=O0O for men (2) 
1 


Since m and 2 are involved equivalentiv in (2) it is sufficient to prove 
that relation (2) holds for 27 < 2. For this purpose we must only show 
that 


| 
\ Pa(r)r™dx=0 for man (3) 


{ 
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where m is a nonnegative integer. Putting 
1 dup, (Zz) ‘ 
Pn @)=taat—aan Un () = 121 
we can write 
i ! a 
' 1 * dup (z 
2 m po nr va 
| Pu(a)x™de= ae ) Gin 2" de (4) 
a4 = 


Integrating by parts in (4) #2 —1= times aud taking into account that 
Un (2: 1) -un( 1S... =u (+ 1)=0 


We arrive at equality (3) and thus the orthogonality of Legendre’s 
polynomials on the interval [—1, 1] has been established. 

Now let us compute the norm of the rth polynomial /’, (z). For this 
purpose we integrate by parts in the integral 


| 
Pn (P= seer | [GR Pax (5) 


Integrating by parts ” times and taking into account that u,, (Zz) 
is a polynomial of degree 272 and uw, (41) = u,(+1) =... 
= ull) (+1) = O we obtain 


~ qyn dznr-l dant 


} — Ein NI dun (2) Paes “f dr-lu, (x) d"* lu, 2 ee 


| 
=(~1)2 dAN-2y 1 (xy antru, (x) 
arn—2 daris 


=(2n)! { (1—2)"(1 b2x)"dz (6) 
But we have . 
i 
j ({1—2)"(! }2)"dr=—7 \ (lL -2)"'(14-a)"4'dr=...= 
-1 


_ n{a—t)...1 : - 
= ity EB Oa) ) (1+ x)" dr - 


(nt)? J2n4 1 - 
~ (any) (2n-4)% (1) 


1 
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and therefore, substituting (6) and (7) into (35), we get the for- 
mula 


| Pa (z) |? = | [ip (x)? dx =, (8) 


2n-—- I 


~{ 
Consequently, the norm of the rth polynomial P,(z) is ex- 
pressed as 


fo 2 
[Pn (ZI oat (9) 
It should be noted that the mth polynomial P, (2) is of degree m for 
n=0O0,1, ... . Legendre’s polynomials P, (x), P; (z), .. .. Py (Zz) 


are orthogonal on the interval | -1, 1] and heuce they are linearly 
independent. Consequently, the system of Legendre’'s polynamials 
is a basis of the space of all algebraic polynomials of degree not 
greater than nm. It follows that every polynomial of degree not greater 
than m can be represented in the form of a linear combination of 
Legendre’s polynomials Po, (x), 2; (2), ..., Py (x). In particular, 
we have 


r= hon! o (x) oe inl’ (x) si se ae =i Cant’ i (z) 
(see Appendix 2 to Chapter 11). 


APPENDIX 2 TO CHAPTER 11 


ORTHOGONALITY WITH WEIGHT FUNCTION 
AND ORTHOGONALIZATION PROCESS 


The concept of orthogonality with weight function is a generaliza- 
tion of the concept of orthogonality of functions in the sense of 
relation (411.68). 

Let p (z) be a nonnegative function which is not identically equal 
{o zero. We shall suppose that this function is continuous in an 
Open interval (a, b) and that the integral 

b 


\ p(x) dz (1) 


a 
exists (as proper vr improper imtegral) and is posilive.* The func- 
tion p (x) will be referred to as a weight function. 


* This integral may turn out to be improper under these conditions if the 
function p (z) is unbounded for 2 -- @ -!- O or z-> bb OQ. We encounter sin- 
gularities of p (r) of this type when studying some important classes of special 
functions (e.g. such a weight finction is used at the end of this appendix when 
we consider Chebyshev’s  polynonuals). 
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Let f (x) be a function defined on [a, 6] such that the integrals 


b b 
| p(z)f(z)dz and | p(x) If (a) dx (2) 


exist (as proper or improper integrals). Then the function f (zx) is 
said to be square-integrable with weight function p (x) on the interval 
[a, bd). In partienlar, if p (z) = 1 we come back to the ordinary 
definition of a square-integrable function given in Sec. 3 of Chapter 11 
(see relation (11.93)). 
Let 
Ys (x), Pe (x), - eee Yn (x), ae (3) 


be a system of functions defined on [a, b] which are square-integrable 
with weight function p (zx) on [a, 6], that is the integrals 

b b 
| p(z)Qx(z)dx and P(x) [Gn (z))? dz, n=, 2.... (4) 


a 


(understood as proper or improper integrals) exist. lf the interval 
[a, 6] is finite the existence of integrals (2) and (4) and the obvious 
inequalities 


(f(z) en (2) Ss (2) +N 


and (9) 
i | 
| Pr (Z) Pm (2) << [ph (x)= Qin (2)] 
imply that the integrals 
b h 


| P(2) f(z) @n(z) dz and | p(z) pn (x) Pm (x) dz (6) 


a 


also exist. Let us agree that if the interval [a, 0] is infinite we additio- 
nally impose the reguirement that integrals (6) exist. 

ln what follows we shall suppose that every function we deal 
with is continuous everywhere on la, 6] except possibly at a finite 
number of points which, in particular, may be singular points of the 
functions. 

We say that two functions q@, (x) and wm (x) are orthogonal on 
the interval la. bl] with weight function p (zr) if 

b 


{ P(r) Gn (2) Gm (z)dt=0 for m-~n (7) 


oe 


System (2) of functions square-integrable with weight function p (xr) 
on the urterval la, b| is said to be arthogonal ou la, 6) with 
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aeight furetion p (xz) if 


b 
| P (2) Gn (2) fm (z)az=0 for nsAm (8) 


and 
b 
| p (2) ¢h(z) dz >0 for W215 2. eas (9) 


In the case p (z) = 1 the definition of orthogonality with weight 
function turns into the definition of (ordinary) orthogonality given 
in § 3, Sec. 1 of Chapter 11. 

Let f (x) be a function square-inlegrable on fla, b] with weight 
function p (z) and let system (3) be orthogonal! on [a, 6) with weight 
function p (zx). 

A scries of the form 


Cif; (2) + cope (z) Ff... Hengn (x) +... - (.\) 


with coefficients c,, n= 1, 2,..., determined by the formulas 


L 
\ P(t) fi (2) Yn (4) dz 
Ch a (B) 


b 
{ p(x) ¢3 (2) dz 


a 


is referred to as the l'ourier series of the function f (x) 
mith respect to system (38), and we write 


f (2) m O10 (x) re ee ar Cer Fr (x) “foe ee 


We say that series (A) is convergent in the mean on la, 6} 
with weight function p (zr) to the function f (x) if 


b ; rre 
him \ p (x) | f(x)— >} CrPr (Z) ° dz =0 (C) 
7712-00 A k=} 


If series (A) converges uniformly or in the mean (with weight 
function p (z)) to the function f (x) on the interval [a, b] its coef- 
fAcients are uniquely specified by formulas (B). In fact, under the 
riven conditions, the Cauchy-Bunyakovsky inequality implies that 

b ™ h 
: 1/2 
|| p(2) en (2) | FD) can (x) |x} <(\ pe) oi (zaz) "x 
a kR=1 a 
b 1 “ 1/2 
x (| p (z) Lf(2—> Chr (z) | dz) ~- +0 


a k 1 
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for m—-.-oo and any fined mv. On the other hand, the functions 
qi(z), t— 1, 2, ..., being orthogonal on the interval ja, 6b] with 
weight function p(z), we have the relation 


Sa 


S Ce, 


p(t) q w [1-3 nit (2) | da =[e 2) f(x) Gn (2) d2— 


by 
—Cn \ P(£) 4h (2) dx =: const 


(‘2 


where vita and xn is fixed. ail 


p (x) 7 (2) @an (7) dx— Cn p(x) 42 (z) dx =0 


a 


Which implies (1). 

The delinitions of complete and closed systems (see § 6 of Chap- 
ter 11) and also the basic theorems related to these notions (see 
Theorems 11.4-11.7 in §§ 5, 6 of Chapter 11!) are easily generalized 
to the case of systems orthogonal with weight function. 

In mathematical physics expansions of functions into series with 
respect to systeins of functions orthogonal with a weight function 
are Widely applied to various problems. Among the most important 
systems of functions orthogonal with a weight function we can 
mention various systems of special polynomials (which will be 
discussed at the end of this appendix) and also the systems of cigen- 
functions used in studying the problems of vibration of a cirewlar or 
a ring-shaped membrane, the systems of eigenfunctions for a sphere 
and for a spherical layer etc. (see [17)). 

Systeins of functions orthogonal with weight function (and. in 
particular, with weight function p (2) — 1) are especially convenient 
for expanding functions into series because the corresponding cocf- 
Acients of such expansions are easily found. 

An orthogonal (with weight function) system of functions can be 
constructed by applying the so-called orthogonalization process 
to a given system of linearly independent functions. 

We sav that functions*® :, (z), Go (xz), .. ., y n (x) are Vineartly 
dependent on fa. bl if there are constants Cy. Co, ..., Cp, not all 
zero, such that the linear combination of the functions 4; (Z), G2 {Z),-. - 
~ 2: Gy (2) with the coefficients C,, Cu, ..., Cy, is identically equal 
to zero on fa, b| except posstbly at the peints of discontinuity of the 


* We remind the reader that all the functions under consideration are 
supposed to be continuous everywhere on [a, 5] except possibly at a finite 
number of points. 


35—U82Z4 
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functions * (2), 2 (z), .. > thn (x): 
Cig, (2) -- Catto ad ~ + Cg, (zr) = UV (10) 


[ft identity (AQ) re ine the alee seitse) implies that all the 
coefficients Cy, Ca... .. Cy, of this linear combination are equal to zero 
the functions 4, (rz), qo (x), --.. Gn (2) are said to be linearly 
biadependent ov fa, 

If a system of functions 4, (x). Go (xz), .-., , (2) is orthogonal 
ute the interval la, b| with weight function p (x) the functions of this 
system are linearly tndependent ou la. bo]. Indeed, suppose that 

Cigy (x) + Coy, (z) +... 4 Cag, (2) =O on [a,b] (ib) 


everywhere except possibly at a hinite number of points. Multiplying 
equality. (41) by p (zt) q,, (z), m -- 1, 2, ...-, integrating with 
respect to z from @ to 6 and taking into account that the functions 
Gy (x), 2. Gy (z) are orthogonal on fa, b) with weight function 
Pp (xz). we obtain 

r 


Cu \ pP(z) Gin (z)dz=:0, m=1, 2,... (12) 
a 
The integral in (12) being different from zero. we sce that C,, = V, 
m= 1, 2, ... . Thus we conclude that C,; = C,=...=C, = 0. 
If we are given a system of linearly independent functions y, (2), 
We (zZ), - .., wy, (2) we can easily construct an orthogonal system 
(with an arbitrary weight function p (z)) qy (x). Go (Z), . - ., Gy (2) 
such that 
Ms Cr) => py (7) 
(£2 (2) — We (2) -| Aor Py (2) 
(3 (4) = Wy (2) -7- desi "hs (4) i fvg2\{2 (<) (15) 
Pa (x) = Pr (2) Any ie (x) : - Ano? (x) = i _-F Lines Me nt (2) | 


Before proceeding to prove this assertion we note that relations = ” 
saa al they are valid) imply that every function q, (2), 
(een . nis a linear combination of the functions y, (2). 
=" (cz) in which _ coefficient in ap, (z) is equal to unity aid, 
consequently, Gn (Z), = 41, 2, ..., , may vaoish only at the 
points of ee “i the functions wp, (z), ..., Fy, (z). En fact. 
if otherwise, the functions yy (xz), .. .. Wp, (tv) would he linearly 
dependent on fa. 6). which contradicts the hypothesis. ‘Thus, every 


function ¢, (vj) k& = 1. 2.0... mn. is dilferent from zere at. each 


of its points of continuity, and hence 
hy 


\ p(x) (r)da a>, k=l, 2. ...,0 (14) 
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It should also be noted that it follows from relations (13) that 
every function ¢, (z), A = 1. 2, ..-.. mn. is a linear combination 
of the functions q, (2), @e (z). --., (a (2) with the coefficient 
in @, (z) equal to unity. 

To justify formulas (13) (i.e. to prove the possibility of conustruc- 
ting the desired system {q@, (z)} orthogonal on fa, 6] with weight 
function p (z)) we must show that the numbers 4;; entering into (13) 
eanin faet be found. This can easilv be shown by induction. \loreo- 
ver, it urns out that formulas (13) uniquely specify the quantities 2;;. 
Indeed. multipIving both sides of the second equality (13) hy 
p (x) q, (x) and integrating with respect to x from a to 5 we derive 


4, 


L 
\ P(<) 41 (2) G2 (x) dz = \ p (ZL) py (2) Po (z) dz — 


+ har \ p(x) ¢i(z) da =0 


Consequently. by the hypothesis that the functions gy; (z), i = 
= 1, 2. ..., 2, are orthogonal on fa, >] with weight function p (2), 
we obtain 

b 

VY p(x) Gi (*) G2 (2) dz 


a al 


2, = — Db 
Um (ey abla) ar 
a 


and thus the coetlieient Aa; has been determined (and is uniquely 
specihed by (13)). Now suppose that the coefficients A;;, i = 
in | ae hy 1, pod, 2, ..., @é—1, have already beer 
computed ‘tiv that the funelions qy (vj)... 2. yy ly (2) thus obtained 
are pairwise orthogonal on [a, 6] with weight function p (z). Then the 
conditions of orthogonality 


\ P(e) dn (2) 4 5 (2) dx -\ p(2r) ttn (x) Gj (2) dz — 


ft 


k—{ f 
| Ste} p34: (2) 4 j (2) da 
ee a 
= fj (06°) |". (+) 3 (1) dr hy. j [f? (2) ro (xr) dx — 0), 


pad, 2.02, bed 
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vield 
h 
\ p (x) yp (x) 3 (z) de 


Lett — -— —_ ’ 

\ p (2) Gj (2) dx 

a 
This determines the function qy, (z) = yy, (z) — Agi @) = 
5 te ES Anh 1p - + (2), and the system of functions ry (x), 

-» Px (2) is orthogonal on la, b] with weight function p (zr). Thus, 
the assertion has Deen proved. 

The above process of constructing an orthogonal system q, (x), . 

-» Pp, (x) from a given system y, (z), . ~~, hn (x) of linearly inde- 
pendent functions performed according to formulas (413) is referred 
to as the orthogonalization process. [n just the same way this process 
can be applied to infinite systems of functions. 

Let us consider the syslein of functions 


Wis. yg. ee i ye A ee (10) 


consisting of integral nonnegative powers of the argument z. .\s is 
known, these functions are linearly independent. Applying to (1o) 
the orthogonalization process for the interval | 1. 1) with the 
weight function p (z) = 1 we obtain a system of polynomials which 
are orthogonal on {[—1, 1). We do not write down the formulas for 
these polynomials because they differ only in constant factors from 
Legendre's — determined by the formulas 


dit ~ a ; : 
’n (2) = aay qa e2- WY et, 2,22 Pole) 1 (16) 


Relations HG) 2 are known as Rodrigues’* formulas. 
: ; 1 
Taking the weight function p (r) = Vio and applying the 
» i 
orthogoualization process to the same system of powers (15) on the 


interval [—1, 1] we arrive at the system of Chebyshev’s polynomials 
of the first kind. If we take the weight function p (2) = |°1 — 2 
we obtain Chebyshev's polynomials of the second kind. 

Considering system (15) on the semi-infinite interval [0, +00) 
and performing the orthogonalization process with the weight 
function p (x) = e~* we obtain the system of the so-called Chebyshev- 
Laguerre** Siler agecniaste If we take the weight function p (a) = 
= ce", § $ >> — 1, the orthogonalization process (on the same inter- 
val [Q, + 9o0)) results in the eeneralized Chebvsheyv-Lagucrre poly- 
shomuals. 


* Rodrigues, Olinde (1794-1851), a French mathematician. 
** Tacuerre., Edmond Nicolas (1834-1886), ua Vrench mathematician. 
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Finally, taking, for the same system (15), the interval —o < 
<“a<i +oo and the weight function p (7) = e-** we obtain the 
system of the Chebyshev-lermite* polynomials. 

There are convenient general formulas (similar to Kodrigues’ 
formulas (16)) for all special polynomials. 

The systems of orthogonal polynomials enumerated above are 
widely applied to various problemns of mathematical plhivsies 


(e.g. see [17]). 
APPENDIX 3 TO CHAPTER 11 
FUNCTIONAL SPACE AND GEOMETRIC ANALOGY 


The set of functions © [a, 6b] defined in § 6 can be regarded as 
a functional space whose elements are functions. Two functions 
¢ (z) and y: (z) belonging to @ la, b] are considered as representing 
the same element (‘vector’) of this space if they differ at no mort 
than a finite number of points of the interval fa, b]. In what follows 
we shall denote the clements of the space Q la, 6) corresponding 
to the functions q (2). y (xz), n (z), ... by g, Y, W, . . . omitting 
the argument 2. 

The sum q -- y of two elements ¢ and y and the product aq o 
an clement q by a number 2% are defined as the elements represenlet 
by the sum q@ (zx) -- > (z) and by the product Ag (z). Then the space 
(a, b) with the operations of addition and multiplication by a num 
ber is analogous to the Iuclidean space of all three-dimensiona 
vectors with ordinary operations of addition of vectors and multi 
plication of vectors by scalars. The zero element 0 of the spac 
(J |a, b| is represented by any function which is identically equa 
to zero on the interval [a, 6] except possibly at a finite number o 
points. 

We now define the scalar product of two elements ¢ and > belongin: 
to GVla, bl by putting 

b 


(0) = | @ (2) ¥ (2) dz ({ 
a 

One can easily verify that the scalar product thus defined satisfie 
the ordinary conditions for the sealar product of geometric vectors 
namely: 

1) (pH) = Oh, 4), 

(2) (Ag, yb) = A (yg, Y) Where 2 is an arbitrary real number. 

(3) (qa. oi Fe) = (ep. Yr) -- (G5 Fo), . 

(4) (gq. q) SO, and (yo q) = O if and only if q = O. When pre 


* Hermite. Charkes (§822-1901). a French mathematician. 
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ving Theorem 41.6 in § 6, Sec. 3. we established the validity of 
condition (4), and conditions (1)-(3) are evident. 

Thus. we see that the space Y la. 6) with the scalar product delined 
by equality (1) is closely analogous to the Euclidean space of all 
three-dimensional vectors whose scalar product is dehned in the 
ordinary way. 

The “vectors” and of @ (a. bl] are said to be orthogonal if their 
scalar product is equal to zero, that. is 


(4.0) = | (2) 4 (z) de = (2) 


\ 


The norm or “length” of a vector ¢ € @ la, b] can now be defined 
by the equality 


ly ll =VW(q, 4) (3) 


If [| ¢ I] 60 we can put p(z) = ey, 


and thus obtain. according 
to Detinition 3, the relation 


Bet i NON ee ayes 
Iwit= (To. at) qaqa a=! (4) 


which iseans that y is a “unit” vector. The cosine of the 
angle between f (z) and _ is defined by the relation 


(7, 8) = 
cos (f, ~ —— >) 
i - aHath 
The justification of this definition lies in the fact that. according 
lo the Cauchy-Bunyakovsky inequality (see § 6, Sec. 2 of Chapter 8), 


we always have 
(Ag lus itiie ll (6) 


and hence relation (5) actually determines a unique angle in the 
interval {[0, xl. 
The projection of f on g (where g = 0) is defined as the sealar 
quantity 
(f. a) Zs 
If ileos th g x) = ea (V) 
Now let us define the notion of convergence for the space ¢ la. bl. 
We say that ¢, converges - q. 1.0. G, > gq lor n —» —oo. il 


rn —4 (] yn (—G(a)Pdz) 70 (3) 


for n-->+ —oo, Hence. a relation lim oq, = q means that the 


N+ wo 


furrctional sequence {q,, (2)} comverges in the mean to q (x) on lea. DI. 
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similarly, the relation 
LS a ee SiS ()) 


is understood in the sense that 


j_¥' fi == ({ [r(2) 3 fn (2) ) dx)” + 0 (10) 
h= | a how} 


=x 


a e . Y ® ry 
for n— --oc, that ts the series ‘' f, (x) is convergent in the mean 
TI 


lu f (ay on la, bj. 

We now proceed to establish the analogy between the resolution 
of a vector x of the three-dimensional Feuclidean space with respect 
to an orthogonal basis e;, @2, ¢3 and the expansion of a function 
f(z) € Ola, | into a Fourier series with respect to a complete 
orthogonal system 


Py (r), ae (x), > 2 +1 Yn (x), seer Qh (x) = V la. bl, 
he ao Il, 7 2 6 (11) 
For every vector x belonging to the three-dimensional Euclidean 
Space there exists a unique resolution of the form 
X = ZC) fF Lats -!- Lay (12) 
with respect to any fixed orthogoual basis c¢,. ¢2. ¢3. The coefhi- 
cients of this resolution can be easily found if we use the notion 


Of scalar prodnuet. Tndeed. multiplying sealarls equality (§2) by e,. 
P—- 1. 2. 3. we obtain 


(Xs, Oe) Te (a) ey as Se Se oe (13) 


since the basis e;, e,;, @; is Supposed to he orthogonal.* From (13) 
we derive 


epee. ti, 2,2 (14) 
ee ¢ 
The quantities 
(x, @x) 
Xn [PCr (| = ——, kk -l. 2, 3 MD 
} | Ir {| T ep | L} : : » ( ) 


(where the symbol || |[ designates the length of a vector) are the pro- 
jections of the veelor x on the axes whose directions are specified 
by the veelors e,. & — 1, 2. 3. 

Taking the scalar squares of beth sides of equality (12) we arrive 
at the relation 


Px HP ory they iP 4 x} Wee IP ~~ 4 ile IP (16) 


* Th Uhe veneral case the arthagenal vectors e,. es and e, are of arbitrary 
leneths. , 
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which expresses the Pythagoras* theorem for the three-dimensional 
case: the square of the length of a vector is equal to the sum of the 
Syuares of its projections on any three mutually orthogonal axes. 

For the space Q [a, b] we have a completely analogous situation: 
every “vector” fcan be uniquely expanded with respect to the “vectors” 
of a complete orthogonal system {g;}, i.c. represented in the form 


P= C141 — Coffe — ~~ - Seen... (17) 


(see § 6, Sec. 1 of Chapter 11} where the coefficients c, of 
expansion (17) are determined by the formulas 


—~ Oh Ge pay on 8 1s 
Tor [ll ’ yp mp7 Vy eee ( ) 
Thus, every “vector” f belonging to @ Ja, b) is uniquely specihied 
by the infinite sequence of its “coordinates” {e,} in every “orthogonal 
basis” {@,}. 
The system {@,} being complete. we have Parseval's relation 


IAP = cf eg WP ef ae WR ee i ee Ida IP ~~ AY) 


(see § 6, Sec. 2) which can be interpreted as Pythagoras’ Uheorem 
for the functional space © [a, 6]. 

If we take not all the base vectors ¢;. i = 1, 2. 3, but only some 
of them. for instance, e, and es, equality (16) is replaced by the 
inequality 


Ck 


Hex (PP 2 ziler HP - a, [lee IP (20) 


Similarly. if an orthogonal systein {¢, } of the space Q la, b] is not 
complete, Parseval’s relation (19) is replaced by Bessel’s inequality 


Uf PS ef egy WP a cE Iepe IP- ee Hea Ign IP ee 2D) 


These geometric ideas and analogues are used in the theory of the 
so-called Hilbert** spaces which is widely applied to various problems 
of quantum mechanies and mathematical physics. 


APPENDIX 4 TO CHAPTER 11 
SOME APPLICATIONS OF FOURIER TRANSFORMS 


We now discuss some applications of Fourier’s transformation. 
Many physical devices can be interpreted as the so-catled input- 
Output systems. An input signal described by fuuctions f, (4), fo (@), .-. 
is applied to the input of such a systern which results in the appearan- 


* Pythagoras. a Greek philosopher and mathematician of the 6th century 


** Hilbert, David (1862 1943), a famous German mathematician. 
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ce of an output signal described by another system of function: 
x; (ft), co (ft), ... . Thus, such a device can be regarded as a conver: 
tor which transforms input fonctions into output functions. For 
instance, various amplibers can be regarded as such systems trans. 
forming the voltage f (¢) of an alternating electric current applied 
(0 the input terminals into an alternating voltage appearing at 
the output terminals. 

An input-oulput system is called linear if the following two 
couditions are fulfilled: 

(1) if f(t) is transformed into z (f) then ¢ f(¢) (where ¢ is anarbitra- 
ry constant) is transformed into c¢ z(f). 

(2) if f,(@) and f. (@f) are transformed, respectively. into 2,(/) 
and 2z,(f) then f,; () — f(t) is transformed into z, (4) — re (4). 

If conditions (1) and (2) are satisfied we say that the principle 
of superposition holds for the system in question. 

We shall also suppose that every steady-state process of harmonic 
Vibration with frequency o ix transformed into another steady-state 
vibrational precess with the same frequency. This means that we 
impose one more condition: 

(3) every function of the form e@ goes into a function of the 
forin -A(w)ei, 

In the general case the factor of proportionality .1(@) is depen- 
dent on the frequency w, which means that an input-output system 
may transform harmonic oscillations with different frequencies in 
a clifferent way. The function A = A(w) is called the spectral 
characteristic of the system. In the general case this funetion mav 
assume complex values: 


A (oo) = BR (w) 4: where # (w) = | Alem)! and 
¢(w) = arg A(w) 


Consequenthy, harmonic oscillations deseribed by a function e! 
are transformed into harmonic oscillations of the forin) Ag) eo! = 
= J (m) eottrey), 

The modulus & (wm) = | A (wm) |] of the spectral characteristic 
is known as the frequency characteristic of the system. The 
amplitude of the output harmonic signal is A(w) times that of the 
input harmenic signal with the given frequency @w. The argument 
q (wm) arg -I(w) of the spectral characteristic Ai(w) is called the 
phase charactertstte of the input-output system. Tt determines 
the phase displacement of a harmonic signal of a given frequency 
@m When it is) transformed by tlhe svstern. 

IY othe spectral characteristic of a dinear input output system 
Is known we can solve the following two problems: 

f. Given an input function f/ (4). it is required to determine the 
corresponding ontpot fimetion a Cf, 
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2. It is necessary to find the input function f (¢) from a given 
output function z{/). 

The second problem is reverse with respect to the first. We shall 
begin with the first problem. Let an input signal described by 
a function f (¢) be applied to the input of the system. The Fourier 
transform of the function f(t) is determined by the relation 


fw) | f(nyertetdr (1) 


and the function f(t), the inverse transform, Is represented by 
Fourier'’s inversion formula: 


a 
Tw 


i= | F(e) ett do (2) 


— 2 


The integral on the right-hand side of equality (2) can be regarded 
as a sum of infinitely many infinitesimal harmonic osciHations of the 
form 


ee f (w) e* dw (3) 
oa 


But every function of the form e'@ is transformed into the function 


A(w)e®! and. consequently, according to property 1 of the system 
1 


Vin 


the harmonic signal ( I (ow) dw) got goes into the harmonic 


signal 

i- ; l 
——_—_—___ @ G) iwi —_— 
(7g Fw) do) A (0) elet — 5 
Property (2) of the system implies that the sum of harmonic vibra- 
tions of form (3) is transformed into the sum of functions (4) and 
hence the function f (é) determined by relation (2) is transformed 
into the function 


A (w) f (w) et dw (4) 


e()= ae | Alo) Flo) eto do (5) 


Formula (9) gives the solution of Problem 1. 
Relation (5) indicates that the Fourier transform z (w) of the 
function 2 (f) is expressed as 


x (mw) = A (o) f (wo) (t3) 


Thus, to find the Fourier transform z (o) of the vutput function z (¢) 


we must multiply the Fourier transform f (o) of the input fiune- 
tien FON by the spectral characteristic of the input-output system. 
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To solve the reverse Problem 2 we tind the function 


= x (@) - 

} (wv) = A (a) (1) 
from relation (6) and then apply the Fourier inverse transformation 
to equality (7), which results in 


_ tt FP F@ iwtd @ 
f(j= Vai \ Alm) eold ay (8) 


elation (8) expresses the solution of Problem 2. [t enables us to 
reconstruct the input function f (¢) corresponding to the output 
function x2(f). To this end, we first apply the Fourier transformation 


and determine the Fourier transform z (wm) of the function z (?) 
and then use formula (8). 

Such problems are encountered in radiophysics, radio engineering, 
in the theory of control systems and the like. 

Fourier’s transformation is also widely applied to solving various 
boundary value problems of mathematical physics. The matter is, 
that the Fourier transform of a sought-for function may satisfy 
an equation which is much simpler than the original equation for 
the unknown function. Therefore the boundary value problems 
of mathematical physics are solved by means of the Fourier trans- 
formation according to the following scheme: we first apply the 
Fourier transformation to the equation which is satished by the 
sought-for function and thus obtain an equation for the Fourier 
transform: of the aaknown function, then we tind the Fourier trans- 
form of the sought-for function from the equation thus obtained 
and finally determine the solntion of the original problem by means 
of the Fourier inverse transformation (see [17]). 

Let us consider an example. Suppose that it is required to find 
the distribution of temperature in an infinite rod at an arbitrary 
imoment of time #>>O from a given temperature distribution at 
the moment ¢ = 0. Let the z-axis be directed along the rod. Then 
the temperature uw ata point z of the rod at moment ¢ is described by 
a function uw =—u(z, t),—wodtar<cy+ co, OC t< +o, of two 
variables. Asis known (e.g. see (17]), the temperature u (z, ¢) satisfies 
the heat conductivity equation 


-_— Oo 


O a 0 
=a, —-ocr<-co, t>0 (¥) 


The initial temperature distribution heing known, we can write 
u(r, O) = f(r) -oomtr< + (10) 


where f(z) is a eiven funelion. Thus, to determine the distribution 
of temperalure in the unbounded rad at an arbilracy time mament f 
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we must find the solution of equation (9) which assumes the initial 
values (10) at the moment ¢ = O. 

Let us solve this problem by applying the Fourier transformation 
lo the function u (z, ¢) regarded as a function of the argument z 
for every fixed value of ¢. Designating the Fourier transform of the 
function wu (z, t) by u (A, tf) we can write 
-+0o 
\ u(x, t)e-Y* dz (11) 


— co 


me | 
td (A, t) 7a, 


Let us multiply both sides of equation (9) by = e~?* and integra- 


? 


aol. 
te the resulting relation with respect to z from —oo to --co under 
the assumption that the function w and its derivatives tend to zero 
sufficiently fast as z—» +-0o0o. Then. integrating by parts, we obtain 
1 ro. 
Ou dv f ee 
—— \ —e-'“dr=: — —= \ u(x, the-V* dz = 
9 \ at J } : 
Yin J ° 2n r 


— —- Oo 
_ du (2, t) a { 02u 
dt Yan J en? 


edz = 


x=— 
+00 a 


x= — 40 


X==-{-90 


ewinx 


2 ; —iAx 
+ a* —— ihue 


Ase — 


— 02,2 { weit dx = —atr2 (2. 1) 
A) Se 


since the expression e~** is bounded* and (by the above hypothesis) 
the function u and its derivative - tend to zero when z+ ©Oo. 
Consequently, the Fourier transform of the sought-for function 
satishes the equation 


du i gt? =0 (12) 
dt 


which is considerably simpler than equation (9). From equality (11) 
we find, by putting ¢ = O, the initial condition for wu (2, ft): 


u(A, "== { td (x, 1)) eda me Fae \ f(x) e-%* dx =i (7) (13) 


* In fact. we have [e7#*|=:|costr--isinda |= Ycost*axt sin? dc). 
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Let us solve equation (12) with initial condition (13). From (12 
we find 
LAr yO | 


[é 

and, consequently, we have 

Inu = —a@?A%r + In C 
and 7 

uA. tf) = Ce-9%! 
where C is independent of ¢and may only depend on 2%. The quantity ¢ 
can be determined by means of initial condition (13): 

u(A,O)=C = 7 (a) 


Substituting the value of C thus found into the foregoing equalit: 
we obtain the following expression for the Fourier transform of th: 
unknown function: 


u (A, 0) = F (A) en o2P8 (14 
To determine wz (z, t), we apply the Fourier inverse’ transfor 
mation to equality (14) in which we substitute the expressio: 
Tx 
1 


Wz { f(E)e-%3d& for f(A). This results in 
Uw oe 


-{- 30 
1 i oN ais 
a id (A, t) chs di, = 
Lae 


— 0 


u(z, t)= 


-+ 39 


xf f(E)dz | enotttein—9 dh = 


as 
== | f(§) d& \ e-%* cos 2 (x—§) dE = 
— 00 0 


_ (x6)? 
aie “hatte gt 
2a eae ij / (E) e $ 


because we have (see Chapter 10, § 2, Sec. 5) 


--00 —— R2 

— _ Bt 
{ e-9% cos Bids = sV te * 
0 


Thus, the solution of equation (!)) with initial conditions (10) i: 
expressed by the formula 
aes (e-8)2 


mya |e a 


u (zx, {j= 
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Fourier’s sine and cosine transforms are similarly applied to solving 
various boundary value problems for the semi-infinite interval 
O<2r< +oco (e.g. see [17]). 

The application of Fourier’s multiple integrals and the corres- 
ponding Fourier transforms makes it possible to solve some boundary 
value problems for unbounded regions in the plane and in space. 
for instance. such as the whole plane. half-plane. a quadrant. the 
entire three-dimensional space, half-space etc. 


APPENDIX 3 TO CHAPTER II 


EXPANDING DELTA FUNCTION IN FOURIER SERIES 
AND FOURIER INTEGRAL 


Let us take the delta function 6 (zp, z) and compute (formally) 
its Fourier coefficients by using the ordinary forinulas. This vields. 
for z, € (—l, 1), the expressions 


d 
1 fy k: = i ke . e 


I 
! i Le @ I Gn l « At: 
On =~ J 8 (to, ‘)sin—2 dt =—sin—— 2. hl, 


Consequently, a Fourier’s series of the delta function 6 (xp), x) 
is of the form 


1 , I 7 — Alay AU AULy 2 ALN 
O(a), 2) ~ a +> > (cos ; cos~-7— + si n—— sin )= 
k= } 
= + 15 cus (x — 2p) (1) 
k= | 
or, in the complex form, 
| cag th 7 tx- Nn) 
ie 9 
kKi— 3 


Let us consider the sequence of partial sums of this series: 


= | 1 , | Kitty AAS . Atay. Ante 2 
a-— I 


Ol 
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The complex form of this sequence is 
Ly hE (xa) 
TR — CLK NG 
81 (xg, Z) = TP pS e ! a — ee (4) 


If f (x) is an arbitrary piecewise smooth function on an interval 
(—2,l) we obviously have 


i 
lim | f(x) 8 (2, t)dz=f (a), ™mE(—4 4) (3) 
-! 


N—+— 90 


provided that the function f (z) has been redelined at every point 

eT Satie : ay f (2*—0)--f (2*+0) 
of discontinuity z* according to the relation / (z ————=5- 
We can therefore say (see the nole after relations (7), (8) and (9) 
in Appendix 2 to Chapter S and footnote on page 381) that the 
Sequence (6, (x9, z)} is weakly convergent to the delta function & (Zo. 2) 
(relative to the class of piecewise smooth functions on (—/. /)) or, 
in other words, series (1) is weakly convergent to 6 (x9. x). This fact 
can be expressed nih by the relation 


6 (2%, 2) ==> +43 (cos “47? cos + sin 2 sin “= ) (6) 


Multiplying both sides of equality (6) by an arbitrary piecewise 

sinooth function f(z) and performing term-by-term integration 

with respect to x from —/ to Jf we arrive at the equality 
Hiad=a+ 2 (a, cos ———© + fy, sin 0 (7) 


where the coefficients a,, . are determined by the ordinary formu- 
las for Fourier’s coefficients of the trigonometric series of the picce- 
wise smooth function f (z) on the interval (—i, 2). The validity 
of equality (7) was proved in § 2, Sec. 4 of Chapter 11. 

Equality (6) understood in the sense of weak convergence is 
called the expansion of the delta function 6 (x, x) in the Fourier 
series with respect to the trigonometric system. 

Similarly, the delta function 6 (zg, x) can be written in the form 
of Fourier’s integral. .\pplying (formally) the Fourier integral 
formula (see § 9) to S (po, x) we obtain 


ote mo 


5 (Xy) 2) = — \ d?. : 5(z,, =) cos7.(§—z) dé 
0 
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Which results in 
+> 


(2, r) =~ \ COS A (ay ~ wv) d?- (8) 
0 


This relation is called the representation of the delta function & (x9, 2) 
as a Fourier inlegral. lt should also be understood in the sense 
of weak convergence. Multiplying both sides of (8) by an arbitrary 
flunetion 7 (2) (absolutely integrable over the z-axis from —oo to 
+~oo and piecewise smooth on every tinite iaterval) and reversing 
the order of integration with respect to 2 and «~ on the right-hand 
side wei arrive at the relation 


F(x) == | da \ 1) cosh (m—) a5 (3) 
LY] = 99 


which was proved, for a function f (z) of this tvpe. in § 9, Sec. 2 


of Chapter 11. 

Thus. when expanding the delta Function 6 (zg. 2) in) Fourier 
series (6) or representing it as Fourier integral (8) we can operate 
on 6 (Z%. 2) as if it) Were an ordinary piecewise smooth function 
(absolutely integrable from —co to -!-oo in the case of Fourier’s 
integral). We can also say that expansions (6) and (8) (understood 
in the sense of weak convergence) can be dealt with, to some extent, 
as ordinary equalities. 

For greater detail on the delta function we refer the reader to (71, 


[9] woud [17]. 


APVENDIX 6 TO CHAPTER Lt 


UNIFORM APPRONAIMATION OF FUNCTIONS 
WITH POLYNOMIALS 


llere we present another proof of Weierstrass’ polynomial appro- 
ximalion theorem (sec § 5 of Chapter 11) on approximating a cou- 
Linuous function with algebraic polynomials which can easily be 
extended to functions of several independent variables. In the case 
of a function / (x) possessing the coulinuous derivatives /(z), s = 
—= 1. ..., WV, this proof makes it pessible lo construct an algebraic 
polynomial approximating uniformly the function f tn such a way 
that the derivatives of this polynomial up to the order V inclusive 
uniformly approximate the corresponding derivatives of the fune- 
tion f. 


Thearem t (Weiterstrass’? Polynomtal Approxrimation 
Theorem for Functions of One Endependent Variable), 
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Any function { (£2) continuous on a bounded closed interval asi z<b 
can be uniformly approximated with an algebraic polynomial to an 
arbitrary degree of accuracy. 


Proof. We shall suppose, wilthuvut loss of generality, that the 
interval [a, db] is such that O<ma<ib<l (if otherwise, we can 
perform the corresponding change of the independent variable z). 
Juet us take arbitrary numbers ¢ and B such that U<camaxcbe 
< fi <c 1. Now, considering these @ and pf to be fixed, let us continuo- 
usly extend the tunction f (7) to the whole interval O c2x< J 
im Such a way that f(z) is identically equal to zero (f (x) = U) for 
Ox<axiaand Peal. 

We shall prove that the expression 


6 
\ f(a) [1 —(u—z)P Jr du 
Py (x) = —— 5 
\ (l—u2)" du 
=4 


(which is an algebraic polyuomial in 2x of degree 2n) uniformly 
approximates, for a sufliciently large m, the function / (z) ou the 
interval [a, bl to an arbitrary accuracy. To this end we note that 
! i | 
7 , a 7°} 7? - [| 
Jn= {| (1—v¥)" dv> J (1 —vy ec ce a 
U 


Pe “om l v=0 2 = | 
W 


and 
1 
J* = (1 -—v*)" du < (1 —6*)” 
6 


for any 6, OU<déd< 1. Consequently, we have 


* 
O< ct a —§*)"(2-; 1)-+O for n—» } oo (2) 
a 
provided that 6 = cunst, 0 < 6<< 1. Performing the change o! 
variable u — x = v we can rewrite expression (1) in the form 
R—-x 
\ /(e-> 1) (1 —*)" do 
P(x) = — —__—_—— —_ — (3 


Y (bce de 
-1 


Let us now estimate the difference 
B-—x i 
(pte ery d—emae— 7 fad -2 dv 


Pal) i (e)= = eo ———— + 


—_s 


3$7—O826 
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on theintervala q2z<b. Given & >, we can choose 6, 0 << 6 < I, 
such that the inequality 


\i(ztv)—f(z)|<> for asx-sb and Jul<d (3) 


is fultilled and the relation 0 < 27 v<c1 holds for @XQrgb 
and [uv | <6. The numerator of fraction (4) can be represented as 


-é fi-x 
f(v-- x) (1 —2*)" de -- f(us x)(L—v*)" do 
5 


d —6 
+) Uleqv)—s (ay (l—vy"de-- | f(y) ey" do-- 
"6 —1 
l 
ns \ j (x) (1 — v2)" du (G) 
re) 
Furthermore, by (2) we have 
'y) 
) | Uf (e-- a) —F (2 1 — 4) "de |S 2 SS (7) 
—> 


Now pullin Jf inax pf(a)p we obtain the estiniations 
2x oh 


—4 
| ) f(v 2) (1—v*)"do| <MJ% 
Q-x 


and (5) 


fi—x 
j(v+ x) (1—v)" dv] = Ws* 
; 


since we have —1 co a2—-xr2cVandU<cp—-raolfereaarsel 
and the imequalities 


$ t 
| f(a) (1-0) ay) suse and [Vf (ay(i—eytde] We) 
2, : 


Therefore the oumerator of fraction (4) does not exceed the quantity 


Sdn i AMS; (1) 
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in its modulus. Hence, for (4) we can write the inequality 
2-5, 4M 


2 EB Ni 
| Pu (x) —f (2) |< —ayp re 5 (11) 


for all x € [a, BJ. But, by (2), the second summand on the right-hand 
Side of inequality (11) is less than — for all sufficiently large fr. 


Consequently, for all sufficiently large 2 we have 
|P, (xz) —f(z)|<ce for all zx Ela. 8] (12) 


and henee the theorem has been preved. 
For functions of several variables we can similarly prove 


Theorem 2 (Wetcrstrass®’ Polynomial Approctnation 
Theorem for fuanuctious of Several trudependent Vartab- 
les). Suppose a function f(2,, La... .. Z,,) is continuous in an m-dimen- 
sional parallelepiped ||: a,;<7;<b,, i—1,2,...,m, where Oa, 0,<1. . 
Let us continuously extend f to the entire m-dimensional unit cube F,, 
Osx, 1,i'i=—1, ..-, am, in such a way that f is identically 
equal fo zero outside t 1 wider m-dimensional leans te la CL Sp 2 
<2; SB; where Oca,<cacb<b, =< te Ge Ve Be owe we, DIES 
Then the algebraic polynomial of degree nm in the variables 1, Z2, .- - 


ee, Im expressed by the formula 


i eae (xy, 12, we oy Xm) —_= 


Ts 
\ cece \ fe (ty, ees Um) (1 — Cry - rr pe... [b= (py —atm)e)" duy... dtty, 
a1 'y 4 
(1) 
[ \ (lu?) rdej™ 
~1 
uriformiy approxiniates the function f (ay... .) 2m) fo an arbitrarily 
chosen accuracy in the domain JI for sufficiently large n. 
Note J. Jf the function f (7) Gf (2, -- -; Zm)) possesses con- 
tinuous derivatives up to an order NV inelusive the derivatives of 
P(r) (Py (@1, .-.-, Zm)) up to the order N inclusive uniformly 


approximate the corresponding derivatives of f (xz) (f (z,, . . ., Zm)) 
on the interval (a, 6] (in the parallelepiped Hl) to an arbitrary degree 
of accuracy for all sufficiently large rn. 

We shall Hlustrate the proof of Unis assertion by taking the simple 
ease of a function f (z) which is continuous onan interval a < « < 6, 
Um ac b< 1. and has the continuous derivative fr (x) on fa, 6}. 
Let us extend f (x) to the whole titerval O s we 7 to in such a way 
that f(a) and f(z) are continuous on this interval and identically 
eqaal to zero outside an interval @ < 7 << ff where Octneaact 
“ben hb <1. Differentiating polynomial (1) with respect to 7 and 


jit 
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Integrating by parts we oltain 


; 
: \ f (uy [L—(ua—ax)P]"2 du \ fw x*| "du 
m a 


oS 4 2S n 


k p 
wm f (wz) — [1 —(u— 4)=}h de \ f’ (uy [L- -(u—z)7]" du 
a a 


\ f (et 7) (1 02) de 


_ a-2a 


pane i 
\ (1 — ev?) dy 


Now the difference 
1 
t f’ (z+) (1 —v?) do— § f’ (x) (L—e2)" do 


Pr (x)—f (x) = 2S n 


can be estimated as was done for difference (4) in Theorem 1, 
and this completes the proof of our assertion. 


Note 2. The theorem helow is a direct consequence of Theorem 2. 


Theorem 3 (Weterstrass’ Trtigononectrte Approctma- 
tion Theorem). If f(z) is a continuous function on an interval 

L<a il which assumes equal values at its end points, i.e. f (—l) = 
=f (l), it can be uniformly approximated on this interval, to an arbi- 
trary accuracy, by a — polynomial of the form 


<}- -+ 3 (a, cos 


k= | 


+ by Sin =) (14) 


Proof. Let us put - = @. Then the function F (0) = i(—) a 


nt 
= f{ (x) is continuous in the interval --n <2 0 <a, and F (—n) = 
= F (xn). Let us introduce, on the plane with Gartesian coordinates 
E, y, the polar coordinates 9, po: & = gcos 0, y == p sin @. Now 
consider the function m (&, y) = OF (0). ‘This function is continuous 
throughout the & y-plane and coincides with / (Q) for p = 1, that 
is p (E, n) = F (8) on the circumference of the circle &? 4 2 sv f. 
By Theorem 2, the function q@ (&, 1) can be uniformly approximated 
inthesquare —1 Et. —1 Hy i by an algebraic polynomial 

(E, yn) to an arbitrary accuracy. Hence, putting p = 1 we arrive 
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at the trigonometric polynomial ?, (cos 0, sin 0) which approxima. 
tes the function f (2) with the same accuracy on the interval —a < 


= 


i 
< O0<n. Next we return to the argument x = = and obtain the 


: : : na © 5 : ITZ: 5 . 
trigonometric polynomial /, (cos =, sin ) which uniformly 


approximates the funclion 7 (z) on the interval —2 <2 27 <7 witk 


the same accuracy. Replacing in the latter polynomial the products 
WZ tr : 

+; and sin — by the corresponding 
linear combinations of sines and cosines of multiple arcs we reduce 


this polynomial to form (14). The theorem has heen proved. 


and the higher powers of cus 


APPENDIX 7 TO CHAPTUR 14 


ON STABLE SUMMATION OF FOURIER SERIES 
WITH PERTURBED COEFFICIENTS 


Suppose that we know the exact values c;, of the Fourier coefficients 
af a square-integrable function f (z) on an interval la, 6} with respect 
to an orthonormal* system {q,p (z)}: 


b 
cn = \ f (2) Ox (2) de, k=1, 2, ... (1) 
a 
If the equality 
+ 
f(xy== % cntpn (2) (2) 


is fulfilled for a value of x belonging to fa, b] we can replace in (2) 
the suin of the series by ils ath partial sum and thus obtain the 
approximate equality 
vi 
f(z) > 
h 


CKD K (x) (3) 


which goes into exact equalily (2) when m— -++00. Thus, increasing 
the number of terms 2 we can obtain equalily (3) which approxi- 
mates exact equality (2) at the point z to an arbitrary accuracy. 
But in practical problems we usually deal with approximate 
values of the Fouvier coefficients, i.e. with the numbers 


Ch = c, + Ac, (4) 


* An orthogonal system {qg{z)} is called orthanermal if the norms of 
all the funetions q; (4). A= tf. 2, .... are equal ta unity. ice. l} , }} 
b 


=| e (nr ty kale 2s cone re 


t 
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Quantities (4) are termed perturbed coefficients and the discrepan- 
cies Ac, are the errors or perturbations. 

If we substitute the approximate values c, for the exact values c, 
of the Fourier coeflicients into approximate equality (3) this will 
result in the approximate equality 


ral 
f(x) = > enefn (2) (-) 
= 
whose accuracy may even be worsened when the number of terms 7 
js too great. If the perturbations Ac, are not subjected to any res- 
trictions this assertion appears quite clear. Usually we impose the 
following restriction on the quantities Ac,: 
-|-90 
Y (Aci)? < & (6) 
k= | 
where 5? is a sufficiently small number. Jf condition (6) is fullilled 
for a given finite value of 6 it follows that there exists a square 
—- 20 


2 a ors F , > ee : 
integrable function /f (z) on la, b] for which the series > Cnn (2X) 


is its Fourier series* and. besides, by Parseval’s relation 


b _ -}- 00 _ +- 90 
(2) —F (2) P da = S) (Cn--cn)? SY (Aen? (7) 
a k=l h=1 


the mean square deviation of f(z) from f (xz) on la, b] is less than 62. 
Bul the validily of condition (0) for an arbitrarily small & does 
not guarantee the convergence of series 


Bes a 
> CrhEK (x) (< ) 
i= 
+ ps 
* Indeed, inequality \) (Aen)? <-- 00, Bessel’s inequality \. che 
ko! =) 


b 
< | f- (x) dz and the evident inequality cf <2 [eX + (Ac,)*], k=, Di aia: 
Q 


-}- 20 


nw 


imply the convergence of the series > c+. But in the theory of functions 


k- :f 
of a real argument (e.g. see the Riesz-Fisher theorem in (tij) it is proved 


“7-09 
that a series of forin ba ez is convergent if and only if there exists a fun- 
h~=1 
-{-o0 
clion f(z) square-integrable on [a, b) for which the series S! cpg, (x) is its 
Foeme 4 


fourier series. 
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with the perturbed coefficients. Therefore. even if condition (6) 
is fultitled, the accuracy of approxiimate equality (3) may even 
be worsened if the number of terms # is too large. 

For example, let us consider the complete orthonormal system 


fz 

Ps (x — =r , 0 aa (2) = Vy = COs lez, k= 1 2. a ee (9) 
on the interval 0 < z <a. Suppose that a function f (z) is arbitra- 
rilv smooth on the interval (O < 2 < al and that its exact Fourier 


SCTIOS 
i] 


Was | a 
x Cn (Er (7) -= = WT - » Ch44 [fe cos hx (10) 
r= } y= 


converges to it arbitrarily fast at the point 2 — O. Now let us put 
oe - ® Pgh = 
Aci —0, Acnys=—- for k=1, 2, ..., a <8, 8 >0 (11) 


Then we have 


‘ 
— 2 


3) (Acnyt= 8 88 (12) 


te | 


which means that condition (f) is fulfilled for the perturbations Ac,,. 
but the series 


9 “7 00 
™ cugin (2) == S! (en 1: Aen) Gn (2) 
ir | h=4 
Is divergent at the point 2=0. Indeed, by the lrypothesis, the 
+-~«w 
series ) cxty, (O) converges to f(O) while the series 
R=} 
ae an tes “TS 
COS AZ 
Y) down (8 SS S| OV SDF 
h=1 ho! h=1 
diverges because il differs Trom the divergent) harmonic series 


' 


i , | 2 
SY — only in the constant factor 6 / 2 (6 =£ OQ). 


k 
k=1 
Hat nevertheless, if the exact Fourier series of a function f (zx) 
converges to f (z) at a point 2 € la, b! the validity of condition (6) 
for an arbitrarily small 6 > UV enables us to make the quantity 
N(d) 


| f(7)— Scag (x) | 


become arbitrarily small if the number of terms A(d) is chosen 
moan appropriate maaner. Thus. this makes it possible ta obtain 
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at the point z, the approximate equality 
NiO) 
f(z) D>: Cn@r (z) (9°) 


— 


Which is as close as desired to the exact one. Moreover, it turns out 
that it is unnecessary to impose any additional restrictions on the 
ilegree of smoothness of the function f (z) and on the speed of con- 
vergence of its exact Fourier series at the point z. Namely, the 
following theorem is_ valid: 


Theorem. Let {py (z)} be an orthonormal system on an interval 
la, b| which satisfies the condition 


le, (ce) | SA = const <Q -|-coo for k =—1, 2, ...; 
axsxrsb (13) 


Suppose that for every &* entering into the right-hand side of equality 
(6) the number N (5) is chosen in such a way that the conditions 


N (6)-» +0co for &—>0 (14,) 
anu 
S°N (6) -— 0 for 6-0 (14.) 
are fulfilled. Then we have 
N(S) 
lim| 7(z)— >» can (2) |—0 (15) 
56-0 kh=1 


fur every « Ela. Ol which satisfies equality (2). 
Proof. By retations (2), (4), (6), (14,;) and (14.2) and the Cauchy- 


Dunyakovsky inequality Tor sums we have 


ta -! oo YD ~ 
LA (2y— SS crn (x){=| S bs CHP (z)— > CaP 
A= j 7 


y 
<| — y _ AcuP (zx) J+] a CRE (x) |< 


N(6) oY + oo 
> (Acr)? & Gh (z)+] S cnipn (2) |< 
k=! V(5)+ 1 


sow 
<AVSN(6)4+!1 >) — crtpr (x) | (16) 
k=N(A)j+1 


The term A) 62V (5) on [the right-hand side of inequality (16) 
tends to zero as §-+0 whieh is implied by condition (P44). and 
120 
the term |,  \  crqe (.r) | tends to zero for 6—»/ because we have 
ha=N(6)-1 1 
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+ 0 
condition (14,) and the series »! cx, (xz) converges at the point z. 
k=! 


The theorem has been proved. 

We can now draw an important conclusion from the above proof. 
Let equality (2) be fulfilled at a point z € la, b). Suppose that 
condition (6) imposed on the quantities Ac, is satisfied for a given 


S>W (where Ac,. k =1, 2....., are the perturbations of the 
Fourier coefficients). It appears clear that to minimize the quantity 
N(B) 


| f (z) — > CED: (zx) | (c,, = Cy — ACh, i = !, tA e- .) at the 


point TE la, b&b] we must choose the number of terms J (6) in the 
N(6) 


partial sum » CA , (z) so that it should not be too small (because 


i= 
=x 


+-c0 

>: Chg, (2) | on the right-hand side of inequality (16) must 
k -N(6)-+-3 sea 
be small) and too large (because the term dA |)’ 62N (6) on the 
right-hand side of (16) must also be sufficiently small). 

Kvery method of reconstructing a function f(z), to any given 
accuracy, from its Fourier series with perturbed coefficients satis- 
fying condition (6) for an arbitrarily small 6 >> O is referred to as 
a stable method for the summation of Fourier series with perturbed 
coefficients. 

Thus, the above theorem shows that if the quantity 6? on Lhe 
right-hand side of relation (6) can be made arbitrarily small it Is 
possible to choose 4 (do) in approximate equality (o') in an appro- 
priate manner so as to perform stable surnmation of Fourier’s serics 
with perturbed coefficients. 

Stable methods for the summation of Fourier’s series with per- 
turbed coefficients were developed by Tikhunov* in [16]. Tikho- 
nov's methods make it possible to reconstruct, from a given Fourier’s 
series with perturbed coefficients, the corresponding function f (x) 
and also its derivatives but we shall not discuss here these more 
complicated questions. 


* Tikhonov, Andrei Nikolayevich (born in 1906), a prominent Soviet mathe- 
matician. 


SUPPLEMENT 1 


Asymbtotic I:xpansions 


ln oamany problems of mathematics and mathematical physics 
the investigation and computation of a function f (2) in the neigh- 
bourhoadl of a fintte point 29 or in the neighbourhood of the point 
al inhwuity* is connected with considerable difficulties. These dif- 
lcullies may often be overcome by means of an asymptotic expansion 
which substitutes a simpler function for the given function f (2). 
Tlus simplee function is chosen in such ao manner that it can be inve- 
stigated and computed in an easier way than the original function 
f(z) which it approximates to an arbitrary accuracy when z tends 
to Zo Or approaches infinity. 

We shall begin with some examples of asymptotic expansions 
($ 1) without giving general definitions, then we shall dwell in 
more detail on some general definitions and theorems (§ 2) and, 
finally, we shall illustrate Laplace’s method of asymptotic repre- 
sentation of some integrals by deriving asymptotic formulas for the 
wine funelion (§ 3). 


§ tf. EXAMPLES OF ASYMPTOTIC BAVPANSIONS 


{. Asymptotic Expansions in the Neighbourhood of the Origin. 
Vavlor’s formula (e.g. see [8], Chapter 8) yields the well known 
asympLotic expansions for the following elementary functions: 


{ x rit 21 
e*— 1 PEs t+ ee tap o(z 
m— | : 
| rs ri oe Ya 
cosz=1—t44,7—.--- 7(—1) rope + 
f+o(x") (where n is odd) (1) 
vw: 
: rs ; xe 2 gral ‘ 
SINN -L—ap rapt: -+(—1) oie 


+o (z") (where n is even) 


* The expression “in the neighbourhood of the potnt at inttuity’ means 
“for 2 + f-00o" or “for x + —oo™ or “for |x] —-* ow”. 
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| : re x3 ; n-yp or" r 
u(l+ajer— 243 — 22. 4-(— 1S + 0(2") 
| OL a. a(a—l) 
(1 + z) Sd, ey ee (1) 


., a(a—I)... (a@—n-=-1) on 


rn! a0 (2) 


where the symbol o (z") designates a quantity of a higher order 
of smallness than zx" for z— 0. Expansions (1) are used for eva- 
Juating limits of various clementary functions for 2 — O when they 
cannot be found directly from the given analytical expressions of 
the functions. 


2. Asymptotic Expansions in the Neighbourhood of the Point at 
Infinity. We now consider some asymptotic expansions in the neigh- 
bourhood of the point at infinity which are used in various appli- 
cations. 

ln mathematical physics we are often interested in the values of 
the function 


ry (2) = \ e-# dé (1) 


for large values of the argument z > 0.* Let us derive the asymptotic 
expansion of the function YW (x) in the neighbourhood of the point 
al infinity. i.e. for z— --co. Integrating by parts we find 


7-00 -}-0o <3 . Jo ” 

ee e~ 25 dé el a eC 

¢ * dé ome ? eens ye ~ —— yey dg 
a E Fa wd 4 -x ~ Hs 
7 x xv 

—*x2 segs —s2 
Oe — | Ve. 
x 
FO 5 
: s . . ° C & 
Again integrating by parts in the integral \ se, dE etc. we ob- 


xz 
dain, after the integration by parts has been repeatedly perfor- 


- 36 
v ie e . 2 —<2 
* This function can be represented in the form Vf (r)= WV \ e > d= 
1 
x 


«v x 


2 t . a ee 

= { e— =? dt. The integral \ s? d= is called the 

iT ° e 
Vit, | 
error function and is denoted by Erf(z). It plays an important role in the 
probability theory, theory of deal conductivity, statistical physics ete. ‘Phere 
are varinus tables of its values for different values of the arenmert +, 


=1—<«pP(r) where (Dp (z)- - 
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med (z—1) times, the following asymptotic expansion for Y (z) 


nr 


Bor (2k 1) : 
¥(2)—F—[4 = (— 1 ttt | 
nal 
where 
ntyt 1-3... (2a-'- L) ox = e—*? 
Ry (x) = (— 1)"*?§ ——— ex | cinze 6 (33) 


The remainder term A,(z) satisfies the following apparent ine- 
quality: 


-|-00 
1-3 2n-: | o ‘ 1-3...(2 ra | 
| Mn (2) |< SS ew \ et 2 dE = (4) 


x 


Let us designate by O(-), for 2—oco, every quantity which 
w 


satisfies the relation 


1 1 
O (=) |<const-— for z—» oo 


Then, by estimation (4), expansion (2) can be rewrillen as 


(2k—1) 


val" 2M = +9(sta)] © 


, 1 : 
We have O (— * — 0 for r—-= co and hence, discarding the 


WF (xr) 


whi ££ uo 


1 a o 
terin O = We can write the relation 
\ penne 


yr (x) = | ib 2: 3 (a) oe | for 2—> -+- CO (6) 


Relations (5) and (6) represent the asymptotic expansion of the 
+ co 


function (2x) -- ( e-® dé forxz— }- oo, that is in the neigh- 


= 
Vi 
x 
bourhood of the point at infinity. 
extending the summation with respect to the index / to all the 


values AK = 1. 2. ... we obtain the asymptotic expansion 
(a) = =| 14+ ! (-= 1K | (7) 
Vi = rr 


k=1 
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where the series on the right-hand side of (7) is an asymptotic serie: 
This series is divergent for every value of x. Taking an arbitrar 
fixed and sufficiently large value of x we can easily see that whe 
the number & inereases the modulus of the Ath teri of the serie 
first decreases and then, after its minimum value has been attainec 
increases and tends to infinity. Bul, according to inequality (4 
the difference between ‘ (z) and the ath partial sui of this seri 
satisics the inequality 


nN 


ye Sel Doe || 


a eo? 4.3... (2m +1) 
=“ 


= So a eee 
e Vx Ir+lyr2ner2 


In other words, eStimate (8) shows that the error arising whe 
the funetion Y (z) is replaced by the nth partial sum of series ( 
does not exceed, in its absolute vajue, the modulus of the first di 
carded term and thus it lends to zero fast, as x2 -»> -| &. 

The repeated application of integration by parts is one of 1] 
general methods of deriving asymplotic expansions. Using th 
technique we can obtain asymptotic expansions for the exponenti. 
integral 


x 
E 
i (x)= \ = 4, —co<zx<0O fur r—~— oo 
cosine integral 
-+-an 
Ci (z) = \ “oa dk, O—xr<-!.00 forx—»>-4- co 
and sine integral 
Si (x)= | “28 ag, —o<r<t-+oo for |z|— -}- 0 
J Ss 


There are various asymptotic expansions which can be obtains 
by means of some other clementary methods (e.g. see [3] or [6] 
ct us consider a simple example. In some problems connecte 
with studying the propagation of electromagnetic waves near tl 
earth surface anid in some other problems we encounter the functic 


x 
F (2) =e-™ \ e® dE 

0 
This function can easily be expanded into a convergent power seri 
(see § 4, Sec. 2 of Chapter 8) but this scries cannot be convenient 
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used for large values of z. Let us derive an asymptotic representation 
of f (xz) for 2 —~ +o, Multiplying equality (Y) by 22 and applying 
L’tlospital’s rule twice for z—- +oco we obtain 
lim 2rk (xr) — 1 (10) 
Nm :-xe 

Consequently. we can write the following asymptotic representation 
for F&F (zx): 

V 1 e ; : ’ 

F(a)=s [1 }-0(1)) forx—+-} oo (11) 


where the symbol o (1), for 2 — —oo. designates a quantity which 
tends to zero as x— -j oo. Instead of (11) we can also write 

‘ I . 
There are many other simple asymptotic expansions that are obtained 
by means of elementary methods but here we shall Jimit ourselves. 
to the above exaniples. 


§ 2. GENERAL DEFINITIONS AND TIITEOREMS 


We shall consider functions f(z), g (2), ... defined on a point 
set. A/ belonging to the real z-axis. For instance, as a set / we can 
take a finite interval, a semi-infinite interval, the whole z-axis etc. 

{. Order of Smaliness. Asymptotic Equivalence. We begin with 


discussing the relations of the form / (z) = o (g (x)) and f (z) = 
QO (8 (2)). 


Definition 1. If 
lim Lf —0 (13) 


x-rxq & (+) 

xe M 
we say hat {(£) is of higher order of smallness than g (a) or 
the set Ml for x2— zo and write 


f(x) = 0 (¢ (x) for x—->2Z on Sl (14) 


Vote. Relation (13) means that for every ¢€ >> 0 there is 6 = 
— 8 (e) > O such that 


lf (x) |< e [| g (ez) [for all 2 € AY which satisfy the iuequalits 
je — 7 [cd (1:3") 


Definition 2. 1f there is a constant C, 0 < C< +00, such thal 
for all ao CM belonging ta a sufficiently small neighbourhood of 9 
the imequatlily 

ey <C (1.5) 
| g(x) 
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holds we say that f(r) is af the order of g (xz) on the set di for 
L—~ IX and wrile 
f(z) = O(g (z2)) fer xz-> Zz on J (16) 

Definition 2,;. If inequality (lo) is fulfilled jor all x € AM] we say 

that f(r) is of the order of g(x) on the set Mand write 
f (x) = O (g (x) for 2M (16°) 

If f (xv) -= 0 (gv (z)) Tor > xy on J. Dehnitions f and 2 indicate 
that we cau alsy write / (x) — O (g (z)) for x—- ry but of course 
the relation f (7) = O (g (r)) does not imply, in the general case, 
that f/ (x) = o (g(z)). 

Nolte. WoW is an unbounded set we can similarly detine the rela- 
tions f(z) = o (g (z)) and f(z) = O (g (xz)) tor a-+-: 0 (or 
z—- —oo or [zr[-> oo). 

ln concrete problems the structure of the corresponding set V/ 
may be obvtous aud then we aay not indicate the set J/ when writing 
the above relations. 


isxam ples 

(1) eo — 1 = O (2) for x-> , 
(2) sin z = O (2) for 2-- 0, 
(3) cosx = Oi) for zx-- VU, 
(4) sin? zx = 0 (x) for x--+ O, 
(9) a> o (x) for x - Q, 

(6) z= - O (rx) for x-+ VU, 


(4) e7 * = ov (x!) for xz- oo, 
= 

(S) F(z) -e>* \ er d= —0 (—-} for a2a— '- ao, 
0 


Now fet ous formulate the deltnition of asymptotic equivalence. 


Definition 3. We say that two functions f (x) and g (xr) are 
(asymptotically) equivalent (equally for x2 —-» Xy on the set 
Ais and write 


f(xr)~ g(x) for xz-+ ry on M (17) 

if 
pool J oon M 18 
es ae for 227% on. (15) 


lt is evident that instead of relation (17) we can write the relation 


f(y — gir ll : o (I) for a2-ag on WM (ifs, 
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which is called an asymptotic representation of f (z) in the neigh- 
bourhood of the point z> on the set A/. 

The notion of functions asymptotically equivalent on an unboun- 
ded set ./ in the neighbourhood of the point at infinity (i.e. for 
I—- +-0co Or Z—» —co or |[z|—~ oo) is defined siinilarly. 


Examples 


(9) sin xc~ x for r—> JU, 
x 

(10) F (2) -=e-*° \ es? dé ~ ao for s—»4- co. 
f 


2. Asymptotic Expansions of Functions. Opening the brackets in 
relation (19) we get the equality 


f(x) = g(r) — o(g(z)) for z+ x) on M (19") 


which is a simple asymptotic expansion of f (z) in the veighbourhood 
of x» on the set AJ. 

We now proceed to formulate the general definition of an asympto- 
tic expansion which also embraces the special cases considered in 
$4 of Supplement 1. We shall begin with the dehinitions of an asyz p- 
totic sequence and asymplotic series. 


Definition 4, A finite or infinite sequence of functions {(q, (z)} 
defined on aset Mi is called an asymptotic sequence on M for 
X— 2X (x-> co) if the relations (ns, (x) = 0 (Py (x)) for r—-> Xo 
(x -» of) hold for allan =1,2,.... 


tlere are some examples of sequences which are obviously asymp 
totic: 


(1): Ty. ey 2s. oo ay By oe ee JOR Se, 
(2) 1 a, GE, oy EO wae (0S Ty Se hee ee ee 
<A, <t...) for z—Q, 


(3) 1, (2 — zy). @ — 2r)*, . - -, (2 — Lo)", .-- for r-> Zo, 


(A) 1,076, ante, i tn OCA CA... 


~.. MA, <...) for r+ +00, 


ae 7 —> a 

(5) eX, evant, etx 2, 2... eRe on, ww. (ODA AL... 
~.. A, <...) for r > -j-00, 

(ty): to re on eae Es ee, LOR Bae eo: 


Sequences (ft). (3) and (6) are referred to as power sequences aud 
sequences (2), (4) and (5) in which A; are real numbers that may not 
be integers are called generalised power sequences. 
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Definition 5. If {gq (z)} is an infinite asymptotic sequence (o. 


-t- 00 
the set M) for x — xy (x > -Lo@) the series >} Cnfn (2) with arbitrar. 
m=} 
constant coefficients cy, Co, ~~», Cn, --- is said to bean asymptott 


series (on the set JM) for t—-> 2, (x — -~:-00). 


Definition 6. Let {p, (z)} be a finite or infinite asymptoti 
sequence on the set Al for ~—» ro (x2 — oo). Ifa function f (x) dehne 
on VW satisfies the relation 

NV 
f(z) * ann (x) 4-0 (py (x)) jor r+ (xr — co) (20 


where Q;, da... ., Ay are some constants this relation is termed the 
asymptotic expansion of f(z) an Al for x2 — Zp (x -+ co) ery 
to the Nth term inelustve ectth respect to the sequence 
{pn (z)}. 
expansion (20) can also be written in the form 
N 
f(z) ~ Dd AnQnr(z) for r+2 (x co) (21) 
= 
If asymptotic expansion (20) holds we can obviously write dowr 
the asymptotic expansions which are eblained from (20) by sub- 


slituting A = 1, 2, ..., 1 for WN. 
Definition 7. Let = Gp), (x) be an asymptotic series on the 
A= | 
set Al for 2 —+ 2 (x — co) and let asym plotie expansion (20) le valia 
for a function f (2) defined on M for every N = 1, 2.3, 2. Then 


this series is called an asymptotic capansion of the function 
(z) for C-& Ly (x —> 0 } ane AMP and we write 


-].20 
f(z) = 2 anQr(x) for z+ (zZ—> 00) (22) 


The asymplotic expansions considered in § 1 apparently satisfy 
the conditions of Delinitions 6G and 7. 

lt should be noted that an asymptolic expansion in the neigh- 
bourhoeod of the point z= 0 (x = ry ~ 0) can be reduced to an 
asymptotic expansion in the neighbourhood of the point at infinity 


e e q 
and vice versa by a change of variable of the form z = = (z = 
€ : : ‘ . 
=F = =| but this may not be corvenient in some practical 
ee) 
problems. 


Let us discuss the difference between an expansion of a fnnetion 
f (z) in a functional series convergent to this function and its asymp- 


38—O824 
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Lolic expansion. In the former case the dilference between f (r) 

and the 2th partial sum of the convergent functional series tends 

to zero for every fixed z as N ->+ oo. In the latter case the difference 
N 

f (x) — a,x (z) tends to zero, as 2+ x) (r—> co), for every 
h 


—_ 


fixed WV, its order of smallness being higher than that of the last term 
in the partial sum. 

The examples of asymptotic series considered in § 1 show that 
an asymptotic series may be convergent or divergent. Moreover, if 
an asymptolic series for a given function f (x) is convergent this 
may not imply that its sum coincides with f (z). For instance, we 
have the following siinple asymptotic expansion for the function 
f(z) =e™: 

e~* = 0-17 0-r7 + ...70-0" +... 


(for x —> -} 00) (23) 


and asymptotic series (23) is convergent but its sum is unequal to 


e* for all 2. 


For practical purposes it is important to estimate the error arising 
N 


when { (z) is replaced by the Nth partial sum >) a,q, (z) of its 
R=! 


asymptotic series (22), that is to estimate the remainder term 
(¢ y (v)) in expansion (20) for x—+ 2 (4 —> oo). 

Analytical estimation of a remainder term is often connected 
with considerable difficulties and therefore, in) problem solving 
practice, We usually try lo use various computational techniques 
based om simpler methods, which prove to be sufficient im many 
cases. Por example, suppose we know that the absolute value of the 
remainder | o (@xy (z)) | tends to zero and is a monotone decreasing 
function for z—~> Z. If we manage to compnte the value of f (z) 


ata point z lying sufficiently close to rg and if il turns out that the 
N 


difference between this value and the value of “’ aq, (x) at the 


same point is less than ¢ > O (in its modulus) we can conclude that 
for all values of the independent variable lying closer to x, than z 
N 


the modulus of the difference f (x) — 2.x (z) remains less 
} 


= 

than e. A similar situation occurs when we have an inequality of 

the form | o (¢y (z))| SV (®) where py (x) is a Monotone decreas- 
ing function which tends to zero for 2-—> Zp. 

if there exists an asyinptolic expansion of a function f (z) with 

respect to a given asymptotic sequence {¢, (z)} this expansion is 

uniquely specified by f (xz). Namely, we shall prove the following 


theorem. 
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iia | 


Theorem 1. Let every member of an asymptotic sequence 
{¢, (z)} be different from zero for all x belonging to a sufficiently 
small neighbourhood of 2 (or for x—> oo) and let an asymptotic expan- 
sion of form (20) hold for a function f{ (x). Then the coefficients a,, 
hk =14, 2, ..., ., of this expansion are uniquely determined by the 
formulas 


n=l 
fe) — Senge (2) 
: k= { 
— eS => 2 o 8 & » 
Qi puss ET for n=1, 2, iN (24) 


Proof. Replacing NV by rn<WN in relation (20) we put it in the 
form 
n= | 


{ (x)= RP» AnGn (ZT) + GnQn(z)4-0(Qn(z)), 1<n<N 
and find 


N— | 
i (z)— § anga (2) — 
ie = k= 1 . 0 Pa rt a Pa : 
an = En (x) + On (z) 9 [<n = V 


which implies the validity of formulas (24). The theorem has been 
proved. : 

It should be noted that the converse of the above theorem is not 
truc. Namely, a function f (z) is not uniquely determined by its 
asymptotic expansions. that is there may exist diiferent functions 
having the same asymptotic expansion. For example, the functions 
f (x) == e* and g (z) = O have the same asymptotic expansion (25) 
with respect to the sequence 1, 27", 27*, 2.0, 2, ... for 2 > 

-{-00, 


Definition 8. Two functions f(z) and g {x) are said to be 
asymytoticatily equivalent (equal) with respect toa given asym- 
plotic sequence {p,, (z)} for x» X% (x — oo) if the relation 


f(z) — g(x) = 0 (gy (x)) for > xy (t + &) (25) 


is fulfilled for all ne. 

It appears obvious that two functions f (x) and g (x) possessing 
the same asymptotic expansion with respect to an asymptotic 
sequence are equivalent (relative to this sequence). 

We can easily show thal for two functions f (z) and ¢g (zx) to have 
the same coeflicients of their asymptotic expansions with respect 
to one and the same asymptotic sequence {q, (x)} for x —> zz, 
(z —> oo) il is necessary and sufficient that these functions be asymp- 
totically equal with respect to the sequence {q,, (2)} for x —» 2 
(x —» oo). 


35+ 
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We now discuss some operations on asymptotic expansions. 
If we have asymptotic expansions 


+00 4-20 
f(r) = = angn(z) and g(z)= ) bagn(z) for 2—>29(x-> 0 / 
= k=i 


(26) 


we can obviously write down the asymptotic expansion 


a 
-@e 
° 


- 

af (z)4- Bg (z) Ps (2a, + flbx) pa(z) for 2~» 1 (x 00) (27) 
i= 

which is valid for any constants @ and Pp. 

In the general case it is not allowable to multiply the asymptotic 
expansions of two functions f{ (z) and g (xz) with respect to one and 
the same asymptotic sequence {(@,(r)} because it may turn out that 
the products @,,(z) ~,(z) cannot be arranged into an asymptotic 
sequence. 

Let us dwell on the question of term-by-term integration of asymp- 
lotic expansions. 


Theorem ‘2. Let a sequence {Pn (x)} of positive funclions of 
a real variable x defined on an interval a <c x << b be an asymptotic 
sequence for z->» b —O. Suppose we have an asymptotic expansion 


f(z) = > Crpn(z) for x>+b—O0* 28) 
h=t 
If the integrals 
b b 
fr@ds and [ods k-1,2,... (29) 
x x 
are convergent the asymptolic expansion 
b +7 b 
(f£(EdE~ NCv) nae for x+b—0 (30) 
x h=1 x 


is also valid. 


Proof. The relation n+; (tz) = o (~~, (x)) means that for every 
e ->O we have the inequality | pia4;, (v) [<c & | ~, (x) | provided 


that is sufficiently large.** The functions q, (rx), k -: 1, 2, .-., 
being positive, we can drop the sign of modulus and write 
Pra, (Z) << e—p, (x) for z+ b — 0) (*) 


* Here b ig a finite number or -}oo. 
** See the note after Definition 1. 
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for any € > O. Integrating (*) from xz to b (which is permissibl 
since the integrals are convergent) we see that 


b b 
0< [anu Qd<e | ¢n (8) a8 (31 


6 


for any e>>U and ~~ b—U whence it follows that | in (5) de} 


x 
is au asymptotic sequence for z->b—O. To prove relation (30 
we must show that 


& 


b N b 
\1@ dix D\ Cu on(Gdg for r+ b—0 (30° 
x k={ x 
for every N == 1, 2, 3, .... By the positivity of the function: 
Py, (x), m= |, 2, .-.., relation (20) (whose validity is implied b; 


(25)) can be rewritten in the form 


N 
| (2) — > ann (z)|<epy (2) for z-+b—0 


for any € >U where N = 1, 2, 3, ... . Consequently, we have 


N b 

|) 1) de— San | eu @as|< 
* h=1 x 
: 


b N 
<\1/— Diangne @[de<e} pv dk for z+b—0 
x k= 1 x 


and any e¢>>U for every N = 1, 2, 45, ... . Bul this exactly 
means that asymptotic expansion (30) holds for every WV — 1. 2, 


Oo, ..., Which is what we sel out to prove. 
The assertion below ts a direct consequence of Theorem 2: 
If we have a power asymptotic expansion 
-+- oo 


[(2) = > a a 
h=0 


jor r—> + co (32) 


-+-c0 
and the integral ) [f (6) —a@ay—a,E'] dt converges, the asym plotic 


expanstun 
“+s0 -+{-90 
t Rootideas. NI of ~h 
\ [f (S$) —@o—ayg* | ds = jy eaT ie (33) 
x k=) 


is also valid. 
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Jn the general case an asymptotic expansion cannot be dilferen- 
tiated termwise. But there are some special cases of asymptotic 
expansions when term-by-term differentiation is permissible. lor 
instance, let f (x) have a power asymptotic expansion of form (32). 
Suppose that its derivative /‘(z) also possesses a powee asy mplotic 
expansion in which there are no terms coulaining Zz? and x7 


r ay Jaz na* | 
/ (1) ¥—> 73 iy ee ae for z -» ~— oo (34) 


[ntegrating (34) we obtain, by the foregoing assertion, the relation 


f (x) = f (+00) +4 Le ee for Z—+ + 00 (35) 


But since the function f (x) uniquely specifies its asymptotic series 
with respect tu the sequence 4, 2, 277, 27, . . oo. 
expansion (35) inust coincide with expansion (32) arial thus we awe 
the equalities f (+00) = ag, a,* = a, ..., @ =a, -.. . Sub- 


stituting the above values into (34) we obtain 


f(z) —2h— Se for ze 2 (34') 


where the Jatter asyinptotic expansion can be directly obtained 
from asymptotic relation (32) by termwise differentiation. 

We shall limit ourselves to this short review of some general 
properties of asyvinptolic expansions. In § 3 we shall deseribe an 
important method of constructing asymptotic expansions of some 
integrals. 


N 


$3. LAPLACKE METHOD FOR DERIVING ASYMPTOTIC 
EXPANSIONS OF SOME INTEGRALS 


Let it be required to derive an asyinplotic representation of in 
integral 
h 


J (tl) = \ f(x, t)dx for t—> + © (36) 


a 


under the assumption that, for large values of ¢, the integrand has 
a sharp extremum in a neighbourhood of a point x = rg and that 
its modulus is very small outside this neighbourhood. ‘Then it' may 
Lurn out that the integral taken over this neighbourhood of the point 
Ly Will be almost egnal to the integral taken from @ lo 0 for large 
values of f. Tf, in adiditien, it is pussils le to replace the function 
f (x, ¢t) in this neighbourhood, tu a suflicient degree of accuracy, 
by a simple function whieh ean easily be integrated. amt if the 
difference between the original integral (36) and the integral of this 
uuiXxiliary function tends to zero as f-» j|-oo, We can thus derive 
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an asyinptotic expansion of integral (36) for large values of ¢. This 
is the general idea of the method suggested by Laplace for deriving 
asymptotic expansions of integrals of the above type. 

As an illustrative instance, we shall apply this method to deriving 
an asymptotic expansion of the gamma function 


—-co 


r(tt4) = | emul du (37) 


for t—+ --oo. The asymptotic representation which we shall thus 
obtain for Fo (é -- 1) for large values of ¢ yields. in the case when 
f{=n>VU is an integer. the so-called Stirling* formula which 
gives an asymptotic representation of av! for large values of vn. 

Performing the substitution w= ¢ (i -- z) we reduee integral 
(37) to the form 


a +-a0 
Pié+i1j=e fet \ [e~* (1 + 2)]' dz = e' i? { eth(x) da (38) 

—1 =} 
where hk (xz) = —x2 + In (1 -j- 2). The function e-* (I+ 2) = 
2 eae blin(l x) = oO attains its maximum at the point xz = Oat 
Which je (z) has its only maximum. Indeed, the derivative ?'(z) = 
~ = | i e is positive for -1<aqz2< 0 and negative for 
QO <a << -Foo. AL the point of maxinium of f(z) we have & (a) — 0 
and hence the function 2 (2) is negative for all the values of x belon- 
vity to the intervals - 1 oc r<cO and Oma m 7 ww. Therctore, 
(he function c®@% tends to zero as f — -j-oo for —1 << 2 <2 O and 


OQ<x< j-co. Consequently, it is advisable to try to apply Larp- 
laces method. 

Vaking a sufficiently small 6 > 0 (6 < 1) we represent the integra! 
ti Guieslion as the sum 


| 3 —§ 5 -{-> 
etx) da = | ets) dap A | et) de + { oth(x) da (3) 
4 ai -6 é 


To estimate each integral on the right hand side of equality (39) 
we investigate A(x) on the intervals —1t < 27 < —5, —65 <r <b 


and § <a < +00. Expanding In (1 -} x) into Taylor's series in 
the interval —S8 Zz<8 we obtain 


h(e)= —5 +5 - TS a 
? ~T “3 4 § 5 Seay ee. 
r Or re Vy 
== | — | -+. ——- —— -—-—,.. 
2 3 4 oO 


* Stirling. James (1692-14770) an Pnolito aaaliwonwabicdaue 
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The series in the square brackets satisfies the conditions of Leibniz’ 
test because Jz] << 6 <0 ft. Therefore if we diseard all the terms 


27? : : 
beginning with — 7 this results in an error whose ws does 
2x7 is : : Z as Fa x | 
not exceed a. For sufficiently small 5 > 0O we have vs Eee 


for all z belonging to the interval —6 <2 < 6. Feuseniciaiies Wwe 
Can write 


» . r ae ee p | 
= —1—+5|<h(2)< Z| -14-58] for —8<r<é, [b<1 


(40) 


The funetion hk (z) increases on the interval —1 <7 <= —6 and 
assumes its grealest value #2 (—d) <0 at the point z = —6é. On 
the interval 06 Qz<t -}-co the function # (x) decreases and its 
greatest value & (5) << 0 is allained at the point z — 6. Thus, 


h(x) ch (—8) <0 for -1<ar<d (41) 
and 
h(z) oh (é)<0 for 6 4< -j-c (42) 


Now let us estimate the integrals on the right-hand side of (39). 
By inequality (41), we have 


—6 —§ 
etn dace | et 9) dz = et (8) (1 — 8) = O(eM-9) +0 (43) 
=| -1 


for £— -! co. Furthermore, for 6 < z < +00 and 4 > 1 we have. 
by (42). the inequalities th (r) < th (8) and ¢th (x) <i fh (2). Adding 
them up We get the relation 


th (2) <— [th (d) }-h(z)| for f>>0 and &<x< joo (A4) 


Therefore 
-f- 00 a 
\ et) dr < \ rr ie 
é 6 
5 ftté) Pe = A(x) u th(d) 
| e> dz=O(e*  )>0 (48) 
S 


for £—-+ oc. Finally, by payne (40), we can write 


§ ” 
ett yoy _— et p1-$o) 
\ e * 0 lx < | ee) dx < | e | 3 


-—6 —6 —W 


dx (40) 
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On the basis of estimates (44) and (45) we obtain the relation 


e -tF 12%s Te eZ ake 
[ e z {'*3 Ve | e z L'=3 | dz +O (e- aot) (47 


eo 
— = ®X) 


for ¢—++oco where a(S) is a positive constant dependent on 
and independent of ¢. Now let us evaluate the integral 


7 x? 3 
te es") 3, 


— do 


Wes 


4 ~ 
Performing the change of variable E=x| > (1 + = 5} | we obtair 
: | 


+e eye i A ,\r3 
je Fs Ide = (2a)? (14 48) * (48 
roin (4¢) and (48) it follows, for f£—-- oo, that 
e aq pyalts 1 ot havcs 
je zU3° gy = (2njte 2 (1446) 74 O(e-ayy (489) 
3 
It is obvious that 
4, ..-3 kee 
(1+=-5) 2 4{—e,(6) and (1—-— 5) 2 1 + en (A) 


where e, (5) and es (6) are posilive and tend to zero for & —» UV. 
IFS > O is fixed we have, for sufficiently large ¢ => 0, the inequality 
i 
| O(e-“t) < min (e, (5), #2 (5)) (20) t 


since the quantity —a@ (A) is negative. Therefore from (46) and (49) 

we deduce the relation 

ae 6 DS ee 

t “|1—2«, (6)| < \ eh) dx << (2n)°t [1+ 2e,(8)| (50) 
—%§ 


aa 


rol = 


(20) 


for sufliciently large {>> 0. Taking into account relations (43) 
and (45) and the fact that the inequalities 
De 
| O (et-9)) | <c (2a) * min (e, (5), es (d)) 


and 
i 1 


| O (et5)) x (22)° t = min (e,(5), #5 (85)) 
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hold for sufficiently large ¢ >> 0 we arrive at the inequality 
=-39 : _i 
24 3e, (8) < \ ett dr (2n)7t 7 (1 4-Ben(6)) (51) 


which holds for all sufliciently large ¢ > O. Consequently, since 
e, (S) and es (6) are arbitrarily small if & is sufficiently sinall we 
can Write, taking into account the definition of the symbol o (1), 
the relation 


a SS ee 
ex) dx as (2n)?t 7{1-! a(1)| for £L—> -+ 00 (292) 

-1 
substituting (02) into Pat Wwe eae | obtain the sought-for asymp- 
folic representation of - + 1) for £-» +00: 

, ! 

P(¢tl) -e-% * (2 2a)-[1- o(1)], t—>-!- 00 (93) 

Putting ¢ = rn where nis a nive integer we derive frum relation 


(53) Stirling’s formuta 


1 
say 2 - 
plse"a 2 (2n)"[1-+-0(1)) for n—+-+ c al 


which is widely used in mathematics and its apphications. 
The Jiaplace method makes it) possible to obtain asymptotic 
expansions of a more general type. It can also be applied to multiple 
integrals (see [5)). Laplace’s method is also eeueralized tu the case 
of integrals of functions of a complex variable. This generalization 
is known as the saddle-point methed which, like Laplace's method, 
is used in various divisions of mathematics anc mathematical phy- 
sies. Ot the saddle-point method we refer the reader to 13) und (121. 


SUPPLEMENT 2 


On Universal Digital Computers 


This supplement provides an introduction to modern digital! 
compulers. their operation and use. It cannot be regarded as a 
systematic account of the computer theory and progranimiing me- 
thods, and for greater detail we refer the reader to special books. 


§ 1. COMPUTERS 


1. Introduction. Many problems of modern science and cnginecring 
reqiuure extensive calculations to obtain results of practical ripor- 
tance. The amount of work may be so large that the calculations 
either cannot be carried out manually or take so much time that 
the result becomes useless. For example, it makes no sense to fore- 
cast the next day's weather by applying a method that takes a month 
of computational work. 

The number of problems requiring large-scale calculations as well 
as prompt answers has recently increased in the light of such tech- 
nical needs as automation Of amanafacluring processes. 

sonte technical devices which facilitate computations were inven- 
ted Jong age but the last two decades are connected with a radical 
turn in this ield owing to the appearance of high speed compuling 
machines based on electronics. 

The new technique has achieved a marvellous success in a short 
time. Modern computers can do hundreds of thousands of arithme- 
tical operations per second. This makes it possible to succeed in 
solving such problems that could not even be stated before. 

Compniters net only increased the range of mathematical appli- 
calions but also influenced the development of mathematics itself. 
[no mathematical logic and numerical analysis there have arisen 
new problems and new trends. The computer theory and programming 
(see § 3) are very important fields of modern mathematics. 

Nowadays computers are used almost everywhere. Therefore 
spectalists im various branches of science, plrysicists ino particular, 
should be fantiliarc with the mode of operation of these machines. 
with their properties and capabilities. 


2. Basie Types of Computer. Computing machines are divided 
into two basic classes: machines of discrete operation referred. ta 
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as digital and machines of continuous operation called analogue. 
A digital computer operates with nuinbers represented in a positio- 
nal number system. An analogue computer represents variables by 
means of some physical processes and quantities (such as electric 
currents, voltages, mechanical displacements and so on) that may 
vary continuously. In analogue computers only the final results 
take the digital form. Analogue computers are widely applied 
(nostly when high accuracy is not required) bul in modern compu- 
tational mathematics they are of Jess importance than digital 
machines. 

In what follows we shall deal with digital computers to which 
the general term “computer” will) be applied. 

There are two types of digital computers: special purpose and 
general purpose. Special purpose computers are designed to solve 
a speeihe class of problems. -\ computer is said to be general purpose 
or universal when it can be used to solve a wide variety of problems, 
arithmetical as well as Jogical (for instance, the translation of 
languages). [t is the universal computers that we are going to con- 
sider here. 

Versatility is a great advantage of universal computers. Llowever, 
it should be noted that the computer itSelf can only perform a res- 
tricted number of elementary operations (see § 2), and therefore 
to solve a problem on a computer we must reduce it to a sequence 
of clemcntary steps, that is a rouline corresponding to the problem 
must be prepared for the machine. The process of preparing a rouline 
(programming) nay be rather complicated. Some general notions 
related to programming and examples of elementary routines are 
given in § © of this supplement. 


3. Principal Components of a Computer and Their Functions. As 
has Leen mentioned, every computer can perform some elementary 
operalions, arithmetical and logical. Furthermore, facilities must 
be provided for performing some additional operations, namely 
for entering initial data and instructions into the machine, storing 
this information and intermediate results and withdrawing final 
results from the computer. Accordingly, every universal digital 
computer includes, irrespective of its construction, the following 
functional units: 


1. frput vnil. 

2. Storage unit (memory). 
3. clrithmetic unit. 

4. Control unit. 

oO. Oulpul tareil. 


A block diagram of a typical computing machine system is shown 
helow. 
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Nemory Fo) Arithmetic 
“ 


Contrel 


Direction of information flow is shown by continuous arrows anc 
that of control signals by dotted ones. 
let ous briefly consider the function of cach unit. 


i. Input is a device used for transferring initial data and instruc. 
tions into a computer. Information must be prepared in a forn 
intelligible to the machine. In general, it processes some physica 
medium such as magnetic tape, punch tape and punch cards. 

On a magnetic tape data are stored as small magnetized spot: 
arranged in column form across the width of the tape. 

On a punch tape and punch cards storage is in the form of hole: 
punched at definite places. A punch card is shown below. Sucl 
cards are widely used. 


ee ee) " 22 
5. 8 5 | ee B of 
+> 2 6 F th os DS PS SO" SS OD TC >, SO. |e St PS 2 eS iaD 
OL EHSIT TL LL SE LTE GILO ROG OCICOACEL ES OOK EGO CATION AAI TI IEA! LL: Cocr?7 
Sie ce oP PVUT PTV LTS ET ATED SSE V ATPL UD VTH PTET UPR D TORT ART TUTTE Attest aes eta 
PLOT ETT PT eres Ser rrr eres orl ee bl Prrrrrr eer eeeer arcane enens Premera | ie | | Mee’ 
SITIVIVISSISALTRI PSA ITIFSIIAVIIP VELA AT TV BP PeBysrzesrevzsrsarrersr- | : 


CAGE lacs sersPassacaacces Ps cacy ppeacaPaaePPr carcass seaescragerscPaaaaas 


FIIVIVITISS HS = SOS RTOS eee eee Seer eee ISD GSS PEI OD as CII IC So IIIGS HS 


GRESSESE SESS ETEELTSESFEGEEHSESEECCSOSES EHEC EESSSTGH SHG KGESb6OCEKG iE Hho one SE OTHE SG 
Ieee Pea eee wee eee weve reer re Ree eer eee eee ae ee ee ee ee oe ee ee ne ee ee ee | 


SRATDAISTTAIRSSSLESFASATAISAZSCHSEZESSELHRASE SRB RB AESHSSHKRECSAEBRIBESALAS LATA STBEAASSEABS 
+? € 6 @ 21 3 4% WU tp te ohNM 3 BOPwMM BN WO BF 4H 43 Ty sw GS wea cee KH Ft rm mh 
$39599%933965999C953295553955995589933395999999999999999999999353399993139939°99998999939 


° <= + nan 


2. Storase (memory) is the section in which instructions, initia 
data and intermediate results are stored and from which they car 
be taken. A slorage is a set of locations, cells, each of which is iden. 
tified by a number. Bach location is of a fixed digit capacity anc 
can be used for storing numbers as well as instructions. As is seer 
from the block diagram. the storage unit is directly connected wit 
the other units. From the input device it accepts the initial date 
and the set of instructions (the program) corresponding to the pro. 
blem which is to be solved. The storage sends numbers to the arith. 
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metic unit where arithmetical operations are carried out. The results 
come back to the storage. 

Complicated) problems require storage devices of great capacity. 
At thesame time it is important that the stored data could be rapidly 
reac out. To satisfy both conditions storage devices are usually 
made of two blocks: internal and external memory. An external 
(aunriliary) storage holds much larger amount of information than 
the main, internal, storage but its access time is greater. The external 
storage is nol connected directly to the arithmetic unit; if necessar¢ 
it feeds information to the internal storage and only then this infor- 
Mation can be processed by the arithmetic unit. 


3. Arithmetic unit is a part of a computer in which arithmetic 
operations are performed. The set of these operations will he spe- 
cified below. 


4, Control is the section which interprets the instructions involved 
In a routine (i.e. converts them into pulses) and theu sends appro- 
priate signals to other machine blocks. The control unit determines, 
in aceordance with a given routine, the operation of all other parts 
of the computer. 

Since no human operator can achieve the speed at which a com- 
puter works a control unit must be automatic; this is one of the 
Inain principles of conmputer organization. 

> Oulpul unit is meant for accepting, in a suitable form. the 
solution of a problem and some intermediate results that ure of 
interest. A few output deviees are card punches, paper tape punches, 
printers and mageelkio tape urls. 

4. Number Systems Used in Computers. When we operate on 
numbers (na matter whether we utilize a computer or not) we lave 
to represent them in a certain system of notation, t.e. in a number 
system. The system practised on the greatest scale nowadays is the 
decimal system in which any numerical quantity is represented 
as a sequence of coefficients in Uhe successive powers of ten. For 
example, the decimal expression 2545 denotes the number 


2-108 -}- 5-402 + 4-408 + 8 160 


The decimal number system uses the digits 0, 1, 2, 3, 4, 5, 6, 7. 
5S, and 9; operations on numbers comply with the well known rules. 
Any other positive integer except unity may also he used as 
a base of a number svystem.* Logically, the simplest is the binary 
system in which every number is represented as a combination 
of powers of two. For example, 13 = 1-29 j- 1-2? 1- Q-2' + 1-29 


* Indeed, there were nations that used non-decimal number systems. From 
the mathematical point of view the decimal system has no special advantages. 
und ils general use stems from the fact that man has ten fingers. 
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and hence the decimal number “thirteen” is represented as the binars 
number 1101. This notation uses only two digits O and 4, the number 
two being the unity of the next (to the left) position. 

The reader might well ask at this point which system of notation 
is the best suited for electronic computers. Note that if we use a num- 
ber system with base p the corresponding digits can have one of the 
values O, 1. 2. .... p — 1 (for instance, the decimal system uses 
1U digits. the binary system uses 2 digits etc.). In order to be able 
lo ftx p ditlerent digits a machine must iuvolve some devices that 
have p stable states. each representing finite digit. The speed 
with which a modern cumputer works (as a rule, hundreds of thou- 
sands of operations a sccond) makes it impossible to use anv meclta- 
nical device for fixing nuinbers. On the other hand such speed can 
he easily achieved by electronic circuits which are practically 
inertialess. Most electronic elements (valves, transistors etc.) are 
bi-slable. For instance, a valve assumes either of two stable states: 
“on” (the current tlows through it) and “olf” (the current does not 
flow through it). Owing to these features of electronic devices, the 
binary number system proves to be the most applicable for modern 
calculating equipment. 

The binary system has also the advantage of situpler arillimetic. 
For example. the “multiplication table’, tn the binary notation, 
consists of the following four items: 


0-0 — 0), QO-l — UV, 
1-0 == 0, 1-1—1 


The binary system las some disadvantage because Jt requires 
converting initial dala writlen to the base ten to the equivalent 
numbers written to the base two aud converting compuled results 
back to the deciinal form. This operation is however not complicated 
and may easily be aulomatized. 

Besides the binary system, computers also use the octal system 
(based on a radix of eight) and the binary coded decimal notation 
(binary-decimal system). In the latter a number is first) written 
in the decimal notation and then each decimal digit is represented 
by the corresponding binary number. For instance, the number 


DIOU 
is represented in’ the binary-decimal notation as 
O10, OOI1, 1006, 0110 


It is clear that. cach decimal digit (i.e. the digits 0, 4. 2. .... 9) 
can be represented by a four-digit: binary tmiunber. 


There are computers with elements having three stable states (for 
example, the current flows through an clement, the current flows 
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in the opposite direction and the current does not flow). Arithmetic 
in these machines is based on the ternary number system. 


Oo. Representing Numbers Within a Computer. Any computer ope- 
rates with quantities having a definite (for each machine) number of 
digits. lf a number is shorler than the location in a given machine, 
zeros are put to the left of significant digits. If a number is longer 
tt must be rounded olf by deleting less signilicant digits. The number 
of binary places in each location limils the precision of representing 
the results and thus restriels the accuracy of computations. 

Since we deal with negative quantities as well as with positive 
ones. the computer must contain some means of distinguishing 
between them. A certain binary position is usually assigned for 
this purpose and the codes U and J are interpreted, respectively, as 
positive and negative signs of the quantities. 

Moreover, since we have to deal with mixed numbers the machine 
must be able to separate integral and fractional paris by a “binary 
point”. Phe position of the radix point may either vary in the course 
of calculation (floating-point machines) or be constant (fixed-point 
machines). In the Jatter case the integra] part of any numerical 
quantity is expressed by a predetermined number of digits. All 
quantities occurring in a problem to be solved on a= fixed-point 
computer must be converted into the desired range of magnitude 
by means of -seale-factors” specific for each problem. This makes 
fixed-point machines less convenient than Goating-point ones; 
however, their logic and hardware are simpler. 


g§ 2. BASIC OPERATIONS EXECUTED BY A COMPUTE. 
INSTRUCTIONS 

1. Types of Qneration, We have already mentioned that any caom- 
puter is hii Se to perform a certain restricted number ot basic 
vperations. Although this number can be still reduced, it would 
be feaaenniant for the programmer and user. Qn the other hand, 
the larger the number of different elementary operations, the more 
complicated the construction of the machine. A compromise must 
therefore be reached between the claims of the designer and of the 
programmer; the point at which the balance is struck varies from 
one machine to another, every computer still being able to carry 
oul the following operations: 

(1) arithmeticai operations; 

(2) addifional computational operations, 

(3) logicet operations; 

(A) transfer eperations (including conditional transfer of control); 

(5) iaput and oulput operations. 

One point must be emphasized at the oulsel. We assume all ope- 
rands to be stored in the memory locations, each location heing 
identified with an address, i.e. a certain serial number. When 
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an operation on two quantities is performed the following must be 
indicated: 

(1) the addresses of the operands; 

(2) the command to be executed (addition, multiplication etc.); 

(3) the address for storing the result. 

Consequently, each instruction that causes a computer to perform 
an operalion contains three addresses of the locations involved in 
the operation and specifics the operation which is te be performed. 
li othee words, such an instruction is of the form* 


Operation Ist address 2nd address 3cd address 


lt is important to note here Ghat it is not the operauds but their 
wddresses that are indicated in the instruction. This enables us to 
prepare a program (a sequence of instructions) Without knowing 
the specific values of the quantities lo be dealt with. 

Now let us describe the basic operations. 


2. Arithmetical Operations. Arithmetical operations are of the 
following four types: 

(1) .iddition. This operation reads: “Yake the number stored in 
location a, add it to the number stored in location B and store the 


9 


result in Jocation v." Symbeotically: 


Achhition 


(2) Multiplicudion, “Mualtiply the numer in location @ by the 
number in location (} and store the result in location y.” Symboli- 
cally: 


Multiplication 


(3) Subtraction: “Subtract the number in location 6 from the 
ntunber in location @ and store the result in location y.” Symbo- 
lically: 


| 
| Subtraction 


~ —_— -—— 


* For the sake of simplicity, we consider computers referred to as three- 
address machines. There exist machines that involve one-, two-, or four-address 
instructions but we shall not discuss them. 


$Y —US2 4 
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(4) Division: “Divide the number in location @ by the number in 
location ( and store the result in location yy.” Symbolically: 


“) 


p3 


Division 


3. Additional Computational Operations. The set of these operations 
may vary from one machine to another. JIlere are some examples: 

(lt) Maximum: “irom two numbers stored in locations « and B 
take the greater one and place it in location y”, that is 


Maxinium 


(2) Afinimeum: is delined similarly. 
(3) Afagnitude: “Take the absolute value of the number in loca- 
tion % and store it in location y”, i.e. 


Absolute value 


The latter operation (and some other) involves only two (and 
not three) addresses. 

The greater the number of various additional operations. the 
easier the process of programming. Many modern computers have 
built-in instructions for square rool operation. sine evaluation and 
su oh, although these operations are in fact reduced to certain com- 
binations of a limited variety of elementary computing steps 
(see §& 3). 

4, Logical Operations. These operations on numbers are performed 
on a digit-by-digit basis without carry. A few examples will illu- 
strate this type of operation. 

(1) Logical addition. \t is an operation in which the numbers 
placed in locations « and — are added bit-to-bit*, i.e. each digit 
in @ is added to the corresponding digit in B according to the follow- 
ing rules: 


O--O0=0, O--1=1, 14+0=1, 1+4+1=0 


The result is placed in location y. We denote this operation syim- 
bolically as 


Bit-lo-hilt addition 


a] 


* The term fi2 means binary unit (of information) or binary digit. 
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(2) Comparison. This operation is concerned with the determina- 
tion of similarity or dissimilarity of the corresponding digits in 
the numbers stored in locations @ and [. If the digils in a certain 
place in @ and fh are alike the result in this place at vy is equal to 
unity. if otherwise. the result is equal to zero.* For example, the 
result of comparing the numbers 


{O0f101101 
140100100 


is the number 
100110110 


Let us symbolically denote this operation by 


Comparison 


(3) Logical Negation. The operation is performed as follows: if 
the number stored in location @ contains zero in a certain position 
the corresponding binary place in location y contains unity and 
vice versa. Symbolically: 


Logical negation 


The set of available logical operations depends upon the type 
of a computer. 


>. Input and Output Operations. These are the following opera- 
tions: input, writing (transferring a number from the internal storage 
to the external storage), reading (transferring a number in the reverse 
direction), printing and stopping. 

(1) Irput insiructivn is denoted as 


Input n— I 


at | | 


lt means: “Transfer m numbers (or instructions) from the input 
device (e.g. punch cards or punch tape) into » memory locations 
a+ti,a-+2,...,a-i n.” 

(2) Print. This is an instruction of the form 


nn — { | 


Print. a 


* Some computers use the opposite rule, ic. O denotes the fact of eoinci- 
dence and 1 of discrenanevy. 


JY * 
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which means “Print (in the decimal system) the numbers stored in 7 
consecutive locations beginning with location a.” 
(3) Stop. This is an instruction of the form 


which causes the coniputer to stop working. 

External storage deviees are used in large-scale computatious 
requiring loug prowrams and large amounts of initial data. We shall 
not dwell on them here. 


OG. Transfer of Control. We have pointed out that it is not the 
Operands hut their addresses that are indicated in an instruction. 
This cnables us to plan the whole procedure for solving a problem 
before starting computations. However, in a computational process 
there mav occur a situation in which the further course of compu- 
tation depends upon the result we have obtained at a certain stage. 
For example, if a quadratic equation is being solved the course of 
computing depends on the sign of its discriminant. If some alter- 
native courses of action must be taken depending on a relationship 
obtained alt. a certain step the so-called operations of conditional 
transfer of control (conditional jump) are used. 

The examples helow illustrate this kind of operation. 

(1) Transfer of control depending on relative value of tivo numbers 
taken with their algebraic signs. This is an instruction of the form 


| 7 janp e4 | p | Kk | 


J , t 


When reached in the course of a program it causes the computer 
to compare the numbers stored in locations @ and f. !f the former 
is greater than the latter the computer executes the next instruction 
in the original sequence, if otherwise it goes to the instruction 
stored in location f. 

(2) Transfer of control depending on relative magnitude of iwo 
numbers. We denote this instruction by 


] 
f-"} Jump | CL | (3 he | 


een. eee 


and understand if in the sense of the previousloperation with the 
only difference that it is the ahsolute values of the numbers which 
must be compared. 
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(3) Transfer of control depending on the sign of a number (pli 
jump). 


¢ 
Plus jump | 2 


This operation means: “If the number in location @ is positi: 
execute the instruction stored in localion 4,, otherwise execute t! 
instruction stored in location #2.” 

The latter instruction may be used for the operation of uncond 
tional transfer of control to location /. Fur (his purpose it is sufficie 
to form the following instruction: 


Plus junp : L 
| 


Vhis instruction transfers control to the instrnction stored in loc 
tion & irrespective of the numbcr stored in location «@. 

No conipuler performs any of the available operations after tl 
corresponding instruction has been received. The instructions a 
represented by binary numbers and stored in computer's memo 
as well as initial data. The contro! unit interprets these instru 
tions, that is decodes them and applies the proper signals to tl 
Other parts of the machine. 


7. Realization of Operations Within a Computer, From the stan 
point of engineering every process of computing consists in co 
ver ling the corresponding pulses by electronic circuits. We a 
not going Lo discuss this question at length, that is to go into part 
culars concerning Uie elements Needed for performing specilic op 
rations. We shall only limit ourselves to the operation of additic 
of two positive quantities by way of illustration. 

QOperalion of addition in the binary system, as in any other pos 
tional number system, involves the bit-to-bit addition and, whe 
necessary, a carry to the next higher digit place. The bit-to-b 
addition compjJres with the following rules: 


QO: 0-=(0: 1+-O=0-14=1 and 1+t=0 


plus next place unity. 

Let @ and & be the digits we have Lo adel together when perforniut 
the operation of addition on a certain digit place and tet ¢ be $l 
carry from the foregoing place. To perform the operation of add 
lion on a digit place means the following: given a, b, and ¢ whit 
may take one of the two values zero and unity. it 1s required 
fined s (the digit to be wrilten into this place) and p (the carry 
the next place). The variety of all the situations that may ari 
here is) confined to the fallowing table: 
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It follows that to realize the addition on one digit place the 
machine must have a device with three values (a, 6, and c) at its 
input and two values (s and p) at its output. The operation of this 
device must be in accordance with the above table. Therefore, when 
voltages at the inputs are equal to zero the voltages at the outputs 
do not exist either; when voltage is fed to one of the inputs the 
output voltage is produced at s while that at p is equal to zero, 
and so on. 

Such a device is referred to as an adder. [t can be easily realized 
as a circuit composed of electronic valves or transistors but we 
shall not discuss this question in detail here. 


§ 3. ELEMENTS OF PROGRAMMING 


{. General Notions. A problem to be solved on a computer must 
be expressed as a sequence of clementary operations which the 
machine is able to perform. Each operation is specified by the cor- 
responding instruction, and the complete sequence of instructions 
necessary to solve the problem is referred to as the program or routine. 
Programming, that is preparing a routine, is one of the main stages 
of computing. It is clear that prior to this stage an appropriate 
mathematical method for solving the problem must be chosen and 
specific formulas for computing should he obtained. 

The form of a routine depends on the numerical method chosen 
for solving the problem (fer instance, we may compute an integral 
by means of the trapezoid rule, rectangular rule or some other for- 
mula cf approximate integration) and on the type of the machine, 
i.e. on the set of operations it can perform. When the numerical 
method and the type of the machine are fixed the routine 1s not 
yel uniquely determined because there is a variety of ways for 
reducing the calculations to elementary operations. The selection 
of the most suitable routine depends, to a considerable extent, on 
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the skill of the programmer. Here we shall not go into particulars 
and conline ourselves to some elementary examples. 


2. Formula Programming. Problems involving formulas are the 
simplest for solving on a computer. In this case programming is 
reduced to representing the formula as a sequence of elementary 
operations in a reasonable way and to placing the corresponding 
instructions and initial data into the storage. Let us consider a 
simple example. 


Example. Given xz, it is required to evaluate the quantity y 
expressed by the formula 
_ 2zx-+-3 
i= 5z+1 


The calculations can be represented as the following sequence of 
elementary steps: 


(1) A, = 2z, (2) 44=A;+3, (3) By=or, 


A (1) 
(4) Bo=By,+1, (9) = 
To perform these operations on a computer we arrange initial 
data in five storage locations (e.g. locations with numbers from 
n-+"4 to n -- 5). This can be written down as 


; Stored 
— Stored | a | Stored 
n+1 x n-+4 5) 
n--2 2 nih 1 


n-+3 


Let us place the instructions corresponding to the above operations 


into some other five locations. We thus obtain the following sequence 
of instructions: 


or + 1 


; 1 d- 2nd ad- Jrd ad- Result of 
Location Operation ores dress d ress opera tion 
m -1- 1 Multiplication nti nt2 | nt? | 22 
mt? Addition nt.2 n-j-3 n+2 2x+3 
m—-3 Multiplication nl 1 n-+-4 n-+1 Ox 
ry 4-4 Addition nt 4 mad ntti oz -t- 1 
2r-+< 
m+ 5 | Division n+t2 n-1 nt2 ams 
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When an intermediate result is not needed for further computations 
it may be erased so that the storage location can be used for new 
data. For instance. the execulion of the first instruction involves 
such a procedure: the product of the numbers stored in locations 
nm-- 1 and vn — 2 is again placed into location # — 2. This makes 
the use of the storage more effective without overloading it| with 
unnecessary data. 

The program we have composed must be further supplemented 
with an input instruction which transfers the initial data’ and 
instruction codes into the storage and with the instruction for deci- 
mal-to-binary conversion because the machine uses the binary 
System while initial data are usually written and fed to the machine 
in the decimal notation. Instruction “division” written in location 
m+ od must be tollowed by three more inslruclions, namely, for 
converting the result of computation to the decimal system. printing 
the answer and stopping the machine. 

The final stage of preparing a program involves replacing symbolic 
addresses by the corresponding concrete numbers. 

These numbers, the absolute addresses, are four-digit numbers 
which are written in the octal number system beginning with QOUO. 
Several initial storage locations are commonly used as slandard 
operating cells (for input operations. number system conversion etc.). 
Suppose we have a machine in which the first eleven locations are 
used for this purpose (locations with numbers from QOOT to 0013 
in the octal notation)*. Then we begin the storage allocation with 
location 0014 and thus write down our program in the following 
form: 


Location Operation or number waa aee Sees | nae 
| , : 
0014 Input (in locations 0015 through 
UU32) UULS VULS 
0015 Conversion from decimal system to 
binary (locations OU26-0032) OO2ZU O04 (026 
OO16 Multiplication UU 0U27 QU27 
O01? Addition 0027 030 0027 
002 Multiplication OQU26 UU3 1 WU26 
0021 Addition O26 O32 (O20 
0022 Division 0027 (245 N27 
0023 Conversion froin binary system to 
decimal YU27 (W027 
, UN24 Print OU27 
{ 


* Let the location identified by 0000 contain the muimber zero. 
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Sra 


. . l 2 
Location Operation or nun ber audress sadress address 


VGO24 Stop 
ON2E 
UO27 
0030 
UOS t 
0032 
0033 


— Sic to 


3. Cyclie Processes. It is clear that in such a simple case as wi 
have just considered there is no practical sense in using a computer 
This elementary example has been taken with the only purpose 
to demonstrate how some familiar expressions are translated to thu 
language intelligihle to the! machine. The application of a digita 
computer is effective only when the number of operations that th 
machine carries out is much greater than the number of instruction: 
we must feed into its memory. An Instruction can be reused many 
limes when a repetitious series of the same opcrations Is presen 
ina problem. In such cases routines are said to contain loops. Tu 
action of performing each operation in one traversal of a loop 1 
called a loop cycle. We now consider two eclementary examples o 
cyclic programs. 

(1) Computation of the Square Root. Suppose it is necessary te 
approximate the square root of a. a positive number, to a giver 
accuracy. For solving this problern we may take advantage of the 
following fact (e.g. see 1S], Chapter 3). The sequence 


1. a 1  , a 
Ty G, r1— = (ao+—}, 62 Te Nee ). a 
Rn ¢ 
——e «© @e 2 


converges to Va for every positive uumber a. Calculating the succes- 
sive approximations 2,, 22, ... and so on we may continue the 
process until a sufficiently accurate value is obtained. Fer testing 
the accuracy of an approximation we can compare Zz, With 2) 21; 
when the difference is less than the preassigned value we stop the 
iterative process. 

Now we see that to compute V a we must place into three storage 
locations the three numbers: @ — Zq (assumed to be an initial appro- 


: : 1 ; 
ximation), # (assessing the degree of accuracy) and —. Vhe further 


computation of Va is nerformral acearding ta the following raytine: 


Gis 


roca- 
tion 


MULTIPLE INTEGRALS, FIELD THEORY AND SERIES 


Operation or number 


ist 


address 


2nd 


address 


3rd 


address 


SSS SS oe  — ee 


Description of operations and 
their results 


pe eee SS ee ee — — 


Qui-4 | Input 0016 | OO15 Inputting numbers and_ ips- 
truction codes 
W15 |) Dectmal-to-binary) 0030 | VOU03 }| QU30 | Converting input data to bi- 
CONVERSION nary system 
QU16, Bil-to-bit ad- | 0U34 0027 | Sending z, from location 
dition 003! (where z, remains 
to be stoced) to location 
U027 
0017] Division 0030 | 0027 | 0031 —- 
n 
0020] Addition 0031 | 0027 | Ou31 rn +— 
nr 
ou2t| Multiplication {| 0031 | 0033 | 0034 tniay (n+) 
QU2Z2 | Subtraction 0031 | 0027 | 0027 Cee 
Q023| {| -<] jump OU32 | 0027 | 0016 | Checking whether the given 
accuracy is achieved by 
comparing |2%pj-1—Zn] 
with e and completing the 
cycle if the accuracy is 
attained 
0024) Binary-tu-deci- VOUS! V031 | Converting the result to deci- 
mal convecsion mal system 
0025; Privat O03 f Printing the result 
0026! Stop 
0027 Operating cell 
0031 To 
QO32 tt 
QU33 as 
Q)34 - 


o——_—- = 


—— ete -: ——— — 


(2) Tabulating Functions. Another typical example of a cyclic 
process is evaluating elementary functions for different values of 
their arguments, i.e. compiling tables. 

for example, let us consider the function sin z. From Taylor's 
formula it follows that 


: r 7 rent ai ; 
SIN Z=X—ap + ese +({—1!) Wn LAY 7 Lins 


(3) 
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where the remainder #,4, satisfies the inequality 
peurs 


| Rris I< (2n + 3)! 


Denoting the Ath term of the sum on the right-hand side of (3) by 
u“, and setting s, = Wy + Ug -... 7 uu, We get 


lpg, = ae . Where ax = 2k (2k -!- 1) (4) 
and 
Sp4y = Sm tuUjay (4K = 1, 2, ...-), Sy =z (3) 
Finally, it is readily seen that 
One, = 2, +8, + 6, 24, =6 (RK =1, 2, ..-.) (6) 


We thus arrive at the following computational procedure: we choose 
a rough approximation s; = z for sin z and compute the successive 
approximations s, (k = 41, 2, ...) by using formulas (5). 

At each step, after the Ath approximation s, has been computed, 
we first find a,4, (by (6)), then Gag, (by (4)) and tinally s,4,. Hf 
U,+2; Appears to he less than the preassigned number & the machine 
regards s, as the sought-for value of sin z and proceeds to compute 
sin x for another xz. This computational scheme may he realized 
by means of the following program: 


Lea] operation ur number |auSbasadaten|adaiss] PO*TURY Ghelf geumstions 

O0I4 | Input 0043 | 0015 [nputting numbers and 
instruction codes 

OO15] Decimal-lo-binary con- | 0044 | 0010 | 0044 | Converting input data 

version to binary system 

WUib | Bit-to bit addition Q050 (062 | Transferring xz to the 
standard location 
for ip 

0017 | Bit-to-bit addition N0G2 0063 | Transferring u, to the 
standard location 
for s 

N20] MulQplication WOG62 | QU62 | 0064 x2 

0021 | Subtraction O64 | 004 case 

0022 | Multiplication 0045 | GOGO 7 OOGS 8 /k—1) 

OO2Z3} Addition OVGS | 0046 | GOSS S(k- 1)-7-6 

Q024] Addition 0007 | O06 | 0057 an 

QU25 | Addition QUGQ | 0044 | OBA k 

00267 Diviston 0062 | ONST | OOHRS itp 


J.aCue- 
t10)) 


0027 


on 
OuUG I 


01132 
QU33 
034 
UUSS 


OU3S6 


(W137 
O41) 
OUA I 


042 
0043 
0044 


OQVAS 
UN4L 
NOAT 
0050 
O05 t 
OQUD52 
0053 
(54 
0055 
O56 
OC57 
OUGO 
00G1 
UUE2 
0063 
O0G4 
ONBA 
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: ist 7nd ard 
Operation Qf number addressladdress |address 
Miltiplicalion 0065 | 0064 | 0062 
Addition 0063 | OUG2 | OVE3 
|<] jump 047 | 00G2 | 0022 
Bit-to-bit addition V0G3 0030 
Bit-to-bit addition 0960 
Bit-to-bit addition 0057 
Address modification UIE | OOSG 7 GOIG 
Address modification W932 | W053 | 0032 
Addition O0G4 | 0044 | 0061 
Transfer of control ONG1 | 0054 | COI 
Binary-to-decimal con- | yQ5U | W003 | GO50 
Version 
Print OUSUV | 0003 
Stop 
a 
8 
LF) 
£ 
a 
<2 
X3 
a4 
4 
1 in the 3rd address 
1 in the ist address 
0 (ax) 
0 (A) 
Operating cell for i 
Standard location for u,, 
Standard location for s 
Standard location for —z?2 | 
|| | | 


Continued 


Description of operations 
and their results 


Ud 


Sk44 = Sk — UR-] 
Completing computa- 
tion of sin +r; 
Transfer: sin «jy — 2; 
Transfer: O—k 
Transfer: 0+ ay 
Modifying the ist ad- 
dress of the instru- 
ction in focation 
HOG 
Modifying the 3rd ad- 
dress of the instru- 
ction in location 
0032: i> i+1 


Completing tabulation 


a 
a 
ED eee 
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Similar routines can be written for evaluating the other elemen- 
tary functions (cos z, e*, Inz etc.). 


4. Flow-chart. Subroutines. When preparing a program for solving 
a complex problem it is helpful to represent it as a sequence of 
blocks corresponding to individual problems, that is to draw a 
flow-chart. This makes programming easier; moreover, one and 
the same block may be involved in different routines as a subroutine. 
Let us consider an elementary example. Suppose we have to compute 
an approximate value of an integra! 


b 
J=\f(z)de (7) 


by using the reclangular formula (e.g. sce [8], Chapter 12). It is 
natural to break down the computation into two steps (two blocks): 
(1) Computing the values of the function f (z) for the points xz, 
involved in the rectangalarc formula. 
(2) Computing the sum 
22 
Sa-—* ¥ f(z) (8) 


nN 


i== | 


which approximates integral (7). The routine for computing f (z,;) 
depends upon the forin of f (xz), while that for evaluating sum (8) 
is irrelevant of the choice of f (z). 

The absolute error of the result. (i.e. Lhe absolute value of the 
difference J — S) depends on two factors: the accuracy of the rec- 
tangular formula* and the accuracy with which the values of f 
at the points 2; are determined. 

9. Instruction Codes. Operations on Instructions. In writing the 
above programs we referred to machine operations by symbolic 
names such as “addition”, “multiplication” etc. These symbols, 
however, must be replaced hy the corresponding binary numbers 
to be entered into the machine, i.e. by instruction codes. These 
binary mumbers are fed to the memory locations in the same way 
as data. that is in the form of a sequence of the symbols 0 and 1. 
Each location has several predetermined binary places for storing 
them. 

Let us consider an imaginary three-address computer. Suppose 
its locations are of 42-digit capacity, a 6-digit number being used 
for the operation code and three 12-digil numbers representing the 


addresses. Then the instruction “add the numbers in locations 7 


* For estimation of errors of various formulas for approximate integration 
see [Sj]. Chapter J, § 2. 
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and 12 together and store the result in location 13” is represented 
in the code of our machine as 


afoofelejoetel fof ef fellel[yotefolel fetes} e[aefo 


‘'st address znd adcress 3rd aduress mperaon 


where QOOQQQ! is assumed to designate the operation of addition. 
The fact that instructions and numerical data, when put into the 
machine, are of similar form presents no difficullios. Moreover, 
this enables us to treat instructions as ordinary mumbers. e.g. to 
add*™ one instruction to another, which turns out to simplify pro- 
gramnung. Vo illustrate this let us consider a simple example. Sup- 
pose we have to determine the sum of a thousand numbers. We 
may of course place them in the storage, e.g. in the locations with 
numbers from 7 + 1 to m 4- 1000, and then compile the following 
prograin: 

Ist instruction: 


Addition as | n+ 2 


2nd instruction: 


Addition 


moe | nto 


QOQ7t instruction: 


Addition | n+ 999 


ree 1OOQ0 | n-' [U00 


But we can solve this problem more economically: we again 
place the numbers in locations n 4- 1 through r + 1000 and then 
write (e.g. in location m 4- 1001) the following “instruction”: 


Onn! | 0001 


mr 
| 


Now let an instruction of. the form 


Action nt- i | wt 2 7n-i 2 | 


—! 


* Tt should be uofed that operations on instructions invelve special types 
of addition. namely, operation code addition, address-to-address addition and 
bit-to- bit addition. 
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be stored in location wm -- 1. This instruction results in adding 
together the hirst two numbers. In the next location m + 2 we 
place the following instruction: 


Address-to-address addition m—1| n+ 1001 Wn -- 1 


lu location m + 3 we put the inslruction of transferring control 
to location m 4- 1 which will at this stage contain an instruction 
of the form: 


Addition | o«-° 


The latter instruction causes the machine to add the third number 
to the sum of the first two. It is clear that this loop of three instruc- 
tions will provide adding together all the numbers stored in locations 
n+ 1 through x» -}- 1000. [t remains to provide the corresponding 
instructions for printing the answer and stopping the machine when 
the work is completed. 

Thus, the use of operation of addition of instructions has made 
it possible to perform address modification and thus replace a long 
chain of similar instructions by a small number of operattons. 


6. Automatic Programming. Modern computer techniques include 
libraries of subroutines and other programming facilities but never- 
theless the procedure of programming takes much time and effort. 
The stage of programming mav require much more time than that 
of machine operation. This primarily applies to modern large high 
speed computers, and particular attention is therefure attached lo 
various nielhuds of aulumatic programming. 

Jere we cannol go into particulars concerning these methods. 
Their basic idea is to use the computer for translating a routine 
wrilten in a symbolic language into a machine language. Jn other 
words, a mathematician describes the procedure for solving a pro- 
blem in a special language using words and symbols taken from a 
fixed set of terms (vocabulary). Each character in this text when 
transferred into a machine is represented by a definite combination 
of zeros and ones. A special] routine called the translator is then 
used to translate this program into a machine language program 
that can be run on a computer. It is necessary that the procedure 
he described in accordance with sume formal rules of syntax by 
means of a clear-cut set of available words. There exist several con- 
ventional languages designed for automatic programming. The 
most widely used languages are ALGOL and FORTRAN*. Fach 


* Abbreviations fur “Algorithmic Language” and “Formula Translating’. 
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language can be used independently of the computer at hand while 
the choice of the translator is governed by the choice of a language 
and the type of a machine (but not by the problem to be solved). 

‘The use of algovitlmic languages and translators reduces tedious 
and labour-consuming work of a programmer. 


§ 4. ORGANIZATION OF COMPUTER WORK 


1. Conditions for Effective Use of a Computer. As has been said, 
the solution of a problem on a computer requires an adequate routine, 
i.e. a sequence of coded instructions causing the computer lo perform 
(the clementary operations which the problem is reduced to. If 
the number of individual instructions in a routine were equal to 
the number of operations necessary lo solve the problem, the use 
of computers would not be effective since the process of prograinming 
would take almost as much time as performing all the calculations 
manually. However, every complicated problem which is to he 
solved on a computer contains specific groups of operations that 
must be repeatedfover and over again. This was shown in the instance 
Of the routinejfor computing the square root; to a greater extent 
this is associated with more complex problems. The number of 
instructions in a reasonable routine is therefore much less than the 
number of operations it causes the computer to perform. The use 
of a computer is particularly effective in the problems where diiferent 
sets of initial data must be processed in one and the same manner. 
On the other hand, there exist problems in which the application 
of a compntler is useless heeanse they require a long and tedious 
process of programming while the amount of calculations is compa- 
ratively small. 

The question whether the computer methods are suited for a par- 
ticular problein is of primary importance for elfective use of com- 
puters, 

2. Basic Slages of Solving a Problem on a Computer. Once the 
decision to compute has been made, the problem moves through the 
following stages: 

(1) Problem Formulation. [ou the first place any problem to he 
solved on a compuler must be stated precisely in the mathematical 
form. In other words, the problem that has arisen in physics, engi- 
neering or elsewhere must be described as that of solving equations, 
evaluating integrals and so on. lt should be stressed that this stage 
is mainty based on collaboration of physicists or engineers setting 
the problem and specialists in computational mathematics and is 
therefore connected with cousiderable difficulties. To overcome them 
successfully it is necessary that the mathematicians be familiar 
with the nature of the problem they deal with. On the other hand, 
the engineers and physicists must have a clear idea about compn- 
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lational methods and the advantages they put) at his dispo- 
Sal. 

(2) Problem Analysis (Selection of an Algorithm). Computer cannot 
deal with such terms as the solution of an equation. integral, fune- 
lion etc. in which we commouly state a problem. lence, before 
translating the problem into a language acceptable to the machine. 
a suitable numerical method must be selected for such operations 
as evaluation of derivatives and integrals. solution of equations, 
ele. For example. derivatives are replaced by the corresponding 
divided finite differences. integrals are evaluated by means of some 
approximate formulas (such as the trapezoid rule or Simpson's rule) 
and soon. Thus. the prohlem is reduced to a fintte sequence of arith- 
metical operations. Tt is clear that one and the same problem can 
be solved by using different numerical methods. Computer efficiency 
essentially depends upon the proper choice between alternative 
mnelhods of computation. 

(3) Programming. This stage comes when the problem analysis 
has been accomplished. i.e. when a suitable algorithm consisting 
of a sequence of elementary operations has been chosen for eaeh 
step. The routine, however. may be written in a variety of wavs. 
Vhe choice of the most adequate program. of the best way of using 
the storage and other machine’s Cacilities requires professional skill 
of (he programmer, his experience and familiartty with the type 
of the machine. 

(A) Machine Run, When a program has been completed the process 
of computations reduces toa standard machine operation. The person 
whe qnanipulates the coutrols of a computer (operator) may be 
nofamiliar with the particulars of the problem he deals with. 

3. Checking Computer Operation. Error Delecltion. Miass-scale cal- 
culation on a computer involves millions of elementary operations. 
Hf ois therefore a complicated problem lo prevent computer errors, 
Wrong results may be oblajned for various reasons. To begin with, 
the program itself may have errors. A single mistake in a rontine 
may result in the failure of the whole compulation process. Hence. 
auy mistakes in a computer program must be loeated and corrected 
before starting computations. This is the so-called cheekaut process. 
Sometimes imois helpful to perform a step of caleulation manually 
and then coomare the result with the machine result at the same 
step. Phere exist some other systematical methods of checking pro- 
grams which however we shall net discuss bere. 

Auother thing we must make sure alis the proper hardware ape- 
ration. This is usually checked by pultiog through a munmber of test 
roulines. Some of these are specially designed to test all the tain 
units and functions of the computer. Bat it should be taken into 
account Chat a Faihire of equipment may occur in the process of cal- 
culation. Such faults are detected and elitiinated ja the lollawins 
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manner: the machine is made to store an intermediate result and 
to repeat computation once again. If the two results coincide the 
machine proceeds to the next step. 

Finally, it may be a rounding error that involves wrong results. 
The finite capacity of storage locations puts a limit to the precision 
of computations since all the quantities must be rounded off by 
deleting less significant digits. These deviations from the theoretical- 
ly correct values may occur in the course of a long computation and 
vield an incorrect result without any fault in the routine or hard- 
ware. 

There exist different methods [or increasing the accuracy with 
which the computed results are obtained. For instance. we may 
write numbers having twice as many digits as are normally handled 
in a given computer by using two locations instead of one for each 
number (the so-called double-precision method). 


18.* 
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between a mass point and a mate- 
rial line 472 
between a mass point and a mate- 
rial surface 206 
between a mass point and a solid 
86f, 420f, 470 
of two inaterial bodies 104 
Green's formula 183ff, 187 
application to computing areas 1891 


Hamiltonian operator (nabla or del) 
208 
operations with 258i 


repeated application of 261ff 
rules for application of 258ff 


Harmonic 
function 265 
series 327 
vibration 476 

Heat conductivity equation 265. 57 


ot | 
=e 


Heat tux (vector) 241 

High speed electronic computer 6UATf 
Hilbert) space 568 

Iflodograph 107 

Hyperbolic point of a surface 157 


Ideal liquid 278 
Input-output system 365 
frequeney characteristic of 569 
linear 569 
phase characteristic of 369 
principle of superposition for 69 
Spectral characteristic of 369 
Input unit of a computer 6U5 
[ustruction (in a prograin 
computer) 604 
Instruction code 621 
Integrable function 30, 82 
Integral(s) 
additivity of 40 
Darboux's, upper and lower 3-4 
dependent on a parameter 279 
improper 435ff 
Cauchy's test for uniform con- 
vergence of 448, 430 
evaluation of 4553ff 
reduction to a functional sequen- 
ce of 438 
uniformly convergent 436, 471 
Weierstrass’ test for uniform 
convergence of 449 
properties of 441 ff 
tests for “443i 
multiple 468ff 
proper 426i 
double 2u, 30 
estimation of the modulus of 40, 
83. 170 
Maler-Poisson 396, 425, 459 
Kuler’s 106 
liuproper 383, 401 
absolutely convergent 390. 3091, 
417 


for a 


criterion for conver- 
gence of 389, 402 
comparison tests for convergence 
of 392, 393, 395, 386, 
402M. 41991 
conditionally convergent 392, 397 
Abel's test for convergence of 
397 
convergent 384f. 412, 424 
divergent 384. 412. 424 
Canchy’s principal value of 
AQ8, 413 
methods of evalualion of 
multinie 103 


Cauchy's 


3991 
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Integral(s), improper 
of nonnegative function 41 4ff 
of unbounded fnunetion 4001f 
over unbounded domain 424f 
with infinite limits of integra- 
tion 333i 
iterated (repeated) 34. $9 
linearity of 40 
monatonicity of 40 
niultiple, of higher order 103ff 
of a vector function 142 
over a fluid volume. time-derivatt- 
ve of 279ff 
triple 82 
sum 30, 81, 166. 199 
limit of 30. 82, 166 
surface 199ff 
Integrand 30 
[ntensity of illumination 9! 
Interchanging indices in a tensor 302 
Intertor of a set 2I[ 
Internal memory of a computer 606 
Intersection of sets (or product or 
meet) 22 
[Interval of converence of a power 
serics 343 
Intrinsic 
(absolute) properties of a surface 161 
geometry of a surface 161 
(natural) equations of a curve 124 
Invariance 
of area 24 
af valume 80 
Invariant form(s) 
bilinear 292 
symmetric 292 
connection with tensors of 291ff 
linear 292 
multilinear 295 
quadratic 293 
Invariants of a surface 159f 
Inverse (Fourier) transform 546 
Inverse mapping 62 
Isobar 232 
Isometric 
(length preserving) 
surfaces 160 
{sotherm 232 


Jacobian 62, 94. 191, 102 
geometric meaning of 73. 101 
Jordan content 24. 80 


mapping 161 


Kronecker delta 284 
Krylov s method 517f 


Lagrange's form of the cesainder jor 
Tavior’s theorem 356 


Lagrange’s thearem on finite incre- 
ments tit, 194 


Laguerre’s polynomials 564 
Lame’s coefficients (scale factors) 269/f 
Laplace's 

equation 26.) 

method s598ff 
Laplacian operator 262 

expression in general curvilinear 


coordinates of 274 
Lebesgue’s measure 29 
Legendre’s polynomials 502, 556 
orthogonality of 502. 556 
Leibniz rule for differentiating an in- 
tegral dependent on a para- 
meter with respect to the 
parameter 429 
Level line 232 
Level surface 23! 
Limit 
of a vector function 107 
of integral sums 30, 82 
point 21 
superior 346 
Linear operator 288 
Linearity of the integral 40, 83, 169 
Line integral 165 
of the first type 165f, 172f 
applications of 170ff 
independence of the orientation of 
the path of integration of 
170 
properties of = L6Of 
reduction to the definite integral 
of {67f. 172f 
of the seeond type 165, 173f, 180-183 
dependence on the orientation 
of the path of 180 
evaluation of 177, 183 
in a multiply connected domain 
195ff 
reduction to the line integral of 
the first type of 175ff, 182 
Lobachevskian geometry 104 
Logical 
addition 610 
negation 611 
Lowering indices in a tensor 346 
Luminous flux 51 


Mapping 62, 94% 
Inverse 62 
isometric (lencth preserving) 164 
linear 68 
of a plane figure 62 


of a space figure 94 
anNne_tn.ane &9 Qs 
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Material surface 205 
centre of gravity 
mass of 205 
moment of inertia of 25 

Matrix 
orthogonal 285 

inverse of 256 
transformation. from one basis to 
another 285 
transpuse of 286 

\iass 
of a material line [7a 
of a material surface 20%) 
of a plate 4381 
of ai solid 8a 

Mass distribution 43. $5 
density ata puint of 43, 85 
moan density af 43 

Maxininiun deviation of functions 321, 

YAU 


af 200 


Afean 
curvitture of a surface 157. 162 
square deviabien of funchions 366 
value theorem 40, S3f, 170 
Measure 29 
Metric 
coeltheieuts 13s 
tensor tb 
Mixed tensor 316 
Moment of inertia 
of a anatermal line (71f 
of ao Material surface Lad 
ob a plate 50 
of a sulid Saf 
Monotonicity 
ol area 2.3 
of the integral 40, 83. 170 
of volume SU 


Moving (natural) trihedron 16 
Mobius strip 209 
Multilinear invariant form 295 


Multiple integrals of higher order £1031 
Multiplication 
of a matrix by a vector (on the 
sighl or on the left) 318 
of a tensor by a number 300 
of a tensor by ai vector 300f 
of malrices 3171 
of tensors 300) 
Multiply connected domain 129 


Nabla—see  Tlamilloutan 
n-dimensional sphere loot 
Neighbourhood 2 
Nested 
collectivn of domains 45 
abalet Vert Gtreserend one 


operator 


Newtonian potential of a mass point 
240) 
Newton's 
binumial formula 358 
law of universal gravitation 104. 106 
second law of dynamics 128. 278, 
297, 30S 
Normal 
acecleration $27 
curvature of a surface ina 
direction = tod 
curvature. radius of 151 
plane to a curve 119 
section of a surface 149 
to ai surface 145 
Norm of a function 3502, 932. 466 
Number systems G06. 607, 605 


Fiven 


Odd function 484 
One-paraineter family of curves 130 
One-to-one mapping 62, 9% 
Open 

circle 2 

set 2] 


Operating cell (in inemory of a coam- 
puter) 616 
Operations performed by a computer 
GOS 
Operator 
Laplace’s 262 
linear 288 
adjoint 2u1 
eigenvalues and 
310 
Order of stnadlness out 
Orientation 
of a boundary of a surface 210f 
of a closed contour on a surface 241 
of a domain in the plane 77f 
of a surface 210 
Oriented domain 77f 
Orthogonal 
affine tensor 284. 286 
coordinates 142, 267 
inalrix 28h 
inverse of 286 
eystem of fnactions 
Orthogonality 
in a functional space 566 
af complex funetions 532 
af trigonometric system 4S) 
with weight fimetion 459. Sh 
Orthogonalization process 564 
Orthonormal basis 28% 
transformation of 254i 
Oscillation of ao funetion 38 
Useulating plane 11% 


cigenvectors otf 


HOP, Hoe 
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Ostrogradsky theorent 218, 222 
applications of 2221 
for tensors 308 
Parabolic point. of a surface 158 
Parametric curves an ai surface aul 
Parametric (vector) equations 
of a curve £3 
of a surface 93, 132 
Parseval’s relation S25, 326 
Particle derivative 276 
Partition of a domain 29, Sl 
fineness of 30. Sf 
relmnement of 33, 34 
Periodic extension of a function 475 
Pertodie funetion 476 
intezral of 478 
pertod of A476 
primitive 477 
Phase of a harimomc 476 
initial 476 
Piecewise smooth curve $65 
Planar point, of a surface 148 
Plane 
curve, concave up (down) 12% 
gure 24 
aurea af 24, AS 
content (Jordan) of 2% 
of areu zero 26 
squarable 24 
flow 238 
normal to a curve 119 
asculating «11 
reclilying 119% 
tangent to a surface 1331 
Point 
boundary 21 
elliptic, of a surface 157 
hyperbolic, of a surface 157 
limit 21 
of rectification 116 
parabolic, of a surface 158 
planar, of a surface 158 
unmibilical (circular), of a surface 155 
Polar coordinates 6/4Tff 
Polvgonal figure 23 
Polyhedral solid) 79 
Polynomials 
Chebyshev’s 923, 565 
Herimite’s 565 
Lagnerre’s 564 
of ieast deviation from zero 523 
oforder a with respeet to an orthogo- 
nal system of functions 405 
Potential 
field 238 
function afoa vector field 238, 240, 
Re 


theory 246 
Power series 341 
applications of 359tf 
arithmetical operations on 
differentiation of 348, 351 
expanding ai function inte 341, 
354i, SOT ff 
in oa Complex variable 36217 
circle ot tonvergence of 363 
integration of 348. 352 
Interval of convergence of 3-45 
radius of convergence of 344. 363 
remainder oof 355K 
Nniform convergence 
Principal 
axes of a symmetric tensor 310 
curvatures of a surface ata point 153 
direchion of a surface at a point 154 
normal 116. 019 
value of a divergent improper in- 
legral 408 
Principle of superposition 569 
Product 
of qatrices 347 
of tensor by a sealar 300 
(outer) of tensors 300 
Propram 605, 614 
cyclic (loop) 617 
Programming G47 
automatic 623f 
Projection of an element of a fune- 
Chet! space 506 
Pseudosphere 163 
Pythagoras’ (heorem lor oa funetional 
space 068 


3952 ff 


af 34S 


Quadratically integrable (summiable) 
functton—see Sqiiatce-inlera- 
ble (summabley fianetion 

Quadratic form 293 

first, fundamental of a surface 139 
positive definite 139 
second, fundamental of a surfaee 152 


~~) 


Radius 
of convergence 34% 
of curvature of a curve 147 
of normal curvature of a surface 15! 
of torsion (of second curvature) of 
a curve 117 
Raising indices in oa tensor 316 
Reciprocal bases 311 
Reconstructing a otunetion from its 
total differential 1937 
Rectifable curve 26 
surface 142 
beeeliby tuys plane bps 
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Refinement of a partition 33 
Relative displacements, tensor of 303f 
Remainder of a power series 355ff 
in Cauchy's formn 359 
in Lagranee’s form 356 
Resolution of a tensur ot second rank 
into symmetric and antisym- 
metric parts 303 
Rodcigues’ formulas 56% 
Rotation (curl) of a vector field 254 
expression in general curvilinear 
orthogonal coordinates of 
27 2 if 
physical meaniug of 233f 
svinbolic formula for 252 


Saddle-point methud 602 
Scalar product (in a functional space) 
965 
Scalar field—see Field 
Seale factor 269ff, 6068 
schwarz example 142tf 
Screw line (circular helix) 113 
Second curvature—see torsion 
Sequence, functional 319 
convergent at a point 319 
convergent im the mean 367 
integration and differentiation of 
369TI 
convergent on an interval 320 
convergent to a function 320 
divergent 319 
domain of convergence ot 320 
limit function of 320 
passage to limit in 369fi 
puink of convergence of 520 
point of divergence of uniformly 
convergent 320 
properties of 331ff 
weak limit of 378 
weakly convergent 378 
weakly fundamental 378 
equivalent 381 
Series, functional 324 
convergent 3244 
convergent in the mean 367 
integration and differentiation of 


3 
dominant series of 326 
dominated 326 
power 341 
sum of 324 
Taylor's 354 
term-by-term passage tu limit in 
339 ff 


termwise differentiation of 337f, 372 
termwise intevration of 334ff. 371 


termwise passage to limit in 3629ff 
uniformly convergent 324 
comparison (\Weierstrass') test for 
326 


properties of 33tff 
Set(s) 
arcwise connected 21 
hounded 22 
closed 21 
closure of 21 
diameter of 22 
difference between 24 
distance between 22 
(everywhere) dense 29, 375 
function 411, S4ff 
interior of 21 
intersection (or product or meet) of 
) 
open 21 
separability of 22 
subset of 22 
union of 22 
Shape of a curve in the vicinity of its 
point 121 ff 
Simply connected domain 129, 190, 228 
Sine integral (i. 
Singular point 110, 400 
Sink (negative source) 242 
Skew-symmetric (antisymmetric) ten- 
sor 302 
Siooth curve 1693 
Source of a field 242 
Space fignre 8 
of volume zera 80 
Special purpose computer 604 
Specilic conductivity 283 
Specific heat 264 
Spectral characteristic 569 
Spherical coordinates 96 
Squarable fignre 24, 384 


Square-integrable (summable)  func- 
tion 366 

Stationary distribution of temperature 
265 


Stirling’s formula 599, 602 
Stokes’ theorem (formula) 224, 226 
applications of 227i 
Storage (memory) of a computer G6O05f 
Strain tensor 296 
Stress 296 
tensor 291, 298ff 
Subroutine 6214 
Subtraction of tensors 300 
Summation convention 312 
Superposition of harmonics 479 
Surface(s) 
applicable (isometric) 160 
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Surface(s) 
area of 1421 
classification of the points of 157ff 
courdinates on 131 
definition of 129 
lirst fundamental quadratic form of 
139 
integral 199 
applications of 20-4 
of the first type 200. 206 
of the second type 207, 213 
reduction to double integral of 
200, 2105ff 
(absolute) properties of 
mean curvature of £37, 162 
normal to £35 
of constant curvature 163 
one-sided (nonorientable) 208, 210 
parametric equations of 132 
parametric represeulation of 132 
second fundamental quadratic form 
of 152 
smooth $1 
squarable (rectifiabley 142 
tutal (Gaussian) curvature of 157, 
102 
two-sided (orientable) 
symmetric tensor 302 


tutrilsic 


208, BAO 


Tangent 
plane to a surface 133f 
fo a curse PG, Lia 
Tangential acceleration 127 
Taylor's 
fapmeta 254 
series 354 
Tensor(s) 230, 284 
algebraic operations on 300 
coinponents of 283, 284, 286, 287, 
288 
conductivity 283, 291 
conjugate 302 
contracted 301 
contraction of 301 
contravariant 316 
covariant 315 
held 305 
divergence of 306 
flux of 308 
general, definition of At4. 
interchanging indices in 302 
lowering indices in 316 
metric 316 
mixed 316 
multiplication by a vector of 300 
of pure deformation 303. 305 


wa qa agi wud, lutublluds wu, wu 


315 


orthogonal affine 284, 286 
comnection with invariant forms 
of 2928f 
of rank one 286 
of rank p 288 
of rank two 287 
connection with linear apera- 
tors of 288ff. 298Tf 
of rank zero 286 
raising indices in 316 
resolution into ¢ymmetric and an- 
tisyimmetric parts of 303 
skew-symmetric (antisymmetric) 302 
Strain 296 
stress 291, O985ff 
syinmetric 302 
principal axes of 310 
Thermal equilibrium 265 
Torsion (second curvature) 
of a space curve 117 
radius of 117 
Torus (anchor ring) 4131 
Total differential, integration of 193ff 
Total (Gaussian) curvature of a sur- 
face 157, 162 
Total partial derivative 276 
Tractrix 164 
Transfer of coutrol 612f 
Transformation matrix from one or- 
(hogonal hasis to another 285 
Transforination of hase vectors 285, 313 
Translatnr 623 
Transpyuse of a matrix 286 
Trigonametric 
polynomial Ala 
series 480 
system 481 
completeness of 527ff 
orthogonality of 481 
Triple integral 82 
applications of 85ff 
change of variables in 98ff 
conditions for existence of 82! 
evaluation of 87ff 
properties of 83f 
reduction to an iterated integral 
of 88ff 


Umbilical (circular) point of a sur- 
face 155 

Unconditional transfer of control 643 

Uniform approximation of functions 
with algebraic and trigcono- 
metric polynomials 5138ff 

Uniform couvergence, tests for 326fi 

Uniformly bounded family of fune- 
Lions 375 


644) 


Lateon @f sets 22 
Universal digital computer 604 


Vector(s) 
base, for curvilinear coordinates on 
a surface [33 
field—see Field 
fiinclion 107, 112. 
continuons 108 
derivative of 108 
differentiable 1038 
differential of £10 
integral of 142 
limit of 07 
singular point of (40 
line—see field 
potential of a solenoidal tleld) 257 
surface—see Field 
Viscosity factor 278 
Volume 
element of OFf 


285 


SUBIECT INIDEN 


in curvilinear coordinates 97 

of at curvilinear cvlinder 19f. 471 

of an a-dimensional parallelepiped 
1 O2E 

of an a-dimensional sphere 10of 

of a polyhedral solid 79f 

of a space figure 80, 85, 223 


Weak 
convergence 378 
limit 378 


Weakly convergent sequence 378 
Weirkly fundamental sequence 378 
Weierstrass’ 
approximation theorems o18if, o7oll 
V-test) 326 
test (for integrals) 449 
Weight funetion 3585 
Work of a field of force 173f 
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